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Foreword 


This volume is the first of a series of three which contain the I 
Proceedings of the Fourth Summer Seminar on Applied Mathe- I 
matics, arranged by the American Mathematical Society and held \ 
at Cornell University from July 26 to August 20, 1965. 

The purpose of the Seminar was primarily to acquaint graduate 
students and recent recipients of the Ph.D. degree with the state 
of knowledge and current problems in Relativity and Astrophysics 
and thus to stimulate research in these subjects. 

Because f he participants could not be expected to be familiar 
with basic information in both the fields of relativity and astro¬ 
physics, five series of basic lectures were given. These consisted of 
ten lectures on the Theory of Relativity by A. Schild, four lectures 
on Theoretical Cosmology by E. Schucking, seven lectures on 
Galactic Structure and Galactic Dynamics by L. Woltjer, seven 
lectures on Stellar Structure by E. E. Salpeter, and six lectures on 
Stability Problems by S. Chandrasekhar. In addition, one or more 
lectures were given on Experimental Tests of General Relativity, 
Relativistic Hydrodynamics, Gravitational Collapse, Gravitational 
Radiation, Observational Cosmology, Cooperative Phenomena in 
Stellar Dynamics, Spiral Structure of Galaxies, and Cosmic Rays; 
a survey of the lectures is given in the Introduction contained in this 
volume. 
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The program of the Seminar was organized by a committee con¬ 
sisting of the following members: 

S. Chandrasekhar 
C. C. Lin 
C. W. Misner 
A. Schild 

A. H. Taub (Chairman). 

Thanks are due to the five government agencies which supplied 
financial support, as acknowledged on the copyright page; to the staff 
of the American M athematical Society for administrating the Seminar, 
particularly to Dr. Gordon L. Walker, Executive Director of the 
Society, who contributed greatly to the planning and functioning of the 
Seminar; to the members of the organizing committee listed above, 
especially its chairman; to Dr. William Smith, Director of Summer 
Session and Extramural Courses of Cornell University, and to 
Professor Martin Harwit, Department of Astronomy, for handling 
the housing and for the provision of other facilities for the Seminar 
and staff. The devotion of Mrs. M. L. Leigh to the discharging of 
her duties in the day to day operation of the Seminar office deserves 
special mention. 

JEjrgen Ehlers, Editor 
The University of Texas 
Austin, Texas 
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Introduction 


Gravitation is considered to be of fundamental importance to 
physics and astrophysics for the following two reasons: 

(1) All neutral, structureless test particles move equally in the 
neighborhood of massive bodies (Eotvos-Dicke Experiment), hence 
the gravitational field cannot be separated unambiguously from 
the inertial field (Einstein’s principle of equivalence). Therefore 
and because of the approximate local validity of the special theory 
of relativity, space-time is represented in Einstein’s general theory 
of relativity as a pseudo-Riemannian manifold whose curvature 
measures the inhomogeneity of the gravitational field. Almost all 
physical laws require for their mathematical formulation a metric 
and a linear connection; these structures are physically defined 
by the behavior of particles 1 which, unavoidably, are subject to 
gravitational forces. Consequently the gravitational field influences, 
in principle, all physical processes. 

(2) Among all known basic interactions gravitation is uniquely 
distinguished by its long range and accumulative character; the 
latter property, due to the positivity of mass, discerns it from elec- 

1 This statement has been stressed above all by H. Weyl in his classic book, 
Space, Time, Matter; it has recently been illustrated particularly clearly and 
emphatically by J. A. Wheeler. 
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tromagnetism. Gravitation, therefore, is believed to govern (some¬ 
times in conjunction with large-scale magnetic fields, perhaps) the 
structure and motion of macroscopic matter distributions such as 
stars, star clusters, galaxies, clusters of galaxies, and the system 
of “all” the latter, the main object of cosmological studies. 

The following lectures, presented at the American Mathematical 
Society Summer Seminar on Relativity and Astrophysics which was 
held from July 26 to August 20, 1965 at Cornell University, deal 
with very different topics and methods of approach; what unites 
them is that they are all concerned with gravitation. The contribu¬ 
tions have been arranged, independently of the sequence in which 
the lectures were delivered, such as to indicate the systematic con¬ 
nection of the various topics with each other. The intention of this 
Introduction is to provide a bird’s-eye view of the whole set of 
lectures and thus to make apparent the interrelationships between 
its parts. For reference purposes the third contribution to volume 
9, e.g., will be called lecture (9.3). 

The theories of gravitation used in the following lectures are 
Einstein’s and Newton’s. The principal concepts and laws of 
Einstein’s theory are presented in A. Schild’s lectures (8.1). Newton’s 
theory, used throughout volume 9 and in most of E. E. Salpeter’s 
article (10.1) on stellar structure, is critically reviewed in §C of 
E. L. Schucking’s contribution (8.12) on cosmology. Arguments 
which indicate that Newton’s theory is a good approximation to 
Einstein’s under certain assumptions are sketched in §4 of Schild’s 
lectures. 

The mathematical models used for the (macroscopic) descrip¬ 
tion of matter are those of fluid dynamics and of kinetic theory. 
A. H. Taub describes, after some remarks on the (special-) rela¬ 
tivistic kinetic theory of a simple gas, the relativistic theory of 
ideal fluids in lectures (8.8). The post-Newtonian approximation 
to the equations of hydrodynamics with gravitational interaction 
is developed by S. Chandrasekhar in (10.2); his equations provide 
a quantitative estimate of the domain and degree of validity of 
the Newtonian theory considered as an approximation to Einstein’s. 2 
The basic ideas and equations of kinetic theory as applied to dilute 


'Observe, however, the remark to be made in connection with (10.1). 
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systems of gravitationally interacting particles are reviewed by 
L. Woltjer in lecture (9.1). 

In view of the central position of the Liouville equation in galactic structure 
theory (volume 9) and the importance of the radiative transfer equation in the 
theory of stellar structure it may be worth pointing out that one can begin with 
the general-relativistic Boltzmann equation for systems of particles of arbitrary 
rest masses and with arbitrary collisions (due to short range forces). The speciali¬ 
zation to massive particles without collisions then gives the general-relativistic 
Liouville equation which might be useful for cosmology, and the weak-field limit 
of the latter is the nonrelativistic Vlasov equation. The specialization to photons 
interacting with a material medium gives, far quasi-equilibrium distributions,- 
the equation of radiative transfer. Also, the hydrodynamical equations can be 
obtained as moment equations, as is well known in the nonrelativistic case and 
is indicated by A. H. Taub in the relativistic case. 

Within the general framework indicated, essentially five groups 
of problems are treated in the three volumes on Relativity and 
Astrophysics: 

A. Empirical tests of general relativity in the laboratory and 
in the solar system, 

B. Theoretical developments in general relativity, 

C. Cosmology, 

D. Galactic structure, 

E. Stellar structure. 

We proceed to describe in turn these groups of lectures. 

A. The classical three tests of Einstein’s theory are treated 
in Schild’s §9, and further proposed tests are discussed by L. I. 
Schiff, F. J. Dyson and J. Weber. The dynamical theory underlying 
the proposed gyroscope experiment discussed by Schiff (8.2), an 
experiment that would permit testing the tensor character of gravi¬ 
tation, is essentially contained in the elegant derivation of the 
equations of motion of a spinning spherical test particle by Schild 
[see lecture (8.1), Equations (6.46), (6.47)]. 

The reader may find it illuminating to establish the relation between Schild’s 
and Schiff’s treatments, and he might ask himself which generalization yields, 
for a nonspherical particle, the “Newtonian” precession. 

Very promising for the experimental investigation of quasi¬ 
stationary gravitational effects in the solar system is the rapid 
development of radar techniques discussed by F. J. Dyson (8.3). 
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The prospects of the skilful and persistent attempts of J. Weber 
[lecture (8.5)] concerning the measurement of gravitational radia¬ 
tion seem still to be rather uncertain, in spite of the remarkable 
improvement in sensitivity of the receiver and power of the emitter 
that have been achieved. 

B. The theory of gravitational radiation is treated by A. Schild 
[lecture (8.1), §§7 and 10] and by R. K. Sachs [lecture (8.4)]; 
some supplements are contained in Weber’s lectures (8.5). One of 
the latest and most exciting offsprings of this theory, the theory of 
ten quantities which are conserved even if the source radiates 
gravitationally, is introduced in (8.6) by one of its creators, R. 
Penrose, who also explains a powerful conformal technique for 
handling asymptotic properties of radiation fields. 

C. W. Misner shows in lecture (8.7) by means of an example 
which peculiar geometrical properties occur in relativistic space- 
time manifolds; further investigations along these lines would 
seem to be necessary in order that some insight be obtained into 
the global implications of Einstein’s field equations, mathematically 
as well as in regard to the physical interpretation of global models. 

The general statements on relativistic hydrodynamics and 
interior solutions of Einstein’s equations made by A. H. Taub 
in lectures (8.8) are supplemented by G. C. McVittie in lecture (8.9) 
by some examples; the models of collapsing, spherically symmetrical 
masses are related to some stability considerations of C. Hunter 
[lecture (9.6) ] and should be contrasted with the more realistic 
models presented by M. M. May and R. H. White in (10.3). 

J. M. Cohen in (8.10) shows how local inertial frames are dragged 
along by rotating, hollow bodies, a “Machian” effect of general 
relativity. 

C. The cosmological part of volume 8 begins with a discussion 
of what are probably the most distant signposts in space-time 
that have been observed so far, the quasi-stellar objects. M. Schmidt 
(8.11) describes their observed characteristics and discusses in 
particular the interpretations of their large red-shifts. 

E. L. Schiicking (8.12) reviews the isotropic models of the 
universe according to Newton’s and Einstein’s theories of gravi¬ 
tation, stressing the great similarity between these two approaches. 
Combining statistical assumptions with Einstein’s theory D. Layzer 
(8.13) offers ideas which might help to understand the lumpy 
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structure (clustering) of the observed matter distribution in the 
universe; in his treatment Newton’s theory appears as a local 
approximation. 

The old and vexing question how one can understand the forma¬ 
tion of galaxies is taken up again by W. B. Bonnor (8.14) who 
presents a derivation of Jeans’s criterion for gravitational instability 
by determining the time development of spherically symmetrical 
“small” perturbations superimposed on a (Newtonian) isotropic 
model universe, and finds that gravitational instability alone can 
hardly account for galaxy formation. 

As shown by P. J. E. Peebles in lecture (8.15), some observational 
evidence for the most basic cosmogonic assumption underlying the 
Robertson-Walker type relativistic models, namely, the existence 
and uniformity of an ultrahot initial plasma, seems to be provided 
now by the microwave background radiation observed since 1965. 

Another (controversial) question of cosmological significance, 
that of the density of cosmic radiation outside of galaxies, is briefly 
discussed by J. Linsley in lecture (9.8), and also touched in M. 
Burbidge’s lecture (9.7). 

D. The basic facts on galaxies are reported in the first and third 
sections of L. Woltjer’s lectures (9.1). A semi-empirical, dynamical 
theory of a stationary, purely stellar galaxy, based on the collision¬ 
less Boltzmann—and Poisson equations, is outlined in §11; several 
appendices complete quantitatively the material discussed. The 
most conspicuous structural feature of many galaxies, a spiral 
pattern, is the main subject of C. C. Lin’s lectures (9.2). Using the 
coupled equations for the motions of stars and gas (formulated in 
Appendix I), it is shown how the spirals might be understood as 
density waves propagating through the medium formed by stars 
and gas. 

Since the distribution function of a stationary stellar system 
is constant along stellar orbits (Liouville’s theorem), it is important 
to know which isolating integrals are associated with which (average, 
gravitational) potentials. This problem which is related to the 
classification of orbits is treated by G. Contopoulos in (9.3). 

The theory of spherical, gas-free star clusters is described con¬ 
cisely by J. R. King in lecture (9.4). The different roles of mixing, 
relaxation and evolution (escape) for establishing the actual distribu¬ 
tion are elucidated, and the construction of models is indicated. 
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The general, formal theory of stability for solutions of the 
Liouville-Poisson equations and related topics—the propagation 
of small disturbances of various kinds, the time scales involved, 
etc.—are discussed in lectures (9.5) by D. Lynden-Bell. The 
diversity of both the astrophysical phenomena involved as well as 
the mathematical tools used—Fourier-Laplace transformations, 
analytic continuation, spectral theory of self-adjoint linear trans¬ 
formations—and the many open problems make these lectures 
particularly stimulating and will hopefully induce further research. 

A comparison of the derivations of Jeans’s criterion given by Bonnor and by 
Lynden-Bell respectively suggests that a common generalization of both versions— 
namely when the background material is isotropically expanding and the matter 
is treated as a statistical ensemble of particles rather than as a continuum- 
should be possible, at the relativistic and at the nonrelativistic level. 

The important cosmogonic problems of star-formation by 
condensation, for the treatment of which stability theory is one 
of the main tools, is next considered. C. Hunter sketches in lecture 
(9.6) how a galactic HI cloud might fragment into protostars, and 
which roles are played in this complex process by gravitational, 
thermal, rotational and magnetic phenomena. 

Two observationally oriented lectures form the end of volume 9: 
E. M. Burbidge’s authoritative, detailed survey (9.7) of the ob¬ 
served properties of radio galaxies and the problems they pose to 
the theoreticians, and J. Linsley’s report (9.8) on composition, 
directional distribution, spectral properties and the possible origin 
of cosmic radiation. 

E. The basic observational data on stars and the structure 
theory of “normal” nonrotating stars in quasi-equilibrium states 
are presented in the first two sections of the lectures (10.1) by 
E. E. Salpeter. In the later sections more exotic objects—extremely 
massive stars, white dwarfs, neutron stars, and supernovae—and 
the associated physical phenomena of radiation pressure, electron 
degeneracy, nucleon degeneracy, strong gravitational fields, etc., 
are discussed; here links are established with general relativity. 
As pointed out in §3 of (10.1), general relativistic corrections are 
required not only in cases with strong gravitational fields, i.e., 
where the ratio gravitational radius/geometrical radius of some 
body is close to unity; they may influence the stability of a body 
already if its binding energy is sufficiently small in comparison with 
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the Newtonian potential energy. This remark suggests the sys¬ 
tematic investigation of the influence of post-Newtonian terms 
on the dynamics, particularly the stability, of gaseous masses, a 
complex of problems to which the major part of lectures (10.2) by 
S. Chandrasekhar is devoted. Using a Coulomb-type gauge- 
condition 3 in conjunction with a weak-field approximation, 
Chandrasekhar derives the post-Newtonian equations of hydro¬ 
dynamics; the conservation laws for mass, energy, linear momentum, 
angular momentum; and the tensor and scalar virial theorems. 
These formulae are then used to study the stability of spherical 
gaseous masses and the relativistic corrections to the equilibrium 
properties of rotating fluids. These lectures, therefore, provide a 
continuation of lectures (8.1) and (8.8), and complete or extend 
various stability considerations in lectures (9.6) and (10.1). 

The last two lectures are devoted to the collapse of spherical 
masses according to general relativity. M. M. May and R. H. White 
present in (10.3) the results of numerical calculations on collapsing 
perfect fluid masses, the primary aim being to complement dynami¬ 
cally the results on a maximum stable mass for equilibrium con¬ 
figurations, and to study the motion of fluid spheres which have 
approximately the critical mass. C. W. Misner in (10.4) sets up the 
equations for spherical collapse with inclusion of (purely radial) 
radiation, describes the development of “trapped surfaces” in the 
interior parts of a collapsing body, and introduces a new coordinate 
system which is better suited to the computation of effects which 
can be noticed by an outside observer rather than to the dynamics 
of the unobservable, inner parts. 

It emerges from the lectures presented in these three volumes 
that there are many more open problems than solved ones in the 
domain of gravitational phenomena, and that many approaches 
are tried to transfer problems from the first category to the second 
one. If these lectures should stimulate such researches, and if they 
succeed in increasing the interest of scientists and mathematicians 
in the fields of relativity and astrophysics, they will have served 
their purpose. 

J. Ehlers, Editor 


One equation, in contradistinction to Fock et al., who use the four harmonic, 
Lorentz type gauge conditions. 
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Alfred Schild 


Lectures 

on General Relativity Theory 


1. Review of special relativity theory (kinematics). In classical 
physics (roughly pre-1900), the laws of mechanics cannot dis¬ 
tinguish between different inertial frames, but the laws of elec¬ 
trodynamics pick out one preferred inertial frame, the ether or 
the frame of absolute rest. 

Empirical evidence shows that none of the laws of physics can 
distinguish between different inertial frames: that there is no ether. 
This is the principle of relativity. The evidence also shows that in 
each inertial frame Maxwell’s equations are valid, and their con¬ 
sequence, the isotropic propagation of light with a constant speed 
c (we choose units so that c = 1). The theory of special relativity 
is based on these facts. It implies that the transformations from 
one inertial frame to another are the Lorentz transformations, 
rather than the classical Galilean transformations. It implies that 

1 Supported in part by the Aerospace Laboratories, Office of Aerospace Research, 
United States Air Force. These lectures were also given in the Spring of 1966 at 
the Neils Bohr Institute and the Nordic Institute for Theoretical Atomic Physics 
(Copenhagen), where the author was a visiting professor. He wishes to thank 
Professor Christian M011er and his colleagues for a stimulating year spent in a 
hospitable institute and a friendly country. 
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we must change our classical concepts of space and time, and that 
these merge into a single four-dimensional world. 

Minkowski Space-Time M 4 . This is a flat 4-space with signature 
-K In rectangular Cartesian coordinates, the metric is 

^ ds 2 = ~dx 2 - dy 2 - dz 2 + dt 2 

= i) mn dx m dx n , 

where lower case Latin suffixes range and sum over 1,2,3,4, where 
x m = ( x,y,z,t) and 


(1.2) 


( - 1 0 0 0 \ 

0-1 0 01 
0 0-10 
0 0 0 1 / 


Rectangular Cartesian coordinates correspond physically to inertial 
frames. The Lorentz transformations are the transformations from 
one rectangular Cartesian coordinate system to another. A law of 
physics automatically satisfies the principle of relativity if it is 
written as a tensor equation in M 4 . 

The null (or light) cone of an event 0 (a point x 0 m of M 4 ) consists 
of all events x m connected with 0 by a light signal, travelling with 
speed 1. It is given by the invariant equation As 2 = 0, where As 2 
= VmnAx m Ax n and Ax'” = x m - x 0 m . The null cone divides the points 
of space-time into the following regions (Figure 1): 



Figure 1 
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1. Absolute future of 0: (a) interior of future null cone: As 2 > 0, 
Ax 4 > 0; (b) future null cone: As 2 = 0, Ax 4 > 0. 

2. Relative “present” of 0: exterior of null cone: As 2 < 0. 

3. Absolute past of 0: (a) interior of past null cone: As 2 > 0, 
Ax 4 < 0; (b) past null cone: As 2 = 0, Ax 4 < 0. 

The motion of a particle is represented by a curve in space-time, 
the world line of the particle. A material particle has a time-like 
world line, i.e., a curve for which ds 2 > 0 or, equivalently, a curve 
which lies inside the null cone of each of its points (Figure 2). 
This corresponds to a particle speed v < 1 in any inertial frame. 
The arc length 

(1.3) -f ds 

jA(r) 

between events A and B of a time-like world line is the physical 
time measured by the particle itself, or by a clock moving with 
the particle. It is called the proper time. 



Figure 2 


In general, two curves joining the same two points A and B 
will have different lengths: ^ s 2 (Figure 3). This gives the famous 
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clock or twin effect of relativity theory: Two identical clocks (twins), 
showing the same time (age) at event A, are separated and have 
different motions; if they are reunited at an event B, they will 
in general show different times (ages). 2 


B 



A 


Figure 3 

A free material particle, under no forces, has a straight time¬ 
like world line. The motion of a light pulse is represented by a 
straight null line (Figure 4), along which ds 2 = 0, corresponding to 
a speed v = 1 in any inertial frame. 



A. Schild, Amer. Math. Monthly 66 (1959), 1. 
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Lorentz Transformations. They are the transformations which 
leave Vmn invariant: 


(1.4) 


dx' r dx' s 

~ m ~ n 

dx dx n 


Mathematically they are the transformations from one rectangular 
Cartesian coordinate system in M 4 to another, physically the trans¬ 
formations from one inertial frame to another. These transforma¬ 
tions are easily shown to be linear (exercise): 


(1.5) 


x' r = L r ,x s + L r , 

Vmn L r m L „1J re . 


This condition is equivalent to (exercise) v 


L m r L n s ij rs , and implies 


(1.6) L = det (L r s ) = ± 1. 

Also - (L\) 2 - (L\) 2 - (L\) 2 + (L 4 ,) 2 = 1 , so that 

(1.7) L\^l or L 4 4 ^-l. 

The transformations with U = 0 are called homogeneous; with 
L = + 1 proper, with L = — 1 improper; with L 4 4 ^ 1 orthochronous 
(they take absolute future into absolute future), with L 4 4 5S — 1 
antichronous (they interchange absolute future and absolute past). 
The homogeneous proper orthochronous Lorentz transformations 
form a group . 

Exercise. Under a Lorentz transformation (1.5), a tensor trans¬ 
forms according to 


(i.8) v,::. = L r m • • • l," • • • 


where L s n = T) sr i)’ m L r m . 

Any time-like straight line can be chosen as the C-axis of an 
inertial frame. 

Exercise. Show that if the first of a pair of twins remains at 
rest in an inertial frame, while the second twin travels away and 
returns, then the second twin will be younger than the first. 

Because Lorentz transformations are linear, straight lines will 
look like straight lines in diagrams in Minkowski space-time, 
parallel lines will look like parallel lines. We can trust our Euclidean 
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intuition as far as projective properties (points, straight lines) 
and affine properties (parallels) are concerned. These are sufficient 
to compare lengths in parallel directions. Thus, if in Figure 5, 
ABDC, ABED and ABFE are parallelograms, then CF is 3 times 
the length of the parallel segment AB. 



Where metrical properties are concerned, we can no longer trust 
our Euclidean intuition. This is because of the different signature 
of Minkowski space-time. Right angles do not look like right angles, 
equal lengths in different directions do not always look equal. Thus, 
in Figure 6, t'Ox' is a right angle and the four points shown are at 
unit distance from 0. The figure illustrates the simplest Lorentz 
transformation between two inertial frames in uniform relative 
motion along a common x-direction in space, with y- and z-axes 
parallel. 

Spinors. Spinors provide an important representation of Lorentz 
transformations. Spin space is a complex two-dimensional space, 
where vectors are transformed by unimodular linear transformations: 

(1.9) T' a = \\T b , 

(1.10) X = det(X A B ) = 1. 

Capital Latin suffixes rangeland sum over 1, 2. The complex conju¬ 
gate of T A is denoted by T A and transforms according to 

T' A ' = \ a ' b ,T b 


( 1 . 11 ) 



LECTURES ON GENERAL RELATIVITY THEORY 


t t' 



where \ A & is the complex conjugate of \ A B . Suffixes are raised and 
lowered by means of a skew symmetric spin metric 


( 1 . 12 ) 


tAB — t — tA'B' ~ < 


(-ID 


according to the rules T A = t AB T B , T A = T B t BA , 
T A ' = f AB 'T B ,, T a , = T B ’ tB , A ,. 


A general spin tensor, or spinor, transforms as follows: 



where A A p \ B p = b A and A a b \ b ' p - = S A -. 

The spin metric is invariant under spin transformations, i.e., 
t AB = ( AB , etc. (exercise). We adopt the convention that the complex 
conjugate of a spinor is denoted by 


(1.14) 
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The important formula 3 

(1-15) tAB*CD + *AC*DB + *ADtBC = 3 t A [B*CD] = 0 

follows from the fact that the left-hand side is completely skew 
symmetric in the three suffixes B, C, D, which can take on only 
two values, 1 and 2. 

Exercise. Show that 

(1.16) T a a =-T A a, e A B =5l 

(1.17) Tab = T (AB) + - t AB T c c , 

(1.18) A A = \B a A a B a — 0. 

A correspondence T a <-> T AB ' between a real world vector T° and 
a Hermitian spin tensor T AB ' = T B A is established by the relations 

T 1 = (T 12 ' + T 21 ')/2 1/2 , T 2 = i(T 12 ' - T 21 ')/2 1/2 , 

T 3 = (T 11 ' - T 22 )/2 1/2 , T 4 = (T 11 ' + T 22 ') /2 1/2 , 

7 111 ' = (T 3 + T 4 )/2 1/2 , T 12 ' = (T 1 - iT 2 )/2 m , 

T 2r = (T 1 + iT 2 )/2 1/2 , T 22 ' = (- T 3 + T 4 )/2 1/2 . 
these equations we find 

T a T°= 2det(T 2lB '). 

Since spin transformations are unimodular (1.10), they leave 
det(T /lfl ) invariant. It follows that a spin transformation induces 
a homogeneous Lorentz transformation, and since the former can 
be obtained continuously from the identity (\ A B = o B ), the latter 
must be proper and orthochronous. Clearly ± \ A B correspond to 
the same Lorentz transformation. 

The spin transformations 


(1.19) 

( 1 . 20 ) 

From 

( 1 . 21 ) 


Symmetrization is denoted by round brackets, e.g., F {ah) = (F ab 4 F^) /2; 
skew symmetrization by square brackets, e.g., 

F\abc\ = ( p obc +F bca + F cab - Fte- F^- F cba )/ 6. 
same notation applies to spinor or other suffixes. 


The 
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( 1 . 22 ) 2 

. /X 0 \ 

X B ~ (o i/x) 

with 6, X real, correspond respectively to rotations through angles 
6 in the xy- and zx-planes and to a Lorentz transformation in the 
zt-plane for a velocity v = (1 - X 4 )/(l + X 4 ) between the inertial 
frames (exercise). Every homogeneous, proper, orthochronous 
Lorentz transformation can be obtained by a sequence of these 
special transformations. 

We therefore have the one to two correspondence 

(1.23) L\^.±\ a b 

between the group Jizf+^and the group A of spin transformations. 
N ear the identity ( L r s — S r s and X A B — 8 B small), the correspondence 
is one to one. Also A is easily seen to be simply connected. Therefore 
A is isomorphic to the covering group of i?f + T , and is doubly 
connected. 

Equations (1.19) and (1.20) are a special case of the general 
correspondence between world tensors and (special) spinors, T tt b ..V 
*-*T ac , bd ,..„ given by 

T* b • • • _ AC bBD' rp 

(1.24) ••••“'•' - T «"~ 

T a cbD '... = o a AC^bBD' • • • Ta. 
where o a AB are the Hermitian matrices 


The lower case suffix on o a AB ' is raised and lowered by the Minkowski 
metric r) ab , the capital suffixes by the spin metric t AB or e AB '. 
Exercise. Show that 


VabV 
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Exercise. If 


(1.29) Eoted *—> Eae'bf'CG'dh' — i I^ac^bd ~ ^ad^bc^E’G'^f'H') ? 


show that Eaitcd = f 0 bed, the completely skew symmetric Levi-Civita 
symbol defined by tahd= t[abcd), *1234 = 1- [Hint: Show that E^ 
= — Ebacd = ~ Eobdc = — EacM, E i2 M = l]- 
2. Review of special relativity theory (dynamics). 

Particle Mechanics. The world velocity of a material particle, 
with world line oc m (s), is the unit tangent vector (Figure 7) 


( 2 . 1 ) 


u n 


dx m 
ds ’ 



The world acceleration is 



Geometrically, the direction of a m is that of the principal normal, 
the magnitude a= (— a m a m ) l/2 is the curvature. Physically, a is 
the magnitude of intrinsic acceleration, which would determine 
the apparent weight felt by the pilot of a rocket with the given 
world line. 

In terms of the Newtonian or relative velocity v“ (Greek suffixes 
will range and sum over 1, 2, 3, unless indicated otherwise), we 
have 


(1 - v 2 ) 1/2 


( 2 . 2 ) 


(a";l), v 2 =v“v l ‘. 
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In the instantaneous rest frame of the particle, 

(2.3) u m = (0,0,0,1), a M = (d 2 x>/dt 2 , 0). 

With a material particle is associated an invariant, its mass 
(or rest mass) m. The world momentum is 

(2.4) p m = rnu m = {1 ™ v y /2 (V‘,1). 

The fourth component 

(2.5) £ = p 4 = m + | roc 2 + | mu 4 + ••• 

is the energy of the particle, which includes the rest energy E 0 = m, 
the classical kinetic energy \mv 2 and relativistic correction terms. 
The equations of motion of a particle are 

(2.6) ^ = ma m = F m , F m u m = 0. 

ds 

F m is called the world force. Only three of these equations are 
independent. 

With a photon we associate the wave vector 

(2.7) k m = v{n*, 1), k m k m = 0, 

where v is the frequency and n“ the unit vector (ra'/i" = 1) in space 
in the direction of propagation. Since the phase k m (x m — x“) is 
an invariant, k m is a world vector. Planck’s law E = hv is generalized 
to the vector equation 

(2.8) p m = hk m = hv(n“,l), p m p m = 0, 

the null vector p m being the world momentum of the photon. 
More generally, with a particle of zero rest mass (such as a neutrino) 
a null vector is associated as world momentum. 

When particles collide, the total world momentum is unchanged 
(Figure 8): 

(2.9) Zp m =2p'“. 

The number of particles before and after the collision need not 
be the same. If they are, and if each particle retains its rest mass, 
then the collision is called elastic. 
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Figure 8 

Exercise. Draw a space-time diagram to convince yourself that 
an electron and a positron cannot annihilate into a single photon. 

Electromagnetism. The electromagnetic field (outside matter) is 
characterized by a skew symmetric world tensor 

(2.10) F mn = — F„, 

its sources by the charge-current world vector J m . Maxwell’s equa¬ 
tions are 

(2.11) F lmn , r] = 0, 

(2.12) F m % = W m . 

Here and throughout, suffixes following a comma denote partial 
differentiation, e.g., F^.r = dF^/dx'. 

Introducing the dual A*^, of a skew symmetric tensor A mn by 

(2.13) = 

the first set of Maxwell’s equations (2.11) can be written in the 
equivalent form 

(2.14) F*" m _ n = 0. 

The field equations (2.11)-(2.12) reduce to the classical equations 

by making the identification E“=F I14 , = (F xt , F :n , F 12 ), J m 

= (/", a), where E“ and H“ are the electric and magnetic vectors 
in 3-space, a is the charge density and 1“ = av“ the current density. 
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The first set of Maxwell’s equations is equivalent to the existence 
of electromagnetic potentials A m : 

(2-15) = A m _ n - A nm . 

The world vector A m = (A“, 4>) combines the usual vector potential 
A“ and scalar potential <t> in 3-space. 

The world force which the external field exerts on a point charge 
e, moving with world velocity u m , is 

(2.16) F m = eu n F n m . 

This clearly satisfies the important requirement F m u m = 0. The 
three independent components F“ reduce in the nonrelativistic 
limit ( v 2 •< 1) to the usual Lorentz force. For a continuous distribu¬ 
tion of charges and currents, the world force is replaced by the 
world vector 

(2.17) f m = J n F n m ; 

in the nonrelativistic limit /"is the Lorentz force per unit volume 
in 3-space. 

Green’s Theorem and Conservation of Charge. Green’s theorem 
states 

(2-18) / (4) T ' mdT(4) = $ TdT(3)m - 

Here r (4 ) is a 4-region bounded by the closed 3-dimensional hyper¬ 
surface t (3) ; dr (4 ) = e mnrs d a) x m d m x n d m x r d( 4) x s is the 4-extension of a 4- 
cell (hyper-parallelepiped) of r (4) spanned by the independent 
infinitesimal displacements d a) x m , d &) x m , d m x m , d {i) x m ; the order 
of these vectors (orientation of the 4-cell) is chosen so that dr (4) > 0; 
dT (3)m = t pqm d m x p d (2) x 9 d &) x r is the 3-extension of a 3-cell (paral¬ 
lelepiped) spanned by the independent infinitesimal displacements 
d(i)X m , d ( 2 )X m , d (3) x m lying in r (3) ; the orientation is chosen so that 
dr (3)m \ m > 0 for any vector A m pointing outward from t (4) (Figure 9). 
This is a nonmetrical form of Green’s theorem and holds quite 
generally. We shall apply it later to the curved space-time of 
general relativity theory. 

From Maxwell’s equations (2.12), we immediately have 

(2-19) J m . m = 0, 

the law of conservation of charge in differential form (exercise: 



14 


ALFRED SCHILD 



Figure 9 

write (2.19) in 3-dimensional notation). Green’s theorem gives 
the conservation law in integral form: 

(2.20) § J m dr (3)m = 0 
for any closed r (3 ). 

Consider an isolated system of charges and currents, a time¬ 
like world tube outside of which J m = 0 (Figure 10). Apply the 
integral conservation law (2.20) to the hypersurface which bounds 
the 4-region t (4) shown in the figure. The only surviving terms are 

(2.21) r J m d,T( 3)m — f J m d,T( 3)m — 0, 

J M3) J '(3) 



Figure 10 
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where on the two sections t and t@) of the tube, the orientation 
of dr (3)m has been chosen so that d T(3)m \ m >0 for \ m pointing into 
the future part of the tube. Thus 

(2-22) e = f J” dT(3)m 

T (3) 

is independent of the particular section r (3) over which the integral 
is evaluated. Making the special choice t = constant for t (3) , and 
d m x m = (dx, 0,0 , 0), d( 2 )X m = (0, dy, 0,0), d (3) x m = (0,0 , dz, 0) for the 
vectors spanning dr (3)m , we obtain 

(2.23) 6 = ft odxdydz. 

Hence e is the total charge of the isolated system. Our results show 
that e is constant in time and Lorentz invariant. 

Continuum Mechanics. Continuous matter in hydrodynamic 
flow is described by a symmetric world tensor, the material stress 
energy tensor 

(2.24) pmn =p n m> 

which satisfies the differential equations 

(2.25) P mn .n = f m . 

In terms of classical variables in 3-space: P 44 = p, the mass 
density; P" 4 = pi>", where v* is the macroscopic velocity; P““ 
= pv'v" + p»\ where p"' = p"‘ is the stress. The world vector 
f m is the world force density; in the nonrelativistic limit / 4 =0, 
and /"is the body force per unit volume. 

In the nonrelativistic limit, Equations (2.25) reduce to the usual 
equations of hydrodynamics, the first three equations (m = p) 
become the equations of motion of the fluid, the fourth equation 
becomes the equation of continuity (conservation of mass). 

Let u m be the unit time-like eigenvector of p™ 1 ; 

(2.26) P mn «„ = pu m . 

We call u m the local world velocity of the fluid, and p the proper 
mass density. The proper frame S of the fluid at an event is ob- 
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tained by taking the £-axis in the direction of u m . In the proper 
frame, p is the mass density, v" = 0 and P“ 4 = 0. 

A fluid is said to be perfect if the stress in the proper frame is 
diagonal: p" = pb“,; p is called the proper pressure. In a general 
inertial frame, the stress energy tensor of a perfect fluid is easily 
seen to have the form 

(2.27) P m = (p + p) u m u n — pij" 1 ' 1 , u m u m = 1. 

When p = 0, we say that we have dust or incoherent matter-, in 
this case 

(2.28) P ma = pu m u n , u m u m = 1. 

The term f m in the right-hand side of the hydrodynamic equa¬ 
tions (2.25) represents the body forces exerted on the fluid by 
some external field. Such external forces can be made internal by 
enlarging the fluid system to include the field, and by including 
contributions of the field to the stress energy tensor. We shall 
illustrate this for the case where the fluid is charged and where 
the body forces are exerted by an electromagnetic field and are 
given by Equation (2.17). 

Define the Maxwell stress energy tensor by 

(2.29) E™ = £[- F\ F m + i V-JS’-F*] . 

If we differentiate and use Maxwell’s equations, we obtain 
(exercise): 

(2.30) = - J n F n m = - f m . 

Thus the total stress energy tensor of fluid and field, 

(2.31) rpmn _ pmn + £ ^ 

satisfies 

(2.32) T mn =T » 

(2.33) T m wn = 0. 

Equations (2.33) are the differential conservation laws of energy 
(or mass) and momentum. The total energy density T 44 = p is 
assumed to be positive in every inertial frame. Thus 
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(2.34) T-A.A.X) 

for all time-like vectors X m , provided T mn ^ 0. 

The angular momentum density about an event a m is defined 
by the world tensor 

(2.35) = - s (o) w = 2{x [m - ah T n]r . 

Clearly, 

(2-36) * w - = s,,)” - 2a lm T n K 

As a consequence of Equations (2.32)-(2.33), we have the differential 
conservation laws 

(2.37) s v T r ,= 0. 

Isolated System ; Mass Center. Consider an isolated system, a time¬ 
like world tube outside of which T™" = 0, and therefore also S( a ^ rmr 
= 0. The same argument which led to the expression (2.22) for 
charge, now shows that the differential conservation laws (2.33) 
and (2.37) lead to integral conservation laws. The expressions 

(2.38) f T-Wr»„ 

J'(3) 

( 2 - 39 ) S(a) mn — — S (a) nm = r S (o) mnr d T ( 3)l . 

•JnS) 

are tensors associated with the tube as a whole, and independent 
of the particular section r (3 , over which the integrals are evaluated. 
We call P m the world momentum vector of the isolated system, and 
S (a) mn the angular momentum about the event a m . We assume that 
P m is time-like. We also have 

(2-40) S ia r=S (0 r-2a^P n \ 

Three of the six components of S (a) m '* correspond to the classical 
angular momentum, the other three components serve to determine 
the center of mass of the isolated system. This will now be shown. 
Consider the points x m which satisfy 

(2.41) 0 = S^Pn = Sm-P. - 2*1 m P^P n . 

This condition determines the straight line parallel to P m , given by 
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(2.42) 


where n is a parameter. Let us work in the inertial frame which 
has this line as f-axis. In this frame 


p -L 


Tudxdydz = 0, 


(2.43) 



T u dxdydz = J p dxdydz, 

S {i f’ = j 2x [ “T ]i dxdydz, 
‘T u dxdydz = £ x“p dxdydz = 0. 


The last equation shows that the line (2.42) is a center of mass. 
We call it the relativistic center of mass (Figure 11). 

Less specialized mass centers can be defined. 4 Consider a time¬ 
like curve £ m (s) such that at any of its points X m we have (Figure 11) 


(2.44) 




t <K 

ds 


0 . 


In the instantaneous rest frame at that point, i.e., in the frame 
where x m = 0 and dX m /ds = (0,0,0,1), this becomes 


(2.45) 


X p x“dxdydz = 0. 
(3) :1=* 4 =0 


We call the curve f m (s) a local center of mass. 

We now return to the proper frame of the system which has 
the relativistic mass center as t- axis, so that P“ = 0, P — P, 
S (x y 4 = 0. By rotating the space axes, we can also arrange it that 
<j (i) 23 _ = g j n t hi s frame, the motion of a 

local mass center is given by (exercise): 


(2.46) 


dx = P _ dy 
dt ~ S y ’ dt 


P^ 

S 


1 = 0 . 


4 C. Miller, Communications of the Dublin Institute for Advanced Studies, 
Series A, No. 5 (1949); Ann. Inst. Henri Poincart, (5) 11 (1950), 251; M. H. L. 
Pryce, Proc. Roy. Soc. London A 195 (1948), 62. 
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Figure 11 


Thus, in the proper frame, the local center of mass moves with 
constant speed v on a circle, whose plane is orthogonal to the 
proper spin S©" = (S© 28 , S© 31 , S© 12 ), and whose radius r is 


(2.47) 


S « 
P V - 


The sense of the circular motion is opposite to that of the proper 
spin (Figure 12). 



Figure 12 


Exercise. Let x m (s) denote a local center of mass, u n = dx m /ds, 
S mn = S (x) mn the angular momentum about the local mass center, 
and m = P m u m . Show that 


d_ 

ds 




= 0 , 


(2.48) 
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(2.49) 


dS m 

ds 


= 0 . 

A time-like world tube is called convex if each of its plane space¬ 
like sections is convex. The convex hull of an isolated system is 
the smallest world tube which is convex and contains the system. 

From Equation (2.45), and the fact that p is nonnegative, it 
follows that every local center of mass lies within the convex hull 
of the system. Since, in Equation (2.47), we can approach the 
maximum radius 

(2.50) = S/P 

by letting v—> 1, we obtain the important result: An isolated system 
with proper spin S and proper mass P cannot be too small; more 
precisely, in the proper frame of the system, its convex hull con¬ 
tains a disk of radius S/P in the plane perpendicular to the 
proper spin. 

3. The principle of equivalence. The theory of special relativity 
shows that there is no preferred inertial frame or ether. The theory 
of general relativity shows that there are no inertial frames at all. 

Gravitation has a unique feature. The gravitational charge (or 
mass) of a body equals its inertial mass; all bodies accelerate 
equally in a gravitational field. This has now been verified by the 
Dicke-Eotvos experiments 5 with accuracy of one part in 10 11 . It 
is therefore impossible to distinguish by observation of falling 
bodies between the uniform acceleration of a noninertial frame 
and a uniform gravitational field in an inertial frame. Einstein’s 
principle of equivalence generalizes this fact and asserts that no 
physical experiment whatever can distinguish between the two 
possibilities. The principle of equivalence applies to a region of 
space which is sufficiently small to treat the gravitational field 
as homogeneous (Einstein’s elevator). 

A small region of space sweeps out a thin tube in space-time. 
We therefore state the principle of equivalence as follows: 

Any physical experiment within a thin time-like space-time 
tube in a gravitational field gives identical results, to the first 


P. G. Roll, R. Krotkov and R. H. Dicke, Ann. Phys. 26 (1964), 442. 
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order in the small lateral dimensions of the tube, as the corre¬ 
sponding experiment in a suitable thin tube in Minkowski space- 
time free of gravitational fields. We adopt units so that the con¬ 
stant of gravitation G = 1. Then “thin” means that the lateral 
dimensions of the tube are small compared to the reciprocal of 
the gradient of the gravitational force field. 

If we introduce curvilinear coordinates in Minkowski space- 
time, the metric 

(3.1) ds 2 = — dx 2 — dy 2 — dz 2 + dt 2 
becomes 

(3.2) ds 2 = g„„dx m dx n , 

where the metric tensor g m is a function of the coordinates x m . 
The converse is not true. If we assign functions g„m(x) we have, 
in general, a curved Riemannian space, and there exists no rectangu¬ 
lar Cartesian coordinate system where the metric has the form (3.1) 
throughout the space. Now rectangular Cartesian coordinates in 
space-time correspond physically to inertial frames, and the 
principle of equivalence indicates that such frames do not exist. 

This suggests the basic hypothesis of Einstein’s theory of general 
relativity: space-time is a Riemannian 4-space with signature 

-1-. The physical interpretation of ds is the same as in special 

relativity. Along the time-like world line of a material particle, ds 
is the element of physical time measured by the particle itself, the 
element of proper time. The propagation of light is given by ds — 0. 

As we shall see in more detail later on, the role of the Newtonian 
gravitational potential V is taken over by the ten components 
gnn of the metric tensor. 

Given a point Q in a Riemannian space-time, we can always 6 
introduce coordinates so that 

(3.3) gmn = Vmnt g m ,r = 0 

at the point Q. These coordinates are said to be geodesic at Q. 
We can go further. Given a time-like curve r, we can always 
introduce 


Statements such as this are not meant to be global; they apply to a finite, 
but sufficiently small region of space-time. 
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Fermi Coordinates of the First Kind. 1 They are defined by the 
property that Equations (3.3) hold at all points of the curve r. 
These coordinates may be constructed as follows (Figure 13): 



At a point 0 of r choose an orthonormal tetrad of vectors e a m , e 4 m : 

(3.4) e a m e 0m = - 5 a0 , e„ m e 4m = 0, e 4 m e 4m = 1. 

Here the first suffix on the vectors e„ m , e 4 m is a tetrad label, the 
second suffix is a tensor suffix, Greek suffixes range and sum over 
1, 2, 3. Propagate the four tetrad vectors parallelly along r, so that 
they are defined at all points of the curve and satisfy Equations 

(3.4) along r. At a point Q of r, let n m be a general space-like 
unit vector lying in the 3-space spanned by e a m : 

(3.5) n m =n a e a m , n“n“ = 1. 

Draw the geodesic through Q with n m as tangent. Let P be a point 
on this geodesic, the arc length QP being a = fq P | ds \. The choice 
of Q, n a and a uniquely determines all points P sufficiently close to r. 
For a point Q on r, we define the Fermi coordinates 

7 E. Fermi, Rend. Acc. Lincei 21 (1922), 21, 51; T. Levi-Civita, Math. Ann. 
97 (1927), 291. 
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(3.6) (x"‘)q= - f e r dx r , ( x' 4 )q= f e 4r dx r , 

JO(D Jo(r) 

and for a general point P 

(3.7) (*"),= (*"),+1»'„, (x' 4 ) P = (jc' 4 ) q . 

It is left as an exercise to show that the new coordinates (after 
dropping primes) do in fact satisfy the conditions (3.3) all along 
the curve r. 

When r is a geodesic, we can simplify the coordinates further. 
We choose e 4 m initially tangent to r at 0. It then remains tangential 
all along r. We call such coordinates geodesic Fermi coordinates. 
In these coordinates the curve r has the equations x“ = 0. 

The Laws of Physics in General Relativity Theory. When there is a 
real gravitational field and space-time is curved, Fermi coordinates 
of the first kind are the closest analogue to inertial frames in special 
relativity. If the time-like curve r in curved space-time has equa¬ 
tions x m (s) in Fermi coordinates, we can associate with it a curve 
r in flat Minkowski space-time which has the same equations 
x m (s) in rectangular Cartesians. The curve f is determined by r 
uniquely to within Lorentz transformations. The principle of 
equivalence associates a thin tube around r with a thin tube 
around r. 

Within the framework of general relativity we can now state 
the principle of equivalence more precisely: 

Along any time-like world line, the laws of physics (other than 
those of gravitation) have the same form in Fermi coordinates 
as they do in special relativity theory in inertial frames. 

This, together with a criterion of simplicity, determines the 
physical laws of general relativity theory. The criterion of simplicity 
requires that no unnecessary terms be added which contain gradients 
of the gravitational field, i.e., second derivatives of the metric 
tensor, and which vanish in flat Minkowski space-time. This 
means that no unnecessary terms are added which contain the 
curvature tensor R r smn . We illustrate this with the set (2.12) of 
Maxwell’s equations. We write 
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where the semicolon denotes covariant differentiation. This 
equation reduces to F"“ iB = 4r J m along r in Fermi coordinates. 
The criterion of simplicity eliminates equations such as F mn . n 
= 4ir«/ m + R m nrs J n F rs . 

Table I provides a summary of the tensor calculus. 8 Table II 
gives most of the basic laws of physics in general relativity theory. 
One important law which is missing is the relativistic analogue 
of A V = 47rp, the gravitational field equations. This is left to the 
next chapter. 

Table I. Summary of Tensor Calculus 
Dual of skew symmetric i? remn = ( - g) m t rsmn> r ) rsmn = - t nm J ( - g) 1/2 
tensor: i 

T\ = i Vrsmn T™, T** = - T n 


Christoffel symbol: 


m r ! ={„ r m } =lg rS (gns, m +g m s,n-gmn,s), 
m n) in m) 2 

= ((-g) l/2 ),J(-g) l/ \ [mn,r} = g n \ S j 

Km n) 


Absolute derivative ~~du" = ~du~ { Q r m ) + ••• 

along curve x m (u): 



- 


DTV. 

du 


Parallel propagation 
along curve x m {u ): 
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Table I (continued) 


a. affine (preferred) 


b. general parameter v 


) dx m ( dx m dx n 

;*r-° ( s ™ *7 " const ' 

u = s for nonnull geodesic^ 


D dx m , dx m 


c. variational & f ^ nn ^u = ^ ~ ^ ^ or 

principle \ 

nonnull geodesic ) 


Riemann (curvature) T s . mn — T s;nm = R r am nT r 


tensor: 


x r (u, i>) 


D 2 T r 


D 2 T r 

dvdu 



Rrsmn = ~ (gm.sm + gsm.m ~ grm.sn ~ gsn.rm) 

+ g ai ’([ra,a] [sm,6] — [m,a][sn,6]) 


Algebraic symmetries: 

Rrsmn = ^|n,J|m»j = 

= Rmnn, R r {smn\ = 0 

Bianchi identity: 



Ricci tensor, 
curvature invariant: 

R mn =R nm = R r 

■»,, R = R m m 

Einstein tensor: G m , 

i = Gnm = R^ — 

1 gnrnR, R m n=G mn ~\g mn G 

G m 

n;m = 0 
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Table I (continued) 


Weyl tensor 
(conformal 
curvature tensor): 

C r smn — R r smn + + R s [n^ m \ ~ - g s [n^m\R 

Crsmn = = C mn „, C r[smn] = 0, C smr = 0 

(gmn = e 2 ’ (x) gmn : C r smn = C smn ) 

Table II. Physical Laws in General Relativity Theory 

Free particle D dx m d 2 x m ( m ) dx r dx s 2 

(free fall): ds ds ds 2 (r si ds ds ’ S > 

Light pulse 
(photon): 

R~=0, ds 2 = 0. 
du du 

W orld momentum: 

a. material p m 

particle 

b. photon p m 

= mu'", u m = dx m /ds, u m u m = 1, p m p m =m 2 

= hk m , k m = v(n l ‘, 1), n“n“ = 1, k m k m = 0 

Collision laws: 

2p m = 2p m 

World force: 

= o 

ds ’ m 


Electromagnetism: 
a. Maxwell’s 
Equations 


F m =- F m F lan , r] = 0 ^ F* mn . n = 0 

O ((— g) 1/2 F* mn ) >n = 0, 
F^n = 4* J m ^ ((- g) 1/2 F mn ) A = 4tt( - g) l ' 2 J n 


b. Electromagnet- F *, = 2A| m „|, 

ic potentials _ a"„"* + = 4?r 

c. Charge of J m , m = 0 <=>((- g) 1/2 J m ) , m = 0 
isolated system r 

e = J (- 5) 1/ V m dr (3)m (cf. Figure 10) 
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d. Lorentz equa¬ 
tions of motion 


e. Maxwell ^ 

stress energy 
tensor p 


Table II (continued) 

F m = eu n F„ m , F m u m = 0 

D dx m dx n C i 

~r ~r~ = c——F n <=> 8 I (mds + eA m dx m ) 

ds ds ds J 


0 


Material stress 

energy tensor: 

a. Perfect fluid 

b. Dust 

pmn = pnm 

P mn = (p + p) U m u n - pg mn , U m U m = 1 

P m " = pU m U n 

Total stress energy 


tensor: 

pmn = rpnm, rpmn* = Q 

a. Matter and 


electromagnetic 

T mn = pmn^_ pmn 

field 



One important remark must be made about the first line of Table 
II. By a free particle in general relativity theory we now understand 
what in classical physics would be called a particle under no forces 
other than gravitation. Gravitation is no longer regarded as a field 
which exerts forces; it is the geometry of space-time. 

The Principle of Equivalence; Energy Argument. The theory of 
general relativity is exactly fifty years old. For a theory of such 
venerable age, the experimental and observational confirmation is 
remarkably meager. This is because the gravitational field is weak, 
and most gravitational systems on the astronomical scale are non- 
relativistic. 

By far the most accurate verification of the principle of equivalence, 
and of its immediate consequences, is the gravitational red shift. 


0 J. L. Synge and A. Schild, Tensor calculus. University of Toronto Press, 
Toronto, 1964. We assume that the reader knows the contents of this book. 
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This last effect has been directly measured by Pound and Rebka 9 
and Pound and Snider 10 with an accuracy of about 1 % , and indirectly 
by the Dicke-Eotvos experiments which weigh electrostatic fields 
and virtual photons of nuclei. 11 

We shah now give a heuristic argument which goes a long way 
to show that the principle of equivalence leads to a curved space- 
time theory of gravitation with the features discussed in this 
chapter. 12 

Consider a spherically symmetric gravitating body of mass M 
at rest in an otherwise empty universe. Near its surface it will 
produce a static gravitational field which, in Newtonian approxi¬ 
mation, has the potential 



The first part of the argument is illustrated by Figure 14a. An 
electron e and a positron p, each of mass m, are at rest at a level 
in the static gravitational field where the potential is V + A V. Both 
particles are permitted to fall to a lower level where the potential 
is V. The equivalence principle states that both particles accelerate 
down together and each acquires a kinetic energy mAV. The moving 
electron and positron at the lower level V are permitted to annihilate 
there and produce two photons of frequency v. By means of elastic 
scattering from heavy mirrors the two photons are directed upwards 
to the original level V 4- A V, where they have frequency v. Finally 
the cycle is completed by permitting the two photons v to create 
an electron-positron pair at level V + A V. The final pair can be 
produced by the two photons and it must again be at rest, as was 
the initial pair. Otherwise it would be possible to run the cycle, or 
its reverse, in such a way that energy would be produced from 
nothing. This would constitute a perpetuum mobile, and we accept 
the empirical fact that this is impossible. For the reactions at two 
levels of our cycle we have the equations 

(3.10) 2 hv = 2m, 2 hV= 2m + 2mA V, 


9 R. V. Pound and G. A. Rebka, Jr., Phys. Rev. Letters 4 (1960), 337. 

10 R. V. Pound and J. L. Snider, Phys. Rev. Letters 13 (1964), 539. 

11 L. I. Schiff, Proc. Nat. Acad. Sci. U.S.A. 46 (1960), 871. 

12 A. Schild, Proc. Internat. School of Physics “Enrico Fermi,” Academic Press, 
New York, 1963; Course 20, pp. 69-115. 
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where h is Planck’s constant. It immediately follows that 


(3.11) -—- = AV. 

This is the formula for the gravitational red shift. It states that 
light moving up in a gravitational field must change in frequency 
from H to v and thus become redder. 

The second part of the argument is illustrated by Figure 14b. 
We now consider the light moving up from level V to V + iV, not 
from the point of view of a quantum phenomenon, but from the 
dual point of view of a wave phenomenon. Let us think of a radio 
station at level V sending out a continuous monochromatic radio 
signal of frequency v. A receiver, resting at level V + A V, receives 
the signal at the lower frequency v. We now have an apparent con¬ 
tradiction: Since the whole setup is stationary, and since wave 
crests cannot originate or disappear between sender and receiver, 
it seems that a change in frequency is impossible. The way out of 
this difficulty is to assume that time flows at different rates at 
different levels in a gravitational field. If a clock resting at level 
V measures a time interval J for n oscillations of the radio wave 
and if a clock resting at level V + A V measures a time interval s 
for n oscillations, then v = n/s and 7 = n/s. Substituting this into 
the gravitational red shift formula (3.11) we obtain 

(3.12) 4- S =AV. 

s 

This is the formula for the gravitational time dilatation. It states 
that a clock resting at a higher level in a static gravitational field 
goes faster than an identical clock resting at a lower level. 

The third part of the argument is illustrated by Figure 14c. 
We begin by assuming that special relativity is valid and that 
space-time is Minkowskian with line element ds 2 = — dx 2 — dy 2 
— dz 2 + dt 2 , where ds is the element of proper time measured by a 
physical clock along its world line. Our heavy, gravitating body M 
is to be initially at rest in the inertial frame x, y, z, t. Then, inde¬ 
pendently of any assumptions about the gravitational field, it 
follows from the spherical symmetry of M that it will be perma¬ 
nently at rest, and that the world line of any particle resting near 
the surface of M will be a straight line parallel to the i-axis. Figure 
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14c shows a space-time diagram of the two clocks at levels V and 
V + AV (to preserve continuity with Figure 14a and 14b, the space 
axis has been drawn vertically and the time axis horizontally). AB 
is the world line of the lower clock and AB that of the higher clock; 
the two world lines are parallel. A A is the world line of a light signal 
used to compare Jhe readings of the two clocks at the beginning of 
the experiment, BB that of a light signal used to compare the clocks 
at the end of the experiment. Since the gravitational field is static, 
it follows that the propagation properties of light from level V to 
V+ AV are independent of the time when the light was emitted; 
they are the same for the light signals A A and BB. Therefore the 
lines A A and BB a re parallel. In flat Minkowski space-time it 
now follows that ABBA is a parallelogram and that the two sides 
AB = s and AB = s are equal. However, the gravitational time 
dilatation effect, Equation (3.12), states precisely that s and s are 
not equal. 

We have now arrived at a contradiction. We conclude that the 
equivalence principle, the gravitational red shift or the gravita¬ 
tional time dilatation are inconsistent with special relativity theory. 

One can go further. In geometry the absence of parallelism and 
of parallelograms with the usual properties is characteristic of a 
curved space. Therefore the results of this section provide a strong 
heuristic argument which leads from the principle of equivalence to 
the conclusion that space-time is a curved Riemannian manifold 
whose line element ds is the element of proper time measured by 
a physical clock along its world line. 

In the argument of this section, particularly in the first part 
illustrated by Figure 14a, a number of assumptions were made 
implicitly. It was assumed, for example, that no energies depending 
on the gravitational potential V enter the Equations (3.10) and that 
Planck’s constant h is in fact a constant and independent of the 
gravitational potential V. Since the gravitational potential V is 
physically determined only to within an arbitrary additive constant, 
whereas the frequency i> of a photon or Planck’s constant h do 
not permit the addition of such an arbitrary constant, these as¬ 
sumptions are reasonable. However, we shall show in the next 
section that these assumptions are extraneous and unnecessary. 
We shall give a more direct and more precise derivation of the 
gravitational time dilatation from the principle of equivalence. 



Principle 



Figure 15 
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The Principle of Equivalence; The Elevator Argument. In Minkowski 
space-time, free of gravitation, consider an elevator accelerated 
along the positive x-axis of an inertial frame. A simple relativistic 
model of such an elevator is a system of particles, each corresponding 
to a constant value of the parameter u, whose world lines are 
given by the concentric circles (which are hyperbolae in Minkowski 
space): 

(3.13) x 2 — t 2 = u 2 , u^u^u. 

This is shown in Figure 15b. The following facts can be deduced 
directly from the geometry of Minkowski space. They can also be 
easily seen by analogy with a system of concentric circles in 
Euclidean space 

(3.14) x 2 + y 2 = u 2 , u^u^u, 

which are shown in Figure 15a. 

Any radial line, such as OAA, cuts all the circles of the system 
orthogonally. Physically, this means that the radial lines are lines 
of simultaneity within the elevator. 

The intercepts between any two jiircles of the system are the 
same for all radial lines, e.g., A A = BB. Physically, this means that 
the elevator is rigid. 

Each circle has a constant curvature g which is the reciprocal of 
its radius u, g= 1/u. Physically, this means that each particle of 
the elevator has an intrinsic acceleration g which remains constant 
throughout its history. The intrinsic acceleration is the ordinary 
Newtonian acceleration measured by an inertial observer instantan¬ 
eously at rest relative to the particle. The intrinsic acceleration 
varies from particle to particle, but we can ignore this variation 
by making the elevator small: u-u«a. In this approximation 
the rigid elevator has constant uniform acceleration 

(3.15) g = 1/u. 

We shall call the small quantity 

(3.16) A V = g{AA) =g(u-u) 

the difference in acceleration potential between the top (A) and 
the bottom (A) of the elevator. 

The arc length along a circle intercepted between two fixed 
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radial lines is proportional to the radius of the circle. Thus if s 
is the arc AB and s the arc AB, s/s = u/u. In the approximation 
of a small elevator, this gives 

(3.17) s Jl^= A v. 

s 

Physically, this means that clocks at different levels of the elevator 
go at different rates, the comparison of the clocks being by means 
of simultaneity within the elevator. We shall call this effect the 
acceleration time dilatation. 

The system of circles is invariant under rotations about 0. 
Physically this means that the system is stationary, and that 
therefore the acceleration time dilatation formula (3.17) remains 
valid whatever the method used for comparing the two clocks, pro¬ 
vided only that the same intrinsic method is used at the beginning 
and at the end of the experimental run. Let us, for example, con¬ 
sider the comparison of the two clocks by means of light signals 
A A and B B (null lines in Figure 15b) sent from the lower to the 
upper clock^A suitable rotation about 0 (a Lorentz transformation) 
will take AAA into BBS, and therefore arc A A = arc B & It 
follows that 

(3.18) arc AB = arc AB = s, 

and that Equation (3-17) holds when the clocks are compared by 
light signals moving up in the elevator. 

It is now easy to see that (3.17) implies an acceleration red shift 
formula 

(3.19) —' =AV, 

v 

for light moving up in the elevator. 

So far everything stated above is a direct consequence of special 
relativity theory and since special relativity is amply verified, we 
accept it completely. 

It is at this point that we use the principle of equivalence. In 
the elevator, any body which is released moves relative to the 
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elevator with an acceleration g along the negative x-axis. The equiva¬ 
lence principle states that all physical phenomena within the eleva¬ 
tor (Figure 15c) are the same as in a small region in a static gravita¬ 
tional field (Figure 15d) where the acceleration of a freely falling 
body is g. 

It is the principle of equivalence which permits us to conclude 
from the acceleration time dilatation that two clocks resting at 
different levels in a static gravitational field (Figure 15d) go at 
different rates, and that this gravitational time dilatation is given 
by Equation (3.17). Similarly we conclude that there is a gravita¬ 
tional red shift given by Equation (3.19). 

We have now gained the same result which we reached by the 
second part of the argument of the previous section. We can 
continue exactly as before and find that the space-time in the 
neighborhood of a heavy, spherically symmetric body must be 
curved. 

There is a second, and equivalent, way of seeing that space- 
time must be curved. If we consider the history of a single small 
region R near a spherically symmetric heavy mass M at rest 
(Figure 16a), then no physical experiment within R can distinguish 
between the gravitational field in R and the case of an accelerated 
elevator E (Figure 16b) in flat space-time. The situation changes 
as soon as we consider several small regions R,R',R", • •• (Figure 
16a) which fill a thin hemispherical shell S. The time dilatation 
within each of the regions would tell us that, if space-time were 
flat, the regions would be accelerating radially as do the elevators 
E,E',E", •••in Figure 16b. Now there is a sharp distinction be¬ 
tween the gravitational case (a) which is stationary, and the ac¬ 
celeration case (b) which is not. In Figure 16a the distance between 
neighboring regions R and R' does not change, e.g., the time for a 
light signal to travel from R to R' and back is independent of the 
time of emission. In Figure 16b the distance between neighboring 
elevators E and E' changes, e.g., the time for a light signal to travel 
from E to E' and back varies with the time of emission. It is there¬ 
fore impossible to represent the physical observations within the 
shell S, and throughout its history, in a flat space-time. The space- 
time surrounding a heavy, spherically symmetric body must be 
curved. 
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Figure 16 


The arguments of the last two sections show that the principle 
of equivalence is incompatible with the theory of special relativity. 
Thus, unless artificial and ad hoc assumptions are admitted, 
gravitation cannot be described by a standard field theory in 
Minkowski space. 

Exercise. Consider two particles T and f which are rigidly con¬ 
nected and have neighboring motions. This means that the orthog¬ 
onal connecting vector 8x m (Figure 17) between their world lines 
has constant length. Show that T is a geodesic if and only if there 
is zero time dilatation between r and all neighboring particles 
T rigidly connected to T, the method of comparison of times being 
either by intrinsic simultaneity (AA and BB) or by light signals 
(A A and BB). Apply the equivalence principle to show that a 
particle falling freely in a gravitational field has a time-like geodesic 
as world line. 
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Figure 17 

4. The gravitational field equations. In Newtonian gravitational 
theory the basic equations are the equations of motion 



and the field equation 

(4.2) V w = 4 t P . 

In Einstein’s theory of general relativity the equations of motion 
of a test particle are those of a geodesic (Table II, line 1). The 
Christoffel symbol term contains first derivatives of g mn and is 
analogous to the gradient term V M in Equation (4.1). 

The source term p of Newtonian theory is just one component 
of the second order tensor T^ in relativity theory. We may there¬ 
fore expect that the whole stress energy tensor will appear as the 
source term in the relativistic field equations for gravitation, and 
that these equations will be second order tensor equations. The 
gravitational field equations of general relativity theory are 

(4.3) G mn = aT mn . 

In vacuum, when the source term vanishes, T^ = 0, the field equa- 
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tions are 

(4.4) G™ = 0 ■#=> R m = 0. 

These equations have the following properties: 

1. Like the Newtonian field equations, they are second order 
partial differential equations in the gravitational potentials ^ mn . 
They are, however, nonlinear. 

2. Since the Einstein tensor has zero divergence, G m n;m = 0, the 
differential conservation laws 

(4.5) r*"., = 0 

are consequences of the field equations. 

3. In the nonrelativistic approximation, the equations reduce 
to the Newtonian field equations. Thus general relativity theory 
reproduces all the results of Newtonian gravitation in first approxi¬ 
mation. This will be shown in this chapter. The argument will 
determine the value of the coupling constant a. 

4. Flat Minkowski space, where the full Riemann tensor vanishes, 

(4-6) R m m = 0, 

is a particular solution of the vacuum equations (4.4). 

5. The field equations can be obtained from a variational principle. 
This will be shown in Chapter 5. 

6. General relativity theory has an important property of con¬ 
sistency. The equations of motion are not independent of the field 
equations, but are to a large extent determined by them. This will 
be discussed in Chapter 6. 

7. The gravitational field, like other fields of zero proper mass, 
propagates with the velocity of light. This will be discussed in 
Chapter 7. 

The field equations (4.3) are unique in having all these properties. 
Newtonian Approximation. We assume that the gravitational 
field is weak and quasi-static, and that particles are slow. 

The weakness of the gravitational field means that space-time is 
almost flat. Coordinates exist such that 

(4.7) g mn =v m „+h m n, 

where h mn and its derivatives are small. Products of two of these 
small quantities will be neglected. 
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Quasi-static means that the time derivatives g™, 4 = i4 are small 
compared to and will be neglected. This corresponds to,the fact 
that in a nonrelativistic system the change in the gravitational 
potential over some distance is large compared to the change of 
the potential at one point in the short time it takes light to traverse 
this distance. 

Slow means that speeds of particles are small compared to that of 
light. 

We first study the geodesic equations of motion. Only three of 
them are independent, since 


(4.8) 


dx m D dx m 
ds ds ds 


and we may take these to be 


(4.9) 


dx^dx^_ 
ds ds 


0 . 


In these equations d 2 x“/ds‘ l and 



are already small. We may therefore write in the Newtonian ap¬ 
proximation 

< 410 > TF- - W -!«*■--2*“'- 

This agrees with Equations (4.1) if we identify 
(4.11) g« = 1 + 2V. 


We next study the field equations and consider the trial solution 

(4.12) h mn = 25 „ V, g^ = u™, + 25^ V. 

A straightforward calculation shows that in the Newtonian ap¬ 
proximation 

(4.13) R ma = 


The field equations (4.3) now become 


(4.14a) G 44 = a T u = ap = — 2 V pp , 

(4.14b) G* = a T, 4 = 0, G m , = a T„ = 0. 
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In a nonrelativistic system, density, velocity and stress are of 
order of magnitude one in cgs units. A simple dimensional analysis 
then shows that in our units (c = G = 1) all other components of 
T mn are small compared to TV This explains the Equations (4.14b) 
in the Newtonian approximation. 

Equation (4.14a) agrees in form with the Newtonian field equa¬ 
tion (4.2), and determines the coupling constant a = — 8-k. Thus 
the relativistic field equations are 

(4.15) G m = - 8*-7V. 


The analysis of this section shows that every nonrelativistic 
motion of a Newtonian gravitating system can be reproduced as 
a first approximation of the relativistic laws. 

Equations of Geodesic Deviation. The acceleration of one freely 
falling particle has no intrinsic significance in general relativity 
theory. The particle is at rest for an observer moving with it. The 
relative acceleration of two neighboring particles, on the other 
hand, describes intrinsic properties of the gravitational field, the 
field gradient physically, components of the Riemann tensor geo¬ 
metrically. We shall see that this relative acceleration satisfies 
equations very similar to those of Newtonian theory. 

Consider two neighboring time-like geodesics (Figure 18a), and 
embed them in a one parameter family of geodesics x m (s, v ); v labels 
the different geodesics of the family, s is the arc length along each 
geodesic. Then 


(4.16) 


u m 


dx m 

ds 


The infinitesimal connecting vector i? m is given by 


(4.17) 


Hence 

(4.18) 

We have 


Drf 


rrev tm Y_^^ du _D ! r dv 
? L dsdv (r s) dv ds J dv 


DrT 

m ds 


Du m , in 

m-r—dv = - — (u m u ) dv = 0. 
dv 2 dv 


(4.19) 
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time-like 
geodesics 

(a) 



null 

geodesics 

(b) 


Figure 18 

We now assume that ij m is initially orthogonal to one of the geo¬ 
desics: 


(4.20) 


v m u m = 0. 


It then remains orthogonal all along the geodesic. 
Differentiating Equation (4.18), we obtain 


DY 

ds 2 


D Du m D Du m , 

— —— dv = — —— dv + R^u n uW. 


Using Equation (4.16), we obtain the equations of geodesic deviation 


(4.21) 


DY 

ds 2 


R m nrs u n u r x t 5 . 


We have reverted to the notation of ordinary (rather than partial) 
absolute derivatives in order to stress that we can now forget about 
the one parameter family of curves and that these equations apply 
to two neighboring geodesics. 

Exercise. Show that, if two neighboring null geodesics have one 
orthogonal connecting vector, then all connecting vectors are 
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orthogonal (Figure 18b). Show also that the Equations (4.21) 
of geodesic deviation apply to neighboring null geodesics if the 
arc length s is replaced by an affine parameter u. 

Consider a cloud of test particles moving in a gravitational field. 
Let x“ and x“ + rf be the space coordinates of two neighboring 
particles. The Newtonian equations of motion (4.1) give the relative 
acceleration 

(4.22) 

where K.rf = - ( VJ x+v + ( VJ X , or 

(4.23) K„, = - V 

The field equation (4.2) can now be written 

(4.24) K w = - 4 *p. 

In relativity theory, the cloud of particles have as world lines 
a congruence of time-like geodesics. Introduce geodesic Fermi co¬ 
ordinates based on one of these geodesics. Then the equations of 
geodesic deviation for neighboring particles become 

(4.25) ^ = i?W. 

This has the same form as the Newtonian Equation (4.22) with 

(4.26) K„ = R“ i4 „. 

From the relativistic field Equations (4.15), we obtain 

(4.27) K„ = R u = - 8ir ( T u — i T ) . 

This is similar to Equation (4.24). In fact, in the nonrelativistic 
approximation T = T u = p, and the right-hand side of Equation 

(4.27) becomes — 4ttp, in complete agreement with the Newtonian 
result. 

The Cosmological Term. On the cosmological scale, field equa¬ 
tions more general than (4.15) are sometimes used: 

(4.28) G mn + Ag mn =- 8 

The left-hand side again has zero divergence, so that the conserva- 
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tion equations T mn :m = 0 follow. The cosmological constant A must 
be very small. Otherwise Newtonian gravitational theory cannot 
be obtained in first approximation. Except for the following chapter, 
we shall assume that the cosmological constant is zero. 

5. Variational principle. In this chapter we shall study a pure 
field theory, with the gravitational field described by the variables 
g mn and the sources of the gravitational field described by other 
field variables y„, Greek suffixes ranging and summing over 1, 
2, • ••,N. We shall restrict ourselves to the case where the y„ are 
a collection of tensor components. The general case, where spinors 
are included, is more complicated and has been discussed by 
Rosenfeld. 13 

The field equations are obtained from a variational principle 
with an action 

(5.1) I = ( — g) 1/2 Ldr (4 ), L = L(o + L(jr). 

The Lagrangians L, L (G) and L (F) are chosen to be invariants, since 
( —g) 1/2 dr (4) is also an invariant. The gravitational Lagrangian is 
the simplest invariant available 

(5.2) L(g) = R — 2a, 

A being a constant, the cosmological constant. The Lagrangian 
L( P) of the other fields is a function of the variables g mn , y„ and 
their first derivatives with respect to the coordinates. A concrete 
example is the electromagnetic field: The field variables y„ are the 
electromagnetic potentials A m , and the Lagrangian is 

(5.3) L m = - F^F™ 1 = - g nr g m F mn F„, 
where F mn is understood to stand for 

(5.4) F^ = A mn - A n _ m , 

so that one set of Maxwell’s equations is automatically satisfied. 

No invariant, other than a constant, can be formed from the 
metric tensor and its first derivatives. Therefore the gravitational 
Lagrangian must be a second order expression. In general, the vari- 


L. Rosenfeld, Mem. Acad. Roy. Belg. No. 6, 18 (1940). 
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ational principle would then give fourth order field equations. This 
would be the case if, for example, L (G) contained a term R mnrs R mnrs . 
The Lagrangian chosen, a linear combination of R and a constant, 
has the unique property of giving second order field equations. This 
is so because R is linear in the second derivatives of the metric tensor. 

We shall now calculate the variation of the action for variations 
6g mn , oy^ of the field variables. Throughout, the variations 8g mn , 
t>g mn ,r, <5y„ are assumed to vanish on the boundary t (3) of the four¬ 
dimensional region r (4) . 

The work is simplified by noting (Palatini) that Christoffel 
symbols transform according to 

(5.5) f r 1 ' = — dx°_dx^ ( s | dxT d 2 x s 

\m n) dx s dx' m dx' n \a b) dx s dx' m dx ,n ’ 


so that Christoffel symbols are not tensors, but the difference of 
two Christoffel symbols (calculated from two metrics) is a tensor. 
In particular the variation 


is a tensor. At the origin of geodesic coordinates, where 

u=° 

and g m „ ir = 0, we have 


(-g^ynfc, 


<56) -*U)L 

This is a tensor equation, since for a contravariant vector (— g) 1,2 T n n 
= (( ~~ g) 1/2 T n ) t „. It is therefore valid in any coordinate system. 
We have 

Mm = f «[(- g) ll2 {g mn Rmn - 2a)] dr (4) 

= f 4 [R™S(( - g) 1 ^™) - 2A5( - g) 1/2 ]dr w 
+ Jj-g) 1/2 g m, S R mndr (4) . 


(5.7) 
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By Equation (5.6) and Green’s theorem, the last integral becomes 
an integral over the boundary t@> and therefore vanishes, since 
the variations are zero on t ( 3) . The other integral is easily evaluated 
by using 8 (- g ) 1/2 = H - g) = - 5 (- g) m g n J>g mn . The re¬ 

sult gives the variation of the gravitational action: 

(5.8) 8 7(G) = J ( — g) 1/2 {O mn + A gmn) 8g mn d.T (4). 

The variation of the field action has the form 


(5.9) 

S/ OT = J ,4) ( -£ )1/2 [ 8 * T ™^™ 

’ + L(F) lt 8y^]dT(4), 

where 



(5.10) 

og 

^d(- g y' 2 L(^ 

(5.11) 

s, 

s 

1 

(d(-g)^L {F) \ 

\ dy>.r /,' 


If the field action is purely electromagnetic, and given by Equa¬ 
tion (5.3), then its variation is 

(5.12) 81(F) = [8-jt ( g) l/2 E mn 8g" m + 4(( — g) 1/2 F im ) t n&A m \dr(4), 

where E mn is the Maxwell stress energy tensor given in Table II. 

The Field Equations. The field equations are obtained from the 
variational principle or action principle 


for variations Sg™ 1 , 8y„ which are arbitrary in t (4) , but which vanish 
(together with 8g mr \ r ) on the boundary t (3 ). This immediately gives 
the gravitational field equations 

(5.13) Gw, + A+ 8-irTnn = 0 

of general relativity theory, and the equations for the other fields 

(5.14) L( F { = 0. 

Thus the expression given by Equation (5.10) determines the total 
stress energy tensor T^., in terms of the field variables. 
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In the purely electromagnetic case, T m „ = E mn and the electro¬ 
magnetic field equations are Maxwell’s equations 

(5.15) (( — g) 1/2 F'“") j „ = 0. 

Exercise. In an affine space, a set of quantities r m r „ = Y n r m are de¬ 
fined which are called coefficients of connection and which transform 
like the Christoffel symbols in Equation (5.5). In such a space 
covariant differentiation and the curvature tensors R m ms , R mn can 
be defined exactly as in a Riemannian space, T m r „ replacing 



Consider the action in Equation (5.1) where L {G) = g mn R mn — 2A, 
and where r m r „ and g m are independent variables of the gravita¬ 
tional field. Show that the action principle again gives the equations 
of general relativity theory, i.e., Equations (5.13), (5.14) as well 
as r m r n = ig ra (g sn>m + g m , n - g^J . 

Lie Differential and Derivative. A variational principle yields 
not only field equations, but also identities which follow from in¬ 
variance properties of the action. The coordinate invariance of 
the action leads to the differential conservation laws of energy 
and momentum. In order to show this we shall now study the 
behavior of tensors under infinitesimal transformations. 

Let £‘ be a contravariant vector field, and consider the infinitesi¬ 
mal transformation 

(5.16) x l = x‘ + £du. 

This transformation can be viewed in two ways. 

It can be viewed as a passive or coordinate transformation, where 
x‘ and x l label the same point P in different coordinate systems. 
A tensor field T m n . .. will then transform according to the equation 

(5.17) T m n -. (*•) = d -f- r • • ~ • • • T r s ::. (x‘) . 

dx dx 

This is illustrated in Figure 19a. 

It can also be viewed as an active transformation, where x‘ and x‘ 
label two different points P and P in the same coordinate system. 
This is illustrated in Figure 19b. The field T n n :..(x i ), given by 
Equation (5.17), is then a new tensor field and is said to have 
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been obtained from T m n \'..(x i ) by letting the active infinitesimal 
transformation drag T m n :\. with it. If T m (x‘) is a multiple of an 
infinitesimal displacement PQ, the n T m (x‘), is the same multiple 
of the infinitesimal displacement PQ. Similar constructions can 
be given for more complicated tensors or for other geometrical 
objects. 

We retain the view of the active transformation, and write 
Equation (5.17) to first order in the infinitesimal du: 


T m n 


(5.18) 


(x‘) = (6 m r + t.rdu) • • • (3 S „ - ?, n du ) • • • 

• • • cry;;. (x‘) - T r s ::. ti pdu) 

= T m n ::. (x‘) - T m n :..A r du 

+ T r n ::.r, r du h -T m ;;;.c,„du 


The Lie differential of T m n ... is defined by 
dT m n :.. = T m n ... (x‘) - T m n :\. (x l ) 

(5.19) = TW\.,edu — T r n V..C,du — .. • 

+ T m ;;;. £'\ n du + • • •, 


and the Lie derivative by 



= T m „v..,rf - T r n :..C.r- -b T m ;;;.c. n d-. 


(5.20) 
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Note that the Lie derivative is nonmetrical. 

Exercise. (1) Show that the Lie derivative of a tensor field is 
a tensor field of the same type. 

(2) The Lie derivative obeys Leibnitz’s rule. 

(3) Lie differentiation commutes with contraction. 

(4) 

(5.21) %& m n = 0. 

(5) In a Riemannian space, 

(5.22) %T\.\. = T m n :... r n r - T r n ;..$ m . r - - \- T m r ::.£ r . n - f-. 

(6) In a Riemannian space. Lie differentiation does not, in 
general, commute with raising and lowering of suffixes. 

(7) Coordinates can be adapted to the vector field £ r , so that 
I 1 =1, £ 2 = £ 3 = £ 4 = 0. In these coordinates: 

(5.23) 9 t T\\\. = aT'\:../dx\ 

Our results can be immediately applied to the study of symmetries 
of a Riemannian space. A Riemannian space is said to admit a 
continuous one-parameter group of symmetries or motions if, under 
a one-parameter group of active transformations, the distance 
between two neighboring points PQ i s alw ays the same as the 
distance between the image points PQ. For the infinitesimal 
transformation (5.16) of the group, this means that dbx m = 0 
=> d(g mn 5x m Sx n ) = 0 or, equivalently, 2 ( 8x m = 0 =#> % ( (g mn dx m dx n ) 
= 2g mn Sx m 2j(<5x") + &x m bx n ^{gnn) = 0. Thus the condition for a 
continuous group of motions is the existence of a Killing vector 
field which, by Equation (5.22), satisfies Killing’s equation: 

(5.24) % gmn = 2£ (m;n) = 0. 

The condition can also be stated in terms of the existence of adapted 
coordinates where g^i = 0, so that the components of the metric 
tensor are independent of one of the coordinates. 

Exercise. In Minkowski space-time, with rectangular Cartesians 
x, y, z, t, find the Killing vector fields for translations along the 
x- and <-axes, for rotations in the ary-plane and for Lorentz trans¬ 
formations in the xt-plane. 

Conservation Laws. Consider the Lie differential 
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(5.25) 


dj ( - g) l/2 Ldr (4) S J ( - g) 1/2 Ldr (i) 

- f (~g) l ' 2 Ldf H) . 

Jfa) 


If L is an invariant field, then, adopting the passive view of the 
transformation (5.16), the two integrals on the right-hand side of 
Equation (5.25) are the same invariant integral evaluated in two 
different coordinate systems. Thus we have 

(5.26) djj-g) 1/2 Ldr (i) ^0. 

This result applies both to the gravitational action /and to 
the field action I (F) . Reverting to the active point of view, we may 
regard the Lie differential with respect to | m as a special type of 
variation induced by the infinitesimal transformation (5.16). We 
now choose £ m so that £ m , £ m r and £% vanish on the boundary_r (3) , 
although remains arbitrary in the interior of t ( 4 ). Then dg mn , 
dg mn , r and dy^ vanish on t ( 3) , and we can apply the results from the 
first section of this chapter. 

We have 


(5.27) 


where 


0 *dl m = f (-g^^dg-Vm 

= du j (- g) 1/2 Q mn (g mn ) dr (4) 


(5.28) 


Qmn = Gw, + Agw 


By Equation (5.22), 

(- g) 1/2 Q™ Z ( g mn - - 2( - gV'tQ^" 

= 2( — g) 1/2 Q \ m - 2( - g) 1/2 (Q m „?) ;m 
= 2(-g) 1/2 Q\ m e- 2((-g) 1 ' 2 Q m n t), m . 

The integral of the last expression transforms into a boundary 
integral over r {3) and vanishes. Equation (5.27) therefore becomes 
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(5.29) 0 = dI (G) = 2duj g) l,2 Q. m n;m ltdr w . 

Since £" is arbitrary at any point of t (4) , it follows that 

(5.30) Q m n;m s 0. 

This is an identity, a consequence of the invariance of / (G) , and 
completely independent of whether any field equations are satisfied 
or not. Identity signs have been used above to stress this. 

In general relativity theory the identity (5.30) is equivalent 
to the fact that the divergence of the Einstein tensor vanishes, 
G m a; m = 0- However, Equation (5.30) is more general. It remains 
valid for gravitational theories obtained from other Lagrangians, 
for example, for L (G) = R mnrs R mnra when Qmn and the gravitational 
field equations are of the fourth order. 

The Lie derivative of the field action is, by Equation (5.9), 

(5.31) 0 = dI (F) = duj {- gY l2 [S^T mn %g mn + L^^y^dr^. 


By Equation (5.20), %y„ is of the form 

(5.32) ? £ y„ * - F; n m y.l n , m , 

where Fj n m are constants which are determined by the tensor 
character of y„. Proceeding as we did above for I (fi) , we obtain 

0 = dI (F) = du f [I6x( — g) lli T m n;m + L (F fy^n 

(5.33) J ' (4) 

+ ((- g) ll2 L m *F; n m y„) >m \{, n dT W , 

and hence the identities 

(5.34) 16*( - g) 1,2 T\ m + +((-§) 1/2 L (f) "F;„ m y,) , m ^ 0. 


The conservation laws 

(5.35) T m n;m = 0 

now follow as a consequence of the field equations L iF) “ = 0. They 
are, however, independent of the gravitational field equations. 
In the purely electromagnetic case, E m n;m = 0 is a consequence of 
Maxwell’s equations. 

This chapter has shown that a variational principle with an 
invariant action always gives field theories with some desirable 
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properties: (1) coordinate independent field equations, (2) a stress 
energy tensor, which (3) satisfies conservation laws. 

6. Equations of motion. In theoretical physics, general relativity 
has the unique feature that the equations of motion of particles 
are not independent of the field equations. This is due, in part, 
to the nonlinearity of the gravitational field equations. In a linear 
field theory this property would be undesirable. We illustrate 
this, taking Maxwell’s theory as an example. Let be a solution 
which has a jingle singularity along a world line F corresponding 
to a charge e, and let F mn be a solution with a single singularity 
along F corresponding to a charge 7 (Figure 20). The superposition 
(6.1.) F mn =F mn +F mn 



Figure 20 

is then again a solution of _Maxwell’s equations, with charges e 
and e moving along F and F, respectively. If the field equations 
determined the motion of the sources, then e would move exactly 
the same way whether e were present or not; the charges could 
not interact through the field. This objection does not apply to 
a nonlinear field theory. 

The quickest way to see a connection in general relativity be¬ 
tween field equations and motion is to consider dust, whose stress 
energy tensor has the form 

(6.2) T mn = pu m u n , u m u m = 1. 
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The gravitational field equations imply the differential conserva¬ 
tion laws 

(6.3) 0 = 7 ,mn ;n = ( pu n ), n u m + pu m ;n u n . 

Multiplying by u m , we obtain 

(6.4) (pu n ) ;n = 0, 
and hence 

(6.5) u m . n u n = 0. 

This last equation states that the curves with u m as tangents are 
geodesics; the dust particles have geodesic world lines. 

There are two main methods for dealing with the problem of 
motion. 

The Einstein-Infeld-Hoffman method 14 applies to a finite number 
of slow particles interacting through a weak quasi-static gravi¬ 
tational field. In a scheme of successive approximations, the field 
equations are solved, and equations of motion are derived for the 
particles from the condition that the field equations of the next 
approximation be consistent. 

The second method studies a single test particle moving in an 
arbitrarily strong gravitational field. This can be done by analysing 
either the vacuum gravitational field outside the particle, 16 or 
the internal structure of the test particle. 16 We shall discuss the 
last procedure, and give a simplified version of the work of 
Papapetrou and Taub. It may in fact be an oversimplified version, 
because it will be based on an important assumption which has 
never been proved. 

Before returning to the problem of motion, we must learn 
some more tensor analysis. 

Fermi Propagation. Let u m be the unit tangent vector along a 


14 A. Einstein, L. Infeld and B. Hoffman, Ann. Math. 39 (1938), 65; 41 (1940), 
455; Canad. J. Math. 1 (1949), 209; R. P. Kerr, Nuovo Cimento 13 (1959), 469, 
492; 16 (1960), 26; L. Infeld and J. Plebanski, Motion and relativity, PWN, 
Warsaw, 1960; see also the review article by J. N. Goldberg in Gravitation: 
an introduction to current research, Wiley, New York, 1962. 

15 L. Infeld and A. Schild, Rev. Mod. Phys. 21 (1949), 408; J. R. Porter, Texas 
University Ph. D. Thesis, 1965. 

16 M. Mathisson, Acta Phys. Polon. 6 (1937), 163; A. Papapetrou, Proc. Roy. 
Soc. Ser A 209 (1951), 248; A. H. Taub, J. Math. Phys. 5 (1964), 112. 
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time-like curve r, and let T m be a vector field along r and orthog¬ 
onal to it: 

(6.6) u n T m — 0. 

The vector T”at P± obtained by parallel propagation of T m at the 
neighboring point P of r (Figure 21), will in general not be orthog¬ 
onal to r. The vector Tp is the orthogonal projection of Tp. 

(6.7) T F m = P m n T{, P\ = b\ - u m u n ; 

Tp m is said to be obtained by Fermi propagation of T m from P to 
P. DT m — T m — T||“ is called the absolute differential of T m and 
DpT m =T m —Tp m is the Fermi differential. By Equation (6.7), 
we have 


( 6 . 8 ) 


D f T m = DT m + u m u a (T n - DT n ) 
= DT m - u m u n DT n . 


The Fermi derivative D f T m /ds = T m is given by 


(6.9) 


T m 


DT m 

ds 


— u m u. 


DT n 
' ds 


T m is Fermi propagated along r if T m = 0. 

More generally, a tensor field T m n :v is orthogonal to r if 


( 6 . 10 ) 


T m n :v 


P r m P\ ■ ■ • t;:::. 
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o DTP" 

(6.11) T m n :v = P r m P n s - 

as 

For a skew symmetric tensor S'" 1 = — S nm this is equivalent to 

(6.12) S mn u n = 0, 


(6.13) 


S’ 


— u n u r 


DS™ 

ds 


Exercise. 1. Show that the Fermi derivative obeys Leibnitz’s rule. 
2. Show that the magnitude of a vector and the angle between 
two vectors remain constant under Fermi propagation. 

Fermi Coordinates of the Second Kind. At one point 0 of the 
time-like curve r (Figure 22) choose a triad of orthonormal space¬ 
like vectors e a m orthogonal to r: 

(6.14) e a m e 0m = - & at> , u m e a m = 0. 



Fermi propagate the vectors e„ m along r, so that Equations (6.14) 
hold at all points of r. Then define the new coordinates x' m just 
as was done in Chapter 3 for Fermi coordinates of the first kind, 
except that the tetrad e a m , e™ = u m now replaces the parallelly 
propagated tetrad used there. This is equivalent to defining: 
(6.15) (x ,l ‘) P = n*<r, (x ,4 ) P =s, 
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where s is the arc length OQ, a the arc length of the geodesic QP , 

and n m the unit tangent 

(6.16) n m = n°e a m , n a n a = 1 


to QP at Q. 

Dropping primes, the following relations hold along r in Fermi 
coordinates of the second kind (exercise): 


(6.18) 


u 


U 4) 


where the world acceleration of r is 
Du m . 

(6.19) = (a > 0) - 

The curve r has the equation x“ = 0, so that u m = (0,0,0,1). 
The Fermi derivative along r of a tensor field T.. orthogonal 
to T is given by 

(6.20) T:: = T:\, 

where = (d/dx 4 ). Fermi propagation of TV. reduces to the condi¬ 
tion TV. = constant in Fermi coordinates of the second kind. 

When a“ = 0, r is a geodesic and the coordinates become geodesic 
Fermi coordinates. In this case the distinction between Fermi 
coordinates of the first and second kind disappears. 

Motion of a Test Particle. Consider an isolated system, i.e., a 
time-like world tube outside of which T™ 1 = 0 (Figure 23). We 
shall call this a test particle if the tube is thin and if the components 
of T mn inside the tube are small. 

Let r be a time-like world line and let x m be Fermi coordinates 
of the second kind for r. We now make the assumption that r can 
be chosen, so that all along r 


( 6 . 21 ). 


J x”f u dv = 


0 . 


Here, and throughout this chapter 
(6.22) r ‘=(-g)^T m ", 
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the integrals are taken over sections x 4 = constant of the tube, 
and dv — dx 1 dx 2 dx 3 is the 3-extension of a 3-cell with edges in 
the directions of the ^"-coordinate lines. This assumption has never 
been proved, but we shall accept it as valid, and from here on r 
is such that Equation (6.21) holds. Since f 44 is nonnegative, r lies 
inside the convex hull of the world tube. 



Figure 23 


Consider the moments 

(6.23) M rm = J rdv, 

(6.24) = x“f mn dv, 

(6.25) M aenM = J x°x»r n dv, 

We call the test particle a simple pole particle, or a particle without 
spin if the first and higher moments are negligibly small: 

(6.26) M M « 0, M al,nm ~ 0, • • •. 

We call it a pole-dipole particle, or a particle with spin but no 
higher moments, if 


( 6 . 27 ) 


M at>mn KS 0, • • •. 
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We shall limit ourselves here to the motion of a pole-dipole particle, 
although the method given can easily be extended to particles 
with higher multipole moments. 

The conservation equations T” 1 " „ = 0 are equivalent to (exercise): 

(6.28) r, n = - { r m w } r. 

From this follows 

(6.29) (x“r"), n = r - { r m J *°f™, 

(6.30) {x^r), n =x^ m +x s r m - { r m J x°x*r- 

We now integrate each of these equations over a section x 4 
= constant. The integrals of (x”'f m ' , ),„ (x a x li transform, 
by Green’s theorem in three dimensions, into integrals over 2- 
surfaces t ( 2 ) (Figure 23) which surround the tube and therefore 
vanish, since f mn = 0 there. We also use the Taylor expansion 



in each section x 4 = constant, where 



indicates that the expressions are evaluated on r where x“ = 0. 
We then obtain, remembering Equation (6.27), 

(6.32) M mi = — | ^ J M m - { r m J M arn , 

(6.33) M am4 = M am - { ™M am , 

(6.34) M a$m + M 0am = 0, 

where the dot denotes differentiation with respect to x 4 . 

The last equation tells us that M attm is skew symmetric in its 
first two suffixes. Also, by Equation (6.24), it is symmetric in the 
last two suffixes. Therefore 

0 = (M affy + M 0ay ) - (M^“+ M yfia ) + (M yafi + M**) = 
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We thus have, by Equation (6.21), 

(6.35) M afiy = 0, M“ 44 = 0. 

The only nonvanishing component of M“ mn is 

(6.36) S" = - S Pa = 2M“* 4 = 

We call S al> the spin of the test particle. We also call 

(6.37) m = M 44 
the mass of the test particle. 

Remembering that we are working in Fermi coordinates, Equa¬ 
tions (6.32) and (6.33) become 


(6.38) 

(6.39) 

(6.40) 

(6.41) 



The right-hand side of Equation (6.40) is symmetric in a and 
0, and the left-hand side is skew symmetric. Therefore M ali = 0 and 

(6.42) S ali = 0. 


It is easy to show that in Fermi coordinates 



is symmetric in a and 0, so that 


oSu,a 0844.11) 



Also, by Equation (6.41), 



because S ali is skew symmetric. Therefore Equation (6.39) reduces to 

(6.43) rh = 0. 
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The remaining equations, (6.38) and (6.41), give, upon elimina¬ 
tion of M“ 4 : 

(6 - 44 » rW+sKfAlrKW/'’" 0 - 

We introduce the spin tensor S mn = — S'™ of the particle as a 
skew symmetric tensor field defined along r and orthogonal to it, 

(6.45) S mn u n = 0, 

so that it reduces in Fermi coordinates to S m4 = 0 and S a0 given 
by Equation (6.36). 

In Fermi coordinates we have 



Thus equations (6.44), (6.42), (6.45) can be written in tensor form 

(6 - 46) U mu '-^r s ") +1 

(6.47) S mn = 0, S mn u n = 0. 

These are the equations of motion of a spinning test particle. 17 
The condition dm/ds is a consequence of these equations (exercise) 
and need not be assumed independently. 

Exercise. Show that the spin vector S m , defined by 

(6.48) S m = -$r, mrs ‘S rs ii t , 


F. A. E. Pirani, Acta Phys. Polon. 15 (1956), 389. 
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is orthogonal to and Fermi propagated along T; also that 

(6.49) S rs = v rsnt S m u t . 

In Fermi coordinates of the second kind both equations reduce to 

(6.50) (S 1 ,S\S 3 ) = (S 23 ,S 3 \S 12 ), S 4 = 0, «S m4 = 0. 

From the Fermi propagation of the spin, Equation (6.47), it 
follows that the magnitude of the spin 

/1 \ 1/2 

(6.51) S=(- S n SJ 1/2 =( 2 ) 

remains constant (exercise). However, the direction of the spin axis 
S m moves. A proposed experiment to verify general relativity theory 
is based on this. It consists in measuring the precession of a gyroscope 
in an earth satellite. 18 (See Schiff’s lectures in this volume.) 

For a simple pole particle without spin, S mn = 0 and the equation 
of motion (6.46) reduces to that of a geodesic, 



in agreement with the principle of equivalence. 

It is not surprising that a particle with spin deviates from 
geodesic motion, and that there is a driving term in Equation 
(6.46) which involves the curvature tensor. We saw in special 
relativity theory that an isolated system with spin has a minimum 
spatial extension given by Equation (2.50). We can expect the 
same thing to be true in general relativity theory: A test particle 
with spin has a finite extension (of minimum magnitude determined 
by the ratio S/m) and its motion is therefore affected by the 
gradient of the gravitational field strength. 

Our derivation of the equations of motion of a test particle was 
based on the unproved assumption that a curve r exists in general 
relativity theory which has the properties of the local center of 
mass discussed in Chapter 2. In special relativity theory, the local 
center of mass is not unique, and there exists a particularly simple 
one, the relativistic center of mass. We may ask if something 


18 G. E. Pugh, Weapons System Evaluation Group Research Memorandum, 
No. 11, Washington, 1959; L. I. Schiff, Proc. Nat. Acad. Sci. U.S.A. 46 (1960), 871. 
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similar is true in general relativity theory. We shall conclude this 
chapter by stating some open questions. Any answers to these 
questions would, I believe, be an important contribution to general 
relativity theory. 

Three Open Questions. 1. Given any isolated system, does there 
always exist a curve r so that Equation (6.21) holds in Fermi 
coordinates of the second kind? 

2. Does such a curve exist in the approximation of a test particle? 

3. If the answer to either of these questions is affirmative, is r 
unique? If r is not unique, can it be chosen so that the transla¬ 
tional equations of motion (6.46) simplify to 

(6.53) Dmu*_ 1 Rm n S „ _ Q? 

ds 2 

7. Jump conditions and Cauchy problem. In this chapter we shall 
study the structure of the gravitational field equations. For this 
purpose it is necessary first to discuss the smoothness of space-time. 

In general, a space cannot be covered by a single well-behaved 
coordinate system. An example of this is provided by the 2 -dimensional 
surface of a sphere in Euclidean 3-space. If a single well-behaved 
system of coordinates x\ x 2 covered the 2-sphere, then (T\ T 2 ) 
= (1,0) would be a continuous vector field which vanishes nowhere, 
and this contradicts a well-known fixed point theorem. 

We follow Lichnerowicz, 19 and assume that space-time can be 
broken up into overlapping domains, with a system of coordinates 
x m in each domain. Where two such domains or coordinate patches 
overlap, we assume that the coordinate transformation x' m (x\ x 2 , x 3 , x 4 ) 
satisfies these criteria: (1) The transformation functions have con¬ 
tinuous fourth derivatives except on some hypersurfaces where they 
have continuous second derivatives; the third and fourth derivatives 
have definite limits as such a hypersurface is approached from 
either side but may be discontinuous across it; (2) starting with 
one of the two coordinate systems, a transformation with continuous 
second derivatives exists which reduces the equation of a hyper¬ 
surface of discontinuity to the form x 4 = 0; (3) the Jacobian 
determinant \dx'/dx\ is nowhere zero. We say that the coordinate 


19 A. Lichnerowicz, Theories relativistes de la gravitation el de TElectromagnetisme, 
Masson et Cie., Paris, 1955. 
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transformations are [ C 2 ; C 4 by pieces]. The properties just out¬ 
lined make space-time a differentiable manifold of class [C 2 ; C 4 by 
pieces]. A set of coordinate patches which covers a differentiable 
manifold is called an atlas. Two atlases are said to be equivalent 
if the union of the two sets of coordinate patches is again an atlas. 
Equivalent atlases provide different coordinatizations of the same 
differentiable manifold. In fact, a differentiable manifold can be 
defined abstractly as the collection of all equivalent atlases. 

We now introduce the metric g^ of space-time, with signature 

(-h) and with the following conditions of smoothness: In each 

coordinate patch, the functions g^x 1 , x 2 , x 3 , x 4 ) are [C 1 ; C 3 by 
pieces], i.e., they have continuous third derivatives except on 
some hypersurfaces, where they have continuous first derivatives, 
and where the second and third derivatives have definite limits 
as the hypersurface is approached from either side but may be 
discontinuous across it. Where two coordinate patches overlap, 
the components of the metric tensor are related by the tensor trans¬ 
formation law, which involves first derivatives of the coordinate 
transformation. It is because we wish the metric tensor to have 
smoothness [C 1 ; C 3 by pieces], that we must insist on coordinate 
transformations with smoothness [C 2 ; C 4 by pieces], so that their 
first derivatives are [C 1 ; C 3 by pieces]. 

The assumptions we have made about the smoothness of g m 
are similar to those which apply to the Newtonian gravitational 
potential V when the volume density of matter is assumed not 
to be infinite. 

Discontinuities Across a Hypersurface. Let the hypersurface S 
have the equation x 4 = 0. We denote by [C] quantities which are 
continuous across S. Then 

(7.1) *«.= [C], gmn,r = [C], gmn .r a = [C], 
but g mn< 44 may be discontinuous. 

From Table I, we have for the Riemann tensor 

(7.2) Rrsmn = \ (g m ,s m + gs m ,m ~ grm.sn ~ gsn.rj + [C]. 

Therefore 

(7.3) R p = [ C ], = [C], R„ 4,4 = - i gpt.,44 + [C], 



LECTURES ON GENERAL RELATIVITY THEORY 63 

and this determines all independent components of the curvature 
tensor. 

It is interesting that the discontinuity of the curvature tensor 
involves but does not involve g m 4 , 44 . In fact, a discontinuity 


(7.4) A g m4 ,44(x\ * 2 , * 3 ) = (g m 4,44)*4^0+- tem4,44)x4 .0- 

is unimportant and can always be wiped out by the coordinate 
transformation (exercise): 


x' m =x m + \(xyA m , x* > 0 , 

(7.5) 6 

x ,m =x m , x A < 0 , 

where A m is determined by 

(7.6) A m = g mn A n , 4 , 44 , A 4 =iAg u ,u- 

This transformation preserves the continuity relations (7.1). 

From Equations (7.3), a simple calculation gives 

(7.7) G 4 m = [C], 


(7.8) 


R„=\g“g"M+\C}- 


For a general hypersurface S with equation 

(7.9) ^(x 1 ,* 2 ,* 3 ,* 4 ) = 0, 

d<t> = <t> ;n dx n = 0 for any displacement dx n within the hypersurface. 
Thus 

(7.10) n n = <*>,„ 

is a normal to When the equation of S is x* = 0, we have 

(7.11) n n = (0,0,0,1). 

We can therefore write Equation (7.7) in the form 

(7.12) n n G n m =[C], 

This is a tensor relation and is therefore valid in general coordinates 
where the hypersurface of discontinuity has the equation (7*0.). 

Junction Conditions at Matter-Vacuum Interface. Consider a 
hypersurface S, with Equation (7.9), which separates matter 
( T' nn ^ 0) from vacuum (T mn = 0). The boundary of the world 
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tube of an isolated system (Figure 23) is an example of such a 
hypersurface. The field equations G “ = - 8irT mn and the continuity 
condition (7.12) give 

(7.13) T ma n n = 0 

on S. Also, by hypothesis 

(7-14) gmn = [C], gmn , r = [C] 

across S. These are the junction conditions at an interface between 
matter and vacuum. 

For an interface across which T mn has a discontinuity &T mn , 
without T m '* being zero on one side, Equation (7.14) holds and 
Equation (7.13) is replaced by 

(7.15) A TX = 0. 

Let us examine the junction condition (7.13) more closely at 
one point P of the interface S. At one point P we can write T mn 
as we did in special relativity theory (discussion following Equations 
(2.25) and (2.26)), in terms of the proper world velocity u m , the 
proper density p and the proper stress p“: 

(7.16) T mn = pu m u n + p mn , u m u m = 1, p mn u n = 0. 

Equation (7.13) becomes 

pu m u n n n + p*“«, = 0. 

Multiplication by u m reduces this to 

(7.17) ii\ = 0, 

(7.18) p mn n n = 0. 

The first of these equations states that the streamlines of the fluid 
lie in the hypersurface S; this agrees with a well-known boundary 
condition in classical continuum mechanics. The second Equation 

(7.18) is best examined in the proper frame, a coordinate system 
such that at P 

gmn = Vmn, U m = (0, 0, 0, 1) . 


(7.19) 
Then 

(7.20) 


n m = (n“, 0), 
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Equation (7.18) now reduces to the other boundary condition of 
classical continuum mechanics, that the surface traction be zero: 

(7.22) p"n’ = 0. 

Discontinuity of the Vacuum Riemann Tensor. We have seen 
that the only nontrivial discontinuity of g mn ,rs across a hypersurface 
S occurs when the Riemann tensor is discontinuous. In special 
coordinates where S has the equation x 4 = 0 we have, by Equa¬ 
tion (7.3), 

(7.23) AiU 4 = - \ Ag w ,44, 
and 

(7.24) A R,.^ = 0, A-R,„ M 4 = 0, 

where for any function f(x\x 2 ,x 3 ,x 4 ), A/= (f) X 4^ 0+ — (/)x4-o_- 
We now assume that the vacuum gravitational field equations 
R mn = 0 are satisfied. They hold on both sides of S, so that A R m 
= 0, or 

(7.25) A R„ = - g 44 AR„4M = 0, 

(7.26) Afi,4 = g u *R*A = 0, 

(7.27) AR 44 = - g p “^R f 4,4 = 0. 

If the Riemann tensor is discontinuous across S, then AR p4(l4 
are not all zero, and Equation (7.25) implies 

(7.28) g 44 = 0. 

In general coordinates, where S has the equation <j> = 0, this becomes 

(7.29) g mn n m n n =0, n m = 4> >m . 

Such a hypersurface, whose normal is null and lies in the hyper¬ 
surface, is called a null hypersurface. At each of its points it is 
tangent to the infinitesimal null cone along a null direction n m , and 
it has no other tangential null directions (Figure 24). We say that 
the vacuum field equations R ^ = 0 are hyperbolic, and that the 
null hypersurfaces, across which nontrivial discontinuities of g mn , rs 
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Figure 24 

are possible, are the characteristic hypersurfaces of the field equa¬ 
tions. We shall see shortly that an alternate definition of charac¬ 
teristics is possible, as hypersurfaces on which the Cauchy initial 
value problem is not well posed. 

The discontinuity of the vacuum Riemann tensor is subject to 
restrictions which are given by Equations (7.24), (7.26), (7.27) 
in special coordinates. In general coordinates, the first two of these 
are easily seen to become (exercise): 

(7.30) Ai? relmn n t] = 0, A R rsmn n n = 0. 

In Chapter 10 we shall discuss the algebraic classification of vacuum 
Riemann tensors. Tensors Awhich satisfy Equations (7.30) 
will be called null. 

Exercise. Integrate 

(( §) 12 F mn ) n = 4jr( g ) 1/2 J m and g) m F* mn ). n = 0 

over the small thin cylinder shown in Figure 25 which tightly en¬ 
velops an element of a hypersurface S. Apply Green’s theorem and 
take the limit as the height t of the cylinder tends to zero. Deduce 
that a discontinuity A F™ 1 of the electromagnetic field across a 
hypersurface 0 = 0 must satisfy the conditions 
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(7.31) A F mn n n = 0, AF* mn n n — 0 AF^n^ = 0, «r = <f>,r- 

Show that these equations imply that the characteristics of 
Maxwell’s equations are the null hypersurfaces 

(7.32) n r n r = 0. 



Characteristics and Bicharacteristics. The characteristics of the 
gravitational vacuum equations (and of Maxwell’s equations) are 
the null hypersurfaces. The null geodesics are called bicharacteristics 
because null hypersurfaces contain these curves and can be con¬ 
structed from them. This will now be shown. 

In a null hypersurface S with equation <f> = 0, consider the null 
curves which are tangent to the normals n r = </>/. 


(7.33) 


dx^_ 

du 


n r . 


There is one such null curve through each point of S. We first 
imbed S in a family of null hypersurfaces with equations 4> = constant. 
Then along the curve 


(7.34) 


un r 

—— = fl Jl r c — 11 (b rs ~ Tl <j> sr 

du 


since n s n s = 0. Thus the curves (7.33) are null geodesics, with u 
as affine parameter. 

The most general null hypersurface can be constructed as follows. 
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Figure 26 

Start with a 2-surface 2 which is space-like, i.e., which at each 
point has exactly two null directions orthogonal to 2. Choose one 
of these directions at one point of 2 and then, by continuity, the 
corresponding null direction n r at all other points of 2 (Figure 26). 
Through each point of 2 draw the null geodesic with n r as tangent. 
These null geodesics form a three-dimensional hypersurface S. 

Neighboring null geodesics used in this construction have orthog¬ 
onal connecting vectors, since on the initial surface 2 the connecting 
vectors are orthogonal (cf., exercise following Equation (4.21)). 
At a general point P of S, the tangent vector n r to the null geodesic 
through P is orthogonal to itself and also to two independent con¬ 
necting vectors from P to neighboring null geodesics. Therefore 
n r is orthogonal to <S and S is null. 

Conversely, if S is a null hypersurface, choose a space-like 2- 
surface 2 in S. Our construction will now reproduce S. Therefore 
the most general null hypersurface can be obtained by the con¬ 
struction. 

Cauchy Problem for Vacuum. 20 The Cauchy problem for second 
order partial differential equations consists in assigning on a hyper- 


20 A more detailed treatment of the Cauchy problem is found in A. Lichnerowicz, 
op. cit. The most rigorous discussion has been given by Y. Bruhat, J. Rat. Mech. 
Anal. 5, 951; Gravitation, an introduction to current research, J. Wiley and Sons, 
New York, 1962. 
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surface S the unknown functions and their first derivatives, and 
to determine, as far as possible, the solution of the differential 
equations in the neighborhood of S from the initial data. 

We shall study this problem for the gravitational equations 
in vacuum: 

(7.35) R„ = 0. 

Let the hypersurface S have the equation x 4 = constant. The 
initial data on S consist of the functions 

(7-36) g^, gmn,4 

of the three variables x 1 , x 2 , x 3 . By differentiation within S, the 
initial data determine also 

(7.37) gmn.at gmn,ath gmn,4a 

on S. The quantities (7.36) and (7.37) are exactly those denoted 
by [C] in Equation (7.1). We can therefore take over the results 
of Equation (7.3) to (7.8), reinterpreting [C] to mean “expressions 
determined by the Cauchy initial data.” 

We see that the vacuum equations (7.35) cannot determine the 
four second derivatives g miM on S. They do determine the six 
second derivatives g„„ M , unless g u = 0. If g u = 0, only four combina¬ 
tions of g„, M are determined on S, which is then a null or charac¬ 
teristic hypersurface. We say that the Cauchy problem is not well 
posed on such a hypersurface. 

From here on, we assume that S is space-like, so that g 4i > 0. 
It is then easy to see (exercise) that 

(7.38) 0 = G\ = [C], 

(7.39) 0=R P ,= i *%.,«+ [C] 

are independent combinations of the field equations (7.35) and 
therefore equivalent to them. The Cauchy problem is both under¬ 
determined and overdetermined. 

It is underdetermined because the gravitational field equations 
do not give g m4 ,u on S in terms of the initial data. This behavior 
is to be expected. The coordinates off the surface S can be changed 
freely, and we therefore cannot obtain unique functionsg m „(x', x 2 , x 3 , x 4 ) 
in terms of initial data. The quantities g m4M can be chosen arbitrarily, 
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different choices corresponding to different coordinate systems. 
The different solutions will, however, describe the same space- 
time geometry. In the next section we shall work with Gaussian 
normal coordinates, which are sufficiently rigid to eliminate the 
coordinate ambiguities. In these coordinates g „ 4 = 0 and g u = 1 
throughout space-time, so that g m4M = 0 . 

The Cauchy problem is overdetermined, because the initial 
data cannot be given arbitrarily on S but must satisfy the constraint 
equations (7.38), G 4 m = 0. The identity G n m:n = 0 may be written 


G\ 4 = - G’ m , - 


If the field equations are satisfied on S, then G n m = 0 and 

(7.41) G 4 m , 4 = 0 
on S. 

We can now visualize the solution of the Cauchy problem as 
follows: 

1. On the initial space-like surface S (x 4 = x 4 = constant), 
g^dx 1 ,* 2 ,* 3 ) and gmn^ixKx^x 3 ) are given satisfying the four con¬ 
straints G 4 m = 0. The four functions g miM {x l , x 2 , x 3 ) are chosen 
arbitrarily. The six functions g faM (x l , x 2 , * 3 ) are determined by 
the field equations = 0. 

2. The quantities g™, g mnA and gmn.u now determine g m n(x\ x 2 , x 3 ), 

x 2 , x 3 ) on the neighboring hypersurface S(x 4 = x 4 + dx 4 ): 

(7.42) g mn = g m n+gmn,4x 4 , 

(7.43) g mnA - gmn,4 + gmn,udx 4 . 

This constitutes initial data on the new hypersurface. The con¬ 
straints are automatically satisfied on S, since 

(7.44) G 4 m = G 4 m + G 4 mi dx 4 = 0, 

by Equation (7.41). We again choose g m4M arbitrarily on S, and 
let the field equations R„„ = 0 determine g„„ M - 

3. We proceed in this manner from one neighboring hypersurface 
to the next. 

This plausibility argument shows that the Cauchy problem 
gives a unique solution of the field equations, if the constraints 
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G 4 m = 0 are satisfied just once on the initial surface, and if g m4 , 44 
have been chosen throughout space-time. 

Gaussian Normal Coordinates. Starting with a space-like hyper¬ 
surface S, we draw through each of its points Q the geodesic QP 
orthogonal to S, and we denote the arc length QP by s (Figure 27). 
The points P for which s has the same value form a hypersurface 
which is again orthogonal to the geodesics QP. This follows from 
the theorem proved in Chapter 4, that if two neighboring time¬ 
like geodesics QP, QP have an orthogonal connecting vector QQ, 
and if the arc lengths QP and QP are equal, then the connecting 
vector PP is also orthogonal. The construction has provided us 
with a family of hypersurfaces and a congruence of orthogonal 
geodesics. 



We now introduce Gaussian normal coordinates as follows. 
The points Q of the initial surface S are labelled by three parameters 
x 1 , x 2 , x 3 , and we put 

(7.45) (*%=0. 

For a general point P on the geodesic QP, we define 

(7.46) (*'),= (*% (*%=«. 

In these coordinates the family of hypersurfaces has the equations 
x 4 = constant, the congruence of normal geodesics the equations 
x“ = constant. 

Gaussian normal coordinates are characterized by the property 
that 
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ft. 4 = 0, 


throughout the domain of space-time where the coordinates are 
well behaved. From this we immediately deduce 


(7.48) 

and 


(7.49) 



The components of the metric tensor g mn determine the 
distances between neighboring points on the same hypersurface 
S with equation x 4 = constant. We call the first fundamental 
form of S. It describes the intrinsic or inner geometry of S, and 
g*' being the submetric of the 3-dimensional subspace S. The sub¬ 
metric transforms like a tensor if x 4 is left unchanged and the co¬ 
ordinates at 1 , at 2 , x 3 are transformed among themselves. The 
Christoffel symbols 


formed from the submetric are identical with the corresponding 
components of 



in the 4-dimensional parent space. We shall denote the Riemann 
and Jlicci_tensors and the curvature invariant of the subspace S 
by R f „, R, respectively. They are defined in the usual way 

by the submetric 

Let n m be the unit normal of a hypersurface S, x 4 = constant, 
so that n m n m = 1. The covariant derivatives 

(7.50) K m . = n m; , 

in directions tangential to S determine the rate at which the normal 
turns. They describe an extrinsic or outer curvature of S which 
depends on the particular way in which the subspace S is imbedded 
in the parent space. We have 
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(7.51) n m K m , = i (n m n m ) t , = 0. 

In Gaussian normal coordinates, K u = 0 and 

(7-52) K. = \g*., 4- 

We call the second fundamental form of S. 

Using Gaussian normal coordinates, we shall now state the 
Cauchy problem of the vacuum gravitational field equations in 
terms of the geometrically significant quantities and K p ,. The 
quantities constitute the Cauchy initial data. The four constraint 
equations are 

(7.53) G\ = K\ m - K\,„ = 0, 

(7.54) G\ = - i R +1 K f ,K" - i K/K/ = 0. 

The other six field equations are 

(7.55) R, u = K „, 4 + R„ - 2 K/K.. + K„K; = 0. 

They contain the time derivatives K^ A and determine the evolution 
of the field into the future. In Equation (7.53), K\ ip is a covariant 
derivative with respect to the submetric 

(7.56) = K'„ + { ^ K\ - { K\. 

The proof of these results is straightforward and is left as an 
exercise. 

8. The Schwarzschild solution. In this chapter we shall study a 
rigorous solution of Einstein’s field equations, the gravitational 
field of a static spherically symmetric mass distribution. This 
will provide a simple model of a star consisting of a sphere S, with 
matter inside and with vacuum outside (Figure 28). 

A gravitational field is called stationary if space-time admits a 
one-parameter group of motions with a time-like Killing vector 
field. We can then choose coordinates so that 

( 8 . 1 ) = 0 . 

A static field is a special case of a stationary field where the time- 



74 


ALFRED SCHILD 



like Killing vectors are orthogonal to a family of hypersurfaces. 
Coordinates can then be chosen so that 

(8.2) = 0, g u4 = 0. 

A static field is called spherically symmetric if, in these coordinates, 
the 3-spaces x 4 = constant have spherical symmetry. Such a field 
can be studied by analysing all the Killing vector fields which 
belong to the various symmetries. 

We shall simplify the work by appealing to our geometrical 
intuition. We introduce a radial variable x 1 = r and the spherical 
polar angles x 2 = 0, x 2 = <t> in the 3-spaces x 4 = < = constant. Then 
the most general static and spherically symmetric space-time is 
given by the metric 

(8.3) ds 2 = — e a dr 2 — e*r 2 (do 2 + sin 2 0d<p 2 ) + e y dt 2 , 

where a, 0 and y are functions of r alone. 

We introduce a new radial variable x 1 = r by the transformation 

(8.4) r 2 = e*r\ 

which does not affect the other three coordinates. The metric (8.3) 
then simplifies to 

(8.5) ds 2 = — e a dr 2 — r 2 (d0 2 + sin 2 0d<t> 2 ) + e y dt 2 , 

where a and y are functions of r. The new variable has a geometrical 
interpretation: the 2-sphere t = constant, r = constant has a surface 
area given by the Euclidean formula 4irr 2 . 
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Under the transformation (8.4), y(r) is obtained from the un¬ 
differentiated functions y(r) and /T(f), but a{r) involves a(r), 
P(r) and the first derivative dfi/dr. When we have a surface of 
discontinuity such as S, with cT, /J, y and their first derivatives 
continuous, then in the new variables a, y and dy/dr will be continu¬ 
ous across S, but da/dr can be discontinuous. We shall work with 
the metric (8.5) and not worry about the discontinuity of da/dr, 
because of the following fact (exercise): under a suitable trans¬ 
formation r' =f{r) on one side of S, the full Lichnerowicz jump 
conditions (g' mn = [C], g' mn, r = [C]) can be restored; in the new 
coordinates the metric will have the simple form (8.5) on one side 
of S, but the more complicated form (8.3) on the other side. 

Our model star consists of a perfect fluid which is static and 
spherically symmetric. The energy momentum tensor is 

(8.6) T m n = (p + p) u m u n - p5 m n , 

where the proper density p and the proper pressure p are functions 
of r, and where 

(8.7) u m = e-i' 2 ( 0,0,0,1), u m = e T/2 (0,0,0,1). 

Thus the only nonzero components of T m n are 

(8.8) T\ = T\ = T\ - - p, T\ = P . 

Any tensor built up from the metric tensor and the stress energy 
tensor must share their symmetries. Since gmn and T mn are invariant 
under the transformation t' = — t, with the other coordinates 
unchanged, it follows that the components of such a tensor vanish 
which contain an odd number of suffixes 4. Similarly, the compo¬ 
nents vanish which contain an odd number of suffixes 2 or an odd 
number of suffixes 3. For a symmetric tensor = Q nm , the spherical 
symmetry also implies Q i:t = sin 2 0 Q The only nonzero components 
of Q m n are: 

(8.9) Q\, Q\=Q 3 3 , Q 4 4 . 

Consider the conservation equations 

( 8 . 10 ) Q m n;m = 0 

for such a tensor Q mn . This vector equation is identically satisfied 
for n = 2, 3,4, and the only independent equation is 
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Q\ m =Q\i + 

( 8 . 11 ) 


arj-iADMA) 

({AHA}) 


Q 4 4 


where Equations (8.9) have been used. As we shall see shortly, 
the coefficient of Q 2 2 in Equation (8.11) is not zero. 

We shall now select a complete set of independent gravitational 
field equations. We first choose the independent component 

(8.12) T\ m = 0 


of the conservation laws T m n . m = 0. If we put Q m n = G m n -\- 8w T m n , 
we obtain Q\ m = 0 since G m n;m = 0 identically. Then, by Equation 
(8.11), the field equation Q\ = 0 is a consequence of QS = Q 4 4 = 0. 
Thus, in addition to Equation (8.12) we only require the two 
field equations 

(8.13) G\ = - 

(8.14) G\ = - 8 tT\. 

In order to obtain explicit expressions for the field equations, 
we first compute the Christoffel symbols for the metric (8.5). The 
easiest way is to write out the Euler-Lagrange equations 


(8.15) 


dL_ _d_ /dL\ 
dx m du Xdx" 1 ) 


of the variational principle 


SJ Ldu = 0, 

(8 - 16) 

x m = dx n /du, 

for a geodesic with affine parameter u, and to compare these to 
the equations 

(817) 1V- °- 

The nonzero Christoffel symbols can then be read off. They are 
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where a prime denotes differentiation with respect to r. 
Equation (8.12) now becomes 

(8.19) P' + \V(P + P ) = 0. 

A straightforward calculation gives G*i and G\. Equation (8.14) 
becomes 

(8.20) (re~ a )' - 1 = - 8*r 2 p, 

and the difference between Equations (8.13) and (8.14) 

(8.21) e~“(a' + y') = 8irr(p + p). 

If an equation of state is added, a relation between the pressure 
p and the density p, then this gives a system of four equations 
for the four unknown functions a, y , p and p of the variable r. 
Exercise. Show that the field equation (8.13) reads 

(8.22) — p"+ e — = 8*P« 

The Exterior Solution. 21 This is the vacuum solution which holds 
in the exterior of our model star. The field equations are (8.20) 
and (8.21) with p = p = 0. We also require that at spatial infinity, 
where the gravitational field becomes weak, the metric (8.5) 
approach the Minkowski metric of special relativity theory for 
spherical polar coordinates. This gives the boundary conditions 

(8.23) a— >0, y —>0, asr—>°o. 

The first field equation (8.20) gives 

For a vacuum field, spherical symmetry implies that the field is static; this 
is known as Birkhoff’s theorem. It is proved in J. L. Synge, Relativity: The 
general theory, North-Holland Publishing Co., Amsterdam, I960. 




where m is a constant of integration. This automatically satisfies 
Equation (8.23). In Chapter 4 we saw that g u = 1 + 2V in the 
Newtonian approximation, V being the Newtonian gravitational 
potential. For a sphere of mass m, V = — m/r. We therefore call 
m in Equation (8.24) the mass of the star. For large values of r, 
where the gravitational field is weak, m behaves like the Newtonian 
mass. We shall verify this again in the following chapter when 
we study planetary motion. 

The second field equation (8.21) gives a' + y' = 0, and therefore 

(8.25) 7 = - a, 

the constant of integration being zero by Equation (8.23). 
Schwarzschild’s vacuum metric is now completely determined: 

(8.26) ds 2 = - -—^— - r 2 {de 2 + sin 2 0c?0 2 ) + (1 - —) dt 2 . 

1 — Zm/r \ r ) 

The metric becomes singular on the Schwarzschild sphere of radius 

(8.27) r s = 2m. 

This is indeed a surface with peculiar physical properties. However, 
mathematically it is not a singularity of space-time but merely a 
singularity of the coordinate system. This will be shown in a later 
section. 

For an ordinary body, a star, a planet or a nucleon, the 
Schwarzschild radius is always much smaller than the size of 
the body. Therefore the vacuum solution (8.26) does not hold 
at the Schwarzschild radius 2m, and there is no Schwarzschild 
sphere. In our units (G = c = 1), mass may be measured in units 
of length. Here are some numerical examples: m(Sun) = 1.5 km, 
m (Earth) = 0.44 cm, m (Neutron) = 1.2 X 10 54 cm. 

Exercise. (1) Show that, under the transformation r = (1 + m/2r) 2 r, 
the Schwarzschild metric (8.26) becomes 

ds 2 = — ^ 1 + [dr 2 + r 2 (dd 2 + sin 2 0 d<p 2 ) \ 


(8.28) 
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The new coordinates are called isotropic coordinates. 

( 2 ) Show that, under the transformation t = t + 2 m log (r — 2m), 
the Schwarzschild metric (8.26) becomes 

ds 2 = - ^ 1 + ~~j dr 2 — r 2 {dd 2 + sin 2 e d<j> 2 ) 

(8.29) 

+ ( 1 -^) d ? + ^ drd j. 

The Interior Solution. We shall obtain the gravitational field 
in the interior of our model star for the simple case where the 
fluid is homogeneous: 

(8.30) p = constant. 

We shall also assume that the Schwarzschild sphere of the exterior 
solution is buried well within the star, i.e., a»r s = 2m. 

First let us state the junction conditions which must be satisfied 
on S (Figure 28) where r = a. Clearly 

(8.31) «=[C], 7 = [C]. 

The field equation ( 8 . 22 ) then shows that y' = [C] is equivalent 
to p = [C] and, since p vanishes in the exterior, to 

(8.32) p = 0 

on S for the interior solution. The junction conditions (7.13) are 
immediately seen to reduce to just this equation. 

Finally, Equation (8.20) shows that since p is discontinuous 
across S, a' is discontinuous too. As remarked earlier, the full 
junction conditions gm, — [C], gmn.r — [C] can be satisfied, but 
only by performing a coordinate transformation after which the 
metric has the more complicated form (8.3) on one side of S. We 
shall retain the metric (8.5) and give up the continuity of a . 

We shall now solve the field equations. Equation (8.20) gives 

(8.33) re'“ = r-y P r 3 +B. 

The constant of integration B is zero, since otherwise e" would 
vanish at the origin r = 0 and the metric would become singular. 
Thus 
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(8.34) 

\ a / 

Comparison with the exterior solution (8.26) and the continuity 
of e“ at r = a give 

(8.35) m = ^ p a 3 . 

Equation (8.19) gives 

(8.36) e y = A 2 (p + p )~ 2 . 

The boundary conditions e y = [C] and p = 0 for r = a, determine 
the constant of integration A: 




Substituting from Equations (8.34) and (8.36) into the last 
field equation ( 8 . 21 ), we obtain a linear differential equation for 
e y/2 . Its solution is 


(8.38) 


_3A ( 8ir 2 ) 

-27 +c l 1 ~ T'S 


The constant of integration C is determined from the continuity 
of e y at r = a; it is 

(8.39) C = - 1 / 2 . 

This completes the solution. Written out in full, it is 

ds 2 = - ^ 1 - y pr 2 ^ dr 2 - r 2 (dd 2 + sin 2 0 c 4 2 ) 

(8.40) ds 2 = — ^ 1 — dr 2 — r 2 (de 2 + sin 2 0 d<*> 2 ) 

+ (1 - —) dt 2 , r^a. 


4 TT , 

m = ~ P a 3 . 
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The pressure distribution in the star is given by 



If the pressure is not to become infinite for real values of r we 
must have (exercise): 


(8.42) a > - m, 

4 

a slightly stronger condition than a > 2m. 

The Kruskal Extension. Kruskal 22 has given an analytic extension 
of the spherically symmetric vacuum solution across the Schwarzschild 
sphere. This is of intrinsic theoretical interest, but it may also 
have applications if large masses collapse gravitationally in peculiar 
extragalactic objects such as quasi-stellar sources. 23 



Figure 29 

Let us concentrate on the rt-plane of the exterior Schwarzschild 
metric (8.26). The light cone collapses into the (-direction as r 
approaches the Schwarzschild radius 2m (Figure 29). This is 
avoided by going to coordinates u, v in which radial light rays 
have the slopes ± 1 everywhere. Such coordinates are given by 


22 M. D. Kruskal, Phys. Rev. 119 (1960), 1743. 

23 F. Hoyle and W. A. Fowler, M. N. Royal Astron. Soc. 125 (1963), 169; 
Nature 197 (1963), 533. See also Quasi-stellar sources and gravitational collapse, 
Proceedings of the First Texas Symposium on Relativistic Astrophysics, Univ. 
Chicago Press, Chicago, Ill., 1965. 
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( r , V /2 r,4m u * 

u = I - 1 I e' cosh-—, 

\2 m ) Am 

(8 ' 43) r V ' 2 t 

v = (- 1 ) e r/4m sinh-. 

\2m / Am 

The Schwarzschild metric (8.26) becomes 

(8.44) ds 2 = e - r/2m ( _ du 2 + dv 2 ) — r 2 {d0 2 + sin 2 0 d<j> 2 ) , 

r 

where r is a function of u 2 — v 2 given by 

(8 - 46) (ar- 1 ) 

From Equation (8.43) we also have 

(8.46) tanh ~ • 

At the Schwarzschild radius r = 2m, u = ± v and the metric 
(8.44) is well behaved. The new coordinates u, v, 6, <t> thus cover 
a larger domain of space-time than did the coordinates t, r, 6, <j>. 
Figure 30 shows the uc-plane. The quadrant I corresponds to the 
region r>2m in the rt-plane (Figure 29). The quadrants II, III 
and IV are new regions of space-time in which the gravitational 
vacuum solutions apply. If we define r and t in these regions by 
Equations (8.45) and (8.46), then throughout the Mu-plane, radial 
lines through the origin correspond to t = constant and hyperbolas 
u 2 — v 2 = constant to r = constant. The two branches of the 
hyperbola 

(8.47) r = 0, v 2 -u 2 = 1, 

which lie in the quadrants II and III are singularities of space- 
time. That they are intrinsic geometrical singularities, and not 
just singularities of the coordinates, can be demonstrated by showing 
that invariants constructed from the curvature tensor become 
infinite there. Thus the Kruskal extension is a maximal analytic 
extension of the exterior Schwarzschild solution. 

In studying Figure 30 it must be kept in mind that each point 
represents a sphere. For example, the origin u = v = 0 is a sphere 
of “radius” r = 2m in the sense that it has surface area Airr 2 . We 
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illustrate this with the hypersurface v = 0. Suppressing one dimen¬ 
sion of space, this is drawn in Figure 31 as a surface in Euclidean 
3-space; the spheres r = constant are shown as circles. 

The following properties of the extended space-time are easily 
seen to hold. 

1. In the regions II and III (Figure 30), space-time is not static, 
or even stationary. There are, of course. Killing vectors pointing 
along the curves r, 6, 0 = const, but these are now in space-like 
directions. 

2. The Schwarzschild sphere (8.47) is a null hypersurface which 
separates region I (or IV) from regions II and III. 

3. Particles and light signals can penetrate the Schwarzschild 
sphere from region I to II, but not from region II to I. 

4. Particles and light signals can penetrate the Schwarzschild 
sphere from region III to I, but not from I to III. 

5. Regions I and IV are causally disconnected. Neither particles 
nor signals can move from one of them to the other. 

6. A particle can move from region I to region II in finite proper 
time. Examples of such a motion are radial free fall (radial geodesic) 
or the time-like world line u = a positive constant. The particle 
must finally hit the true singularity r = 0. Consider an observer 
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in region I, either at rest in the static field (r, d, <t> = constants) 
or in a planetary orbit. Such an observer never sees the particle 
cross into region II. An infinite amount of the observer’s proper 
time elapses while he sees the particle approach the Schwarzschild 
sphere. 

9. The classical tests. In this chapter we shall study the three 
classical tests of general relativity theory. The gravitational field 
is in each case the exterior Schwarzschild field for large values of 
r (2m/r«l). However, in order to see which terms enter each 
effect, and also to make possible the comparison with gravitational 
theories other than Einstein’s, we shall work with a general static, 
spherically symmetric metric. We take 

ds 2 = — (1 + G) dr 2 — (1 + H) r 2 (dd 2 + sin 2 0d<l> 2 ) 

(9.1) 

+ (1 + F)dt 2 +2Jdrdt, 

where F, G, H and J are functions of the small quantity 2 m/r, 
which have the power series expansions 
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g = 01 {t) +P 2 (t) + 

(2 m\ /2 m\ 2 

“-■»(-) +*{-)+■■■• 

T / 2m \ ( 2m \ 2 

J = 8 '{—) +*(—) +•••• 


There is no loss of generality in the choice of the coefficient = — 1 
in the expansion of F. This choice merely ensures that m is the 
Newtonian mass of the attracting body in our units, and not some 
other constant proportional to the mass. An exception is the case 
a i = 0 which is not considered here. 

The Schwarzschild metric (8.26) corresponds to the parameter 
values 

Oil = «3 — • • • = 0, 

( 9 . 3 ) *- fe =-=l, 

7l = 72 = • • • = 0, 

a, = a 2 = ... = 0. 

Exercise. Show that the metric (9.1), (9.2) is static, and not 
merely stationary. 

The Red Shift. We first give the general theory of the frequency 
shift of spectral lines. Let r 0 be the world line of a source which 
emits light of frequency » 0 , and let r be the world line of an observer 
receiving the light at frequency v (Figure 32). 

From two neighboring events A 0 and B 0 on r 0 draw the two null 
geodesics into the future which intersect r in the two neighboring 
events A and B. If we ignore pathological situations, the con¬ 
struction will be unique and the ratio ds 0 /ds of the proper times 
will be completely determined by the two world lines r 0 and r, 
and by the event A 0 (or, equivalently, by A). Null geodesics are 
curves of constant phase for light which propagates along them. 
Therefore the phase difference between A 0 and B 0 will be the same 
as between A and B. The period of the light will be proportional 
to the time elapsed between the two events of fixed phase difference, 
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Figure 32 

the frequency will be inversely proportional to the elapsed time. 
For the source the elapsed time is the proper time ds 0 , for the ob¬ 
server the proper time ds. We therefore have the general red shift 
formula 



We may call i> 0 the proper frequency. For an atom moving with the 
source and emitting a particular spectral line, p 0 is the frequency 
found in tables of physical constants. It is the same frequency 
which the observer would measure in his own laboratory for the 
same atom moving with the observer. The observed frequency v is 
the frequency which the observer sees when he looks through a 
telescope at the source. 

The frequency shift formula (9.4) gives the total shift which 
involves the motion of source and observer as well as the curvature 
of space-time. In the general case there is no natural way of separating 
this into a velocity Doppler shift due to motion and a gravitation 
shift due to curvature. 

Exercise. A wave vector k 0 m can be defined at A 0 , so that k 0 m is 
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tangent to the null geodesic A 0 A and v 0 = k 0m u 0 m (Figure 32). Show 
that, in the proper frame of the source, this agrees with the definition 
(2.7) of a wave vector in special relativity theory. Show that the 
formula 

(9-5) - = 

VO K0m U 0 

gives the same red shift as Equation (9.4), if k m at A is obtained by 
parallel propagation of k 0 m at A 0 along the null geodesic A 0 A. 

We now consider the very special case where the gravitational 
field is stationary, the coordinates satisfy g mf4 = 0, and both source 
and observer are at rest, i.e., x 0 “ — constants along r 0 , and x“ 
= constants along r. Then the null geodesic B 0 B is obtained from 
A 0 A by a constant infinitesimal displacement in the x 4 - or t- 
direction. It follows that dt 0 = dx 4 (A 0 B 0 ) = dt = dx 4 (AB). The red 
shift formula (9.4) simplifies to 

«» i-mr- 

For the metric (9.1) this gives to the lowest order in the small 
quantity 2 m/r: 


This, in slightly different notation, is the same result which in 
Equation (3.11) was obtained from the equivalence principle. 
It is therefore not surprising that the gravitational red shift in¬ 
volves only the Newtonian term in g u . 

For light coming from near the sun’s surface, the gravitational 
red shift is 2.12 X 10 ~ 6 . J. Brault 24 has measured this with an ac¬ 
curacy of about 5 %, using the sodium D line which comes from 
below the sun’s turbulent and high temperature upper atmosphere. 

On the earth’s surface the red shift is 1.09 X 10“ 16 for a one meter 
difference in height between source and observer. Pound 25 and his 
coworkers have measured this with an accuracy of about 1 % , using 
the Mossbauer effect. 


24 R. H. Dicke, The theoretical significance of experimental relativity, Gordon and 
Breach, New York, 1964. 

26 Op. Cit. 
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Planetary Motion; Perihelion Rotation. To a very good approxima¬ 
tion, a planet is a test particle without spin and moves along a 
geodesic. 

The geodesic equations for our metric (9.1) are obtained from 
the Euler-Lagrange equations (8.15) of the variational principle 
(8.16). The equation for x 2 = 8 is satisfied by 8 = ir/2. This merely 
tells us that the particle’s orbit is plane and that, having chosen 
the polar coordinates so that the particle starts moving in the 
equatorial plane ( 8 = *•/2, 8 = 0 initially), the particle will remain 
in the equatorial plane. We therefore simply put 8 = ir/2, without 
loss of generality. Since g mn does not contain the variables t and 
<t>, the equations for x 4 = t and x 3 — <j> immediately yield the first 
integrals 

(9.8) (1 + F)t + Jr= C, 

(9.9) (1 + H) r 2 <j> = h, 

the dot denoting differentiation d/du with respect to an affine 
parameter u. Finally, the equation for x 1 = r can be replaced by 
the first integral g mn x m x n = «: 

(9.10) - (1 + G) r 2 - (1 + H) r 2 0 2 + (1 + F) i 2 + 2 Jri = e . 

In these equations, C, h and t are constants of the motion. 
Introducing the reciprocal radius 

(9.11) P = 1/r, 

and eliminating the variables t and u, we obtain the equation for 
the orbit: 

[a + G)d + F) + j 2 ] 

(9.12) 

= - a + H)(l + F)p 2 +(l + H) 2 ^~-^(l + H) 2 F, 
where 2e = C 2 — e. 

Up to this point we have kept the constant t general because, 
for t = 0, the above equations are those of a null geodesic and will 
be used in the following section to analyse the bending of light. 
Now, however, we shall limit ourselves to the motion of a particle 
of positive mass. Then t > 0 and we can, without loss of generality, 
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(9.13) e = 1. 

This means that u = s, instead of the parameter u being merely 
proportional to s. 

For slow motion, when 


(9.14) 


„ /dr\ 2 „ / d<t >\ 2 

" - \di) +r \s) 


and 2mp are small compared to unity, and of the same order, we 
obtain in first approximation the following: Equation (9.10) gives 

(9.15) i 2 = l + v 2 + ^; 


Equations (9.8), (9.9) and (9.12) give 


(9.16) 


e = - v -, 


(9.17) 

(9.18) 


± =~P ■ 


The last three equations are exactly those of the one-body problem 
in Newtonian gravitational theory, e and h being respectively the 
total energy and the angular momentum per unit mass of the 
moving particle. This confirms the result of Chapter 4, that general 
relativity theory reduces to Newtonian theory in lowest approxi¬ 
mation. 

Since the right-hand side of Equation (9.18) is a quadratic 
polynomial in p, it can be written 


(9.19) 




and since it must be nonnegative, pi ^ p ^ p 2 for elliptic orbits; 
Pi and p 2 are the reciprocals of the apsidal distances. 

In second approximation, Equation (9.12) gives 
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(9.20) 


9 ze z m „, , 

— p + JI2 +-j^-p + 2(p l —yjmp 3 

+ ^Cl + 2ti — ft — a 2 ) / ra 2 p 2 + ^2 (1 + 27x — ft)mp 


= 2(0! — 7l)77l(p — Pi)(p 2 — p)(p 3 — p), 
where pi and p 2 are close to the Newtonian values of Equation 
(9.19) and p 3 is much larger. For orbits which are close to the el¬ 
liptic orbits of the Newtonian first approximation, pi g p ^ p 2 < ^P 3 , 
and pi and p 2 are again the reciprocals of the apsidal radial co¬ 
ordinates (Figure 33). The apsidal angle, the angle between two 


aphelion- 


Figure 33 

successive apsidal radii, is obtained by integrating Equation (9.20): 

(9 - 2i > w - r i2w ' - ^ - f) i_ “ 

Equating the coefficients of p 2 in the two right-hand sides of Equa¬ 
tion (9.20), we have 



— 2 (ft 7i) m (p! + p 2 •+- P 3 ) 


1 — <*2) > 


or 


2 (ft — yi)m(p 3 — p) 


(9.23) 


= 1 — (ft — 7dm(2p — pi — P 2 ) — 3(ft — 7i)m(p! -f p 2 ) 

4m 2 

p- (1 + 271 — ft — £*2). 


Substituting into Equation (9.21), and keeping only terms of the 
order required, we have 



LECTURES ON GENERAL RELATIVITY THEORY 


91 




(9.24) 


[(, - Mp, - P)pt 1 + 5 Wl - 1 ' l)m<2p ' - , ’ 2) 

+ 2 (01 — 7 i) m (pi + P2) 

2m 2 *1 

~r “jj-r (1 + 271 — 0i — £*2) J 


Since [4>] is the apsidal angle for half a revolution in the Newtonian 
orbit, the angle of rotation of the perihelion per revolution is given 
by = 2[<J>] — 2ir. Also, since the last two terms in Equation (9.24) 
are small, we can use the Newtonian values 


(9.25) 


2m 2 

- S s--pi + p*- (1 _-^, 


where a is the semimajor axis and e the eccentricity of the elliptic 
orbit of the Newtonian approximation. The final result is that the 
perihelion of the particle rotates in the same sense as the orbital 
motion through an angle 

(9.26) \p = ^ _ e 2} a (2 + 7i + 0i — 2a2) 


per revolution. We see that this expression involves not only the 
first order terms in g&, §n, S 22 , but also the second order term in g u . 

For the Schwarzschild metric with parameter values (9.3) this 
becomes 


(9.27) 


* = 


6ti m 

(1 - e 2 )a' 


From the physical and geometrical interpretation of this effect, it 
is clear that the expression for ip must be independent of the particu¬ 
lar form used for the Schwarzschild metric. 

Exercise. Check that Equation (9.27) is obtained for the metric 
(8.28) or (8.29). 

Duncombe 26 gives the following results for the perihelion rota¬ 
tions of Mercury, Venus and the Earth in seconds of arc per century: 


R. L. Duncombe, Astronom. J. 61 (1956), 174. 
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Observed 

Theoretical 


Mercury 
43".11 ± .45 
43" .03 
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Venus Earth 

8" A ± 4.8 5".0 ± 1.2 

8".6 3".8 


Dicke points out that other factors, such as a solar quadrupole 
moment, might reduce the agreement between observation and 
theory. 

The Bending of Light. A light pulse moves along a null geodesic. 
Its orbit is given by Equation (9.12) with e = 0: 


[(1 + G)(1 + F) + 


= - (1 + H)(1 + F) p 2 +(1 + H) 2 - 


In the first approximation, this is 


(9.29) 


(d P \ 2 _ 2 C 2 

\Tj ~ ~ p +¥■ 


For a suitable choice of origin of the polar angle <t>, the solution 
is the straight line 


(9.30) p = 

where R 2 = h 2 /C 2 . 

In the second approximation, Equation (9.28) is 

( 9 - 31 ) (^~) = ~ p2 + ~R 2 2 (^ x ~ y^ m t> 3 + J 2 (1 + 2 Yi - /?i) mp. 

Differentiating with respect to 0 , we obtain 

(9-32) + p = 3(0i — yd mp 2 + — 2 (1 + 2yj — 0 X ). 

In the small terms on the right-hand side of this equation we can 
substitute from the first approximation (9.30) and obtain 


R. H. Dicke, The theoretical significance of experimental relativity, Gordon 
Breach, New York, 1964. 
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(9-33) + p = (0i — 7i) cos 2 * + — 2 (1 + 2-yi — Pi). 

The solution of this equation, which in first approximation 
reduces to (9.30), is 

(9.34) p — ^ + — 2 (Pi — 7 i)(cos 2 * + 2sin 2 *) + — 2 (1 + 27 ! — Pi). 

If we introduce Cartesian coordinates (more precisely, coordinates 
which become Cartesian at infinity) x = rcos* = (cos*)/p, y 
= rsin* = (sin*)/p, this becomes 


m , , x 2 + 2y 2 


The asymptotes of this curve are obtained by taking y large in 
magnitude compared to x. They are given by 



Figure 34 
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through which the orbit turns is the angle between the asymptotes: 

(9.37) S = ^-(l + fc). 

This effect involves the Newtonian term in g u and the first order 
term in g u . 

For the Schwarzschild metric the angle through which light 
is bent is 

(9.38) 6 = 4m/R. 

This effect predicts that stars seen near the surface of the sun 
should seem displaced through the angle 8. For light grazing the 
limb of the sun, 8 = 1".75. The observations are difficult and, so 
far, have only been made during solar eclipses. They agree with 
the predicted effect with an uncertainty of some 10-20% 

10. The Petrov-Pirani classification. The algebraic classification 
of the vacuum Riemann tensor has in recent years become a useful 
tool in the investigation of gravitational radiation and in the dis¬ 
covery and classification of exact solutions of Einstein’s field 
equations. The most systematic treatment of this problem is by 
means of spinors. 29 

Spinors in Curved Space-Time. We introduce an orthonormal 
tetrad e a m at each point of space-time, e 4 m being a time-like vector 
pointing into the future. Greek suffixes will label the different tetrad 
vectors, and will range and sum over 1, 2, 3, 4. Tetrad labels will 
be raised and lowered with the Minkowski metric ri af) = t) aii 
= diag( — 1, — 1, — 1,1), e.g., e“ m = tj a0 e 0 m . Latin suffixes are tensor 
suffixes and are raised and lowered with the metric tensors g mn 
and g mn . 

The orthonormality of the tetrad gives 
(10.1) e„'V m = 8 0 a O e a m e a n = 8 m n . 

It follows (exercise) that det(e“ m ) = ± (- g) 1 ' 2 . We assume that 
the orientation of the tetrad is chosen so that the plus sign holds: 

R. H. Dicke, The theoretical significance of experimental relativity Gordon 
& Breach, New York, 1964. 

29 R. Penrose, Ann. Phys. 10 (1960), 171; F. A. E. Pirani, Lectures on general 
relativity, 1964 Brandeis Summer Institute in Theoretical Phvsics Prentice- 
Hall, N. J„ 1965. 
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(10.2) det (e"J = ( — g ) 1/2 . 

We shall limit ourselves to coordinate transformations with positive 
Jacobian, so that this relation persists. 

The most general change from one such tetrad field to another 
is given by 

(10.3) c'“ m = LV"*. 

where L“ fl (x) is a function of position which at each point satisfies 
the conditions of a proper, orthochronous Lorentz transformation: 

r\ af) L“ w IS, = tj^ ■##>■ j f , L a ll L t> r = det(L%) = 1, 


A tensor T m n ... can be characterized completely by its tetrad 
components T*Vdefined by 

(io.5) = ev," • • • T m n :.. T m n ::. = e/v„ • • • T*;::.. 


We shall underline a tetrad component with a numerical suffix 
to distinguish it from the corresponding tensor component; thus 
T 1 is a component of T% T 2 a component of T m . 

In a curved space-time spinors are associated with tetrad compo¬ 
nents of tensors in exactly the same way in which they were asso¬ 
ciated with rectangular Cartesian tensor components in Minkowski 
space. This is equivalent to defining the association T a ... b ' <-> T A cmy- 

by 


( 10 . 6 ) 


rp b ••• AC bBW rp 

ifl... = Oa <* • • • 1 ACBD '••• 

T AC BD'- - = O a AC<*bBD' ‘ ‘ ‘ T a .. 


where 

(10.7) a/*' = 

and where are the constant Hermitian matrices given in 

Equation (1.25): 



( 10 . 8 ) 
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All the results of Chapter 1 can be immediately translated to 
curved space-time. 

There is a one to two correspondence between tetrad trans¬ 
formations (10.3), (10.4) and spin transformations: 

(10.7) L“p(x) <-» ± X A B . 


Under coordinate transformations, spinors remain invariant. We 
also have 

( 10 . 10 ) < 7 0 A c<fb BC + Ob A C°a Bt = gabl Ati , 

( 10 . 11 ) gab*-* tABfCD'* 

(10.12) T° a = T AB AB , 


(10.13) 


Vabal ( g ) tabcd 

*-* VAE-BF'CU'DH' = i(tACtBD<E'H'tF'G’ ~ ^AD^BC^E'G'^F'H') • 


Exercise. Show that a null vector k a (k a k a = 0) pointing into 
the future has the spin representation 

(10.14) k a ^k AB . = k A k B> , 


where the 1-spinor k A is determined to within a phase transformation 
> with real 6. Find the spin representation of a null vector 
pointing into the past. 

Bivectors. A bivector is a skew symmetric second order tensor 
E mn = - F nm . Its spin representation F ACBD ' can be split into a 
part 30 F /i(e | i j| I ,' ) symmetric in C' and D', and a part skew symmetric 
in C' and D' which must clearly be proportional to 


(10.15) F A CBI> — F A ((y\ B \jy) + tCD>$ AB , 


The skew symmetry of F mn implies the symmetry of <t> AB and the 
skew symmetry in A and B of F MC]BW) , which therefore must be 
proportional to t AB . Thus 


* F A C' B D’ — tAH'Pcir + tClr^AB, 


Suffixes between vertical lines such as B in F, i ( e|£|i>-) are excluded from 
the symmetrization. The same applies to the case of skew symmetrization. 
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If F mn is real, then it is easy to see (exercise) that \[/cd’ = $cd'- 
Therefore the spin representation of a real bivector is 

(10.17) F mn *-+F ACB D' = tAB^CD ' + tCD'&AB, ®AB=$BA- 

Thus the real bivector F mn and the symmetric spinor 4> AB determine 
one another. 

By Equation (10.13), the dual bivector F* mn = mirs F rs has the 
spin representation 

(10.18) F* mn +-> F* ACBD . = i(( A B$CD' ~ tCD'^AB)- 
The complex bivector 

(10.19) F+ mn =F mn + iF 

is called self-dual because (F + mn )* = —iF + mn . It has the simple 
spin representation 

(10.20) F + mn *-^F + AC BD’ = ItcD'^AB- 
Exercise. Show that the mapping 

( 10 . 21 ) <t>AB^*A B e- ie 

corresponds to 

(10.22) Fm^F^cose + F* mn smd. 

This is called a duality rotation. 

The expression $ A b£ a £ b is (£ 2 ) 2 times a quadratic polynomial 
in the ratio fVf. 2 - If can therefore be factored: 

(10.23) * A bZ ‘V = (£ 2 ) 2 (*i£7* 2 + kj (mrf 1 /* 2 + mj) = k A ^m B k B , 
where the spinors k A and m A are determined to within a constant 
of proportionality. Since <b AB is symmetric, it follows that 

(10.24) 4> ab = k( A m B ). 

The null vectors k a <^>k A k B - and m a <^>m A m B are called principal 
null directions of the bivector F m . If k A = \m A , the principal null 
vector k a is called double, F^ is called algebraically special or null, 
and, by a suitable choice of proportionality factor, we can write 
$ AB = k {A k B) . If k A and m A are not proportional, the principal null 
directions are called simple and F^ is called algebraically general. 
Exercise. Show that a principal null direction is characterized 
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by the equation 

(10.25) <i> AB k A = \k B Ok A $ A[B k E] =0, 

that the null direction is simple if X ^ 0, and double if X = 0. 

We shall now find tensor equivalents of the above criteria. We 
easily check that 

(10.26) F + a [i,k c }k a <->2k A $ A [BkE]ki]'kf', 

(10.27) F + ab k a <->k A $ AB k c . 

It follows that a simple principal null direction satisfies the equation 

(10.28) F + a[b k c] k a = 0, 
but does not satisfy the stronger equation 

(10.29) F + a „k a = 0. 

A double principal null direction satisfies the stronger equation 

(10.29) . 

We summarize the algebraic classification of a real bivector in 
the following Table III: 

Table III 


Partition 

Name 

Form of 

$AB 

Equation for 

&AB 

Equation for 
F + mn 

[11] 

General 

$AB = k(A m B) 

k A $AB — Mb 

0 

II 

4 

[2] 

Null 

$AB = &A&B 

k A * AB = 0 

F+^k* = 0 


In this table, X 5 ^ 0, k A and m A are not proportional, and the partition 
gives the multiplicity of the principal null directions. 

Exercises. 1. Show that a real bivector F ^ is null if and only if 
there exists a real vector k a such that 

(10.30) F^k 0 = 0, F*^ = 0. 

In particular, derive from these equations that k a is null. Deduce 
that a discontinuity A F^ of the electromagnetic field across a 
hypersurface must be null (cf. Chapter 7). 

2. Show that F^ is null if and only if 

(10.31) = 0 <=> F ab F ab = 0, P^F 06 = 0. 

3. Let k a be a constant null vector in Minkowski space. A plane 
electromagnetic wave travelling in the k a direction has the form 
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Fmn = k{ m v n \, where v n (u) is any vector function of the arguftient 
u = k a x a subject to the restriction k a v a = 0, x a being rectangular 
Cartesian coordinates. Check that F mn satisfies Maxwell’s equations, 
that it represents a plane wave, and that it is null. 

Geometrical Interpretation of 1 -Spinors. A 1-spinor k A determines 
uniquely a real null bivector F mn characterized by the symmetric 
spinor 

(10.32) <!>ab = k A k B , 

(10.33) F^*-* tAB^C^D' + (CD'^A^B’ 

Conversely F mn or <t> AB determine k A to within a sign. 

Choose a spinor m A which is linearly independent of k A and 
normalize it so that 

(10.34) k A m A = 1 -##> ( A b = k A m B - k B m A . 

The two spinors determine the real vectors 

(10.35) k a +*k A k B , 

(10.36) v a *-*k A fh B + m A k B -. 

It is easily checked that 

(10.37) k a k a = 0, k a v a = 0, v a v a = - 2, 

so that k a is null and v a is a space-like vector orthogonal to k a . 
If we substitute t AB from Equation (10.34) into Equation (10.33), 



Figure 35 
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(10.38) F mn = 2k lm v n] . 

Thus a 1-spinor k A can be represented geometrically by a flag, 
the flagpole being the null vector k a and the position of the flag 
being determined by F m „ as shown in Figure 35. Conversely the 
flag represents either one of the two 1-spinors ± k A . 

A continuous field of flags in a simply connected domain of 
space-time will, by continuity, determine the relative signs of the 
corresponding spinors. Thus a field of flags together with a single 
sign chosen at one point form the geometrical representation of 
a spinor field. 

Exercises. 1. Show that m A is determined by Equation (10.34) 
to within the change m A —>m A + \k A , and that v a is determined to 
within the change d°—m;°+ (A+ X) k a . 

2. Show that under the phase change k A ^>e l> k A , we have v a 
—>u°cos20 + u>“sin20, where w a *-*i(k A m B . — m A k B ■) is a real vector 
orthogonal to k a and v a < 

The Curvature Spinors. We shall now study the spin representa¬ 
tion of the Riemann tensor 

(10.39) Rabat*-* RaE'BF'CG'DH’- 

The procedure is analogous to the bivector case but more compli¬ 
cated. We first split Rae'bf'cg'dw into parts skew symmetric and 
symmetric in E' and F', using Robed = — Rbacd and the reality of 
Robed■ We obtain 

(10.40) RaE’BF'CG'DH' = tE'F'<*ABCG'DH ' + *AB a E'F'GCH'Di 

where <x ABC gdh - = ohab)cgdh'- Next we use Rabat = — Rabdc, and obtain 

(10.41) OtABCGDH' = tG’H' PaBCD + *Cd4>ABG'H'i 

where 0 ABCD = d wax cat and <t> ABGH > = 4>(ab){.gh')- The symmetry R abljd 
= Redab gives 

(10.42) fl A BCD = fi(AB){CD) ~ PcDAB, 

(10.43) <t>ABGH’ = <t>(AB)(GH') = 4>GH'AB- 

The final symmetry Robed v"^ = 0 of the Riemann tensor gives, 
using Equation (10.13), 
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(10.44) tAMpE'F’N* — tE'N'0ABM B = 0, 
from which we can derive 

(10.45) &ABCD = 'I'A BCD + g {tADtBC + tAC*Bo) A, 
where 

(10.46) 'I'ABCD — fi(ABCD), A = A = $AB AB - 

Combining these results we obtain the spin representation of 
the Riemann tensor: 

RaE’BF’CG’DH’ 

= ( AB ( CD'pE'F’G'H' + «E'F' tGH' 'pABCD 
+ tAB € G'H' <t>CDE'F’ + lE'F' *CD<t>ABG’H J 

(10.47) , i, 

+ g \*ACtBDtE'G'(F'H' ~ tADtBCfE’H'fF'G') A, 
^ABCD = 'P(ABCD), <t>ABGH' = <t>(AB)(G'H') = <t>GH'AB, 

A = A. 

We shall now find the tensor equivalents of the curvature spinors 
'I'abcd, <!>abg'H' and A. We contract to obtain the Ricci tensor 

(10.48) R/x = R a bca*-+ RbF'CG' = 2<I>BCF'G ~ fBC*F'G’A- 
Contracting again, we find the curvature scalar 

(10.49) R = R\ = - 4A. 

Combining the last two equations, we see that <t>cBGP represents 
the trace-free Ricci tensor according to the correspondence 

(10.50) Pfx = Rfc — — gfcR <-> PbF’CG = 2<t>BCF'G- 
Let us consider the Weyl or conformal tensor 

(10.51) C abcd = Ratal + ga[ c Rd]b + Ra{cgd\b ~~ g ga\cgd\b R 

This tensor has all the algebraic symmetries of the curvature 
tensor and moreover satisfies CV. = 0 (exercise). It follows that 
Cabcd can be represented as in Equation (10.47), and the trace- 
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free condition implies that only the first two terms on the right- 
hand side survive: 

(10.52) Cabal*-* CaE'BF'CGDH' = fABiCD'I'E'F'GH' + *E'F’ *GH' 'I'ABCD • 

Because R abcd and Cm differ by terms that only involve the Ricci 
tensor, it is clear that ^abcd is the same in Equations (10.47) and 

(10.52) . Thus the three curvature spinors represent respectively the 
conformal tensor, the trace-free Ricci tensor and the curvature 
invariant. 

We define the left and right duals of the conformal tensor by 

(10.53) *Cabai = — llrsab C^cd) C*abcd — 1)rscd Cab • 

Applying the result of Equation (10.18) to either the first or the 
second pair of suffixes of Cabcd> we immediately find that the two 
duals are equal and have the spin representation 

(10.54) *Cabcd— C*abcd 4 ^* i(iAB*CU'pE’F’GH' ~ *E'F tGH'pABCo) ■ 

We form the complex conformal tensor 

(10.55) C + abcd = Cabal + iC* abcd*-*^E'F' ( GH' 'I'ABCD- 

The Petrov-Pirani Classification. 31 This algebraic classification 
of the conformal tensor is completely analogous to the classification 
of bivectors. When the gravitational vacuum equations R mn = 0 
are satisfied, = fW Therefore the classification applies 
automatically to the vacuum curvature tensor. 

By the same argument which led to Equation (10.24), we can 
reduce the symmetric spinor 4/abcd to the form 

(10.56) 'I'ABCD— k(A m B r C S D) > 

where the 1-spinors are determined to within^ constants of pro¬ 
portionality. The four null directions k a *->k A k B -, etc., are called 
principal null directions or Debever-Penrose directions. If all these 
directions are distinct, we say that C aM is algebraically general, 
with the partition [llll]. When some of the directions coincide, 
we say that C ahcd is algebraically special. We can then have the 


31 A. Z. Petrov, Sci. Not. Kazan State University 114 (1954), 55; F. A. E. Pirani, 
Phys. Rev. 105 (1957), 1089. 
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different possible partitions shown in column (2) of Table IV, e.g., 
[211] indicates that two principal null directions coincide and that 
the other two are distinct. 

Column (5) of the table gives expressions for \Pabcd in the different 
cases. Here it is assumed that 1-spinors with different kernel letters 
are not proportional. 

In Column (6) it is assumed that A ^ 0. The successive equations 
then state that k A corresponds to a simple, double, triple or quad¬ 
ruple principal null direction (exercise). 

Column (7) gives the corresponding tensor equations: k a is a 
simple principal null direction if it satisfies the first equation but 
not the second; it is a double principal null direction if it satisfies 
the second equation but not the third; etc. This is proved by equa¬ 
tions analogous to (10.26) and (10.27). For example, with k s *->k s k v , 
we obtain from Equation (10.55) 

(10.57) C + at K [dk s \ k C <-> 2«£'F'1AaBC[D k C k]i'k V'i 

(10.58) C + abcd k c <->2t EF ’\(/ ABCD k c k H ,. 

We therefore have the following implications 

(10 59) ^ ABCD “ k B k C SD ) 'pABCok C k U = 0 -##> iABC[Dk S \k C = 0 

O = 0, 

(10.60) P ABCD “ k A ksk C k D <^> \pABCDk C = 0 •##> C + abaik C = 0. 

If we wish Equations (10.59) to hold with k A and s A not proportional, 
then the necessary and sufficient condition is C + abcld k s k c = 0, 

C + a bcdk C 5^ 0. 

Exercises. 1. Show that each of the equations in Column (7) of 
Table IV implies k a k a = 0, so that this need not be assumed 
separately. 

2. Given that k„k a = 0, show that each equation in Column (7) 
of Table IV is equivalent to the same equation with C + abcd replaced 
by C** Deduce that a discontinuity aRm of the vacuum curvature 
tensor across a hypersurface is of Petrov type N. 

The University of Texas 
Austin, Texas 



Comparison 

of Theory and Observation 
in General Relativity* 


L I. Schiff 


These lectures have a twofold purpose: (A) to stress the care 
that must be taken in comparing predictions of general relativity 
theory with observations; and (B) to describe a quantitative method 
for determining the extent to which one particular but important 
aspect of the theory is being tested. 

Point (A) might seem at first to be a trivial one, since a compari¬ 
son between theory and experiment in any area of physics is es¬ 
sentially a comparison between two sets of numbers that represent 
the same physical quantity, one set calculated from the theory and 
the other from the observations. However it is not always easy, 
when dealing with general relativity, to know what is measurable 
and what is an artifact of the choice of coordinate system, which 
in this theory is completely arbitrary. For example, one of the early 
studies of the gyroscope argued that the magnitude of its angular 
momentum would vary as it moves through a gravitational field, 
whereas in actuality only the direction of this vector changes. 
From the point of view of an experimenter planning to observe a 


* Work supported in part by the U.S. Air Force through Air Force Office of 
Scientific Research Contract AF 49(638)-1389. 
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gyroscope, it makes a great deal of difference which effect is expected 
to occur, since a small precession of the spin axis is far more difficult 
to measure than a correspondingly small change in rotation rate, 
and requires a quite different technique. 

A convenient heuristic device is available to the physicist who 
is planning such a comparison between theory and observation. 
This consists in exploiting the coordinate invariance of the physically 
observable quantities by calculating them in different coordinate 
systems and (when appropriate) with different supplementary 
conditions. The quantities calculated in this way are of course 
all obtainable from each other by suitable transformations. However 
the process of reconciling them without using these transformations 
forces the investigator to discard coordinate-dependent artifacts, 
and retain only physically meaningful relations between measurable 
quantities. This procedure will be illustrated later in these lectures. 

The test method referred to in point (B) goes back at least to 
1922. At that time, Eddington [l] remarked that different terms in 
the expression for the metric tensor are responsible for different 
tests of the theory, provided that the connection between the metric 
and the observable quantities remains the same as in general 
relativity. This corresponds to modifying Einstein’s theory in a 
special but nevertheless instructive and interesting way. This 
program has been extended by Robertson [2], and the present 
discussion carries it further. 

We write the metric in the most general static spherically sym¬ 
metric form, as representative of the gravitational field about an 
assumed stationary, nonrotating, spherically symmetric sun or 
earth. In units such that the Newtonian gravitational constant 
and the speed of light are equal to unity, this is [2] 

ds 2 = [1 — (2am/r) + (2 0m 2 /r 2 ) + • ■ • ]dt 2 

- [1 + (2 ym/r) + • • • ] (dx 2 + dy 2 + dz 2 ), 
where r 2 = x 2 + y 2 + z 2 , m is the mass of the central attracting 
body, and a,0,y,--- are numerical coefficients that are all equal 
to unity in Einstein’s theory. We also assume that the equations of 
motion of matter and electromagnetic radiation are given in terms 
of this metric tensor by Einstein’s equations. In this way we can 
find the dependence of the calculated quantities on a, fi, y, • • •, which 
in turn measure the time or space distortions that are linear or 
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nonlinear in m and therefore in the gravitational field strength. 
While this procedure is to some extent arbitrary, it is well defined 
and provides a common basis for comparison of various possible 
experimental tests of general relativity theory. 

Einstein’s three tests. The three tests originally proposed by 
Einstein do not present any difficulty in connection with point 
(A). The gravitational red shift is observed by comparison of two 
infinitesimal time intervals, frequencies or spectral wavelengths 
at the same space-time point, and there can be no ambiguity as 
to what is measured or what is to be calculated. The gravitational 
deflection of starlight by the sun and the advance of the perihelion 
of the orbit of an inner planet are both observed through measure¬ 
ment of angles. Since the gravitational field of the sun is believed 
to be spherically symmetric to very high accuracy, and the “fixed 
stars” provide a convenient background against which to measure 
angles, such observations are again unambiguous although they 
do of course require extraordinary care [3]. 

With regard to point (B), the dependence of the theoretical pre¬ 
dictions for these three effects on the numerical values of a, 0, and 
7 has been known for a long time [l] and has recently been sum¬ 
marized by Robertson [2]. We note first that with the conventional 
definition of the gravitational constant, we must choose a = + 1 
in order for planetary orbits to agree with Newtonian theory in 
lowest order. Then since the first-order gravitational red shift de¬ 
pends only on the a term in the metric, no new information con¬ 
cerning the metric is provided by such a measurement: This conclusion 
is equivalent to the statement that the first-order red shift follows 
correctly from any theory of gravitation that is consistent with 
the equivalence principle [4]. 

With this choice of a, the deflection of starlight turns out to be 
proportional to 1 + 7 , and the advance of the perihelion of a 
planetary orbit is proportional to 2(1 + 7 ) — 0. Astronomical 
observations show that 1 + y is equal to 2 with an uncertainty 
of roughly 20%, and that 2(1 + 7 ) — d is equal to 3 with an un¬ 
certainty of about 1%. Thus while we know that 0 = 2y — 1 with 
high precision, y is poorly determined. 

Two of the most characteristic and interesting aspects of Einstein’s 
theory are its nonlinearity, and its prediction that the gravitational 
field produced by matter in motion is different from that produced 
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by the same matter at rest. We return to the second aspect in the 
next section, and point out here that the 0 term in the metric is the 
simplest manifestation of the nonlinearity of the theory. It is 
important, therefore, to determine 0 as accurately as possible. 
The preceding paragraph shows that at the present time this requires 
more precise knowledge of y, which intrinsically is less interesting 
than 0. 

Gyroscope precession. Three other possible measurements will 
be discussed in this and the following sections: the precession of 
the spin axis of a spherical gyroscope that moves through a gravita¬ 
tional field [5], the second-order gravitational red shift, and the 
transit time of radar signals reflected from an inner planet [6]. 

The precession of the spin axis of a gyroscope can be calculated 
by making use of Fermi-Walker transport [7] of a coordinate system. 
However such a calculation rests on the geometrical assumption 
that the spin angular momentum has a fixed magnitude and 
orientation in this coordinate system. It is preferable to perform 
the calculation dynamically rather than geometrically; the equations 
of motion were first obtained in this way by Papapetrou [8], who 
used the method of Fock [9]. 

These equations describe the changes in the angular momentum 
tensor S' 1 , where the ordinary angular momentum vector is given by 
S = ( S x ,S y ,S 2 ) = (S^S 31 ,^ 12 ). 

The other three components S°‘ of this antisymmetrical tensor 
(x° is the time coordinate) must be disposed of by a supplementary 
condition. Corinaldesi and Papapetrou [10] assumed that these 
components are zero in the rest frame of the central attracting 
body, and solved the equations of motion with the standard form 
of the Schwarzschild metric [ll]. Their result, to first order in m, is 

dS/dt = ( m/r 3 ) [2S(r • v) + 2v(r • S) - r(v • S) 

— (3r/r 2 ) (r • v) (r • S) ], 

where v = dr/dt. It is independent of whether or not a nongravi- 
tational force F is applied to the center of mass of the gyroscope. 
On this basis they argued that since dS/dt has a component parallel 
to S, its magnitude will change, and hence the spin rotation fre¬ 
quency might be expected to change. 
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Their argument can be tested by making use of point (A) [5]. 
The calculation is next performed with the isotropic form of the 
Schwarzschild metric [11] and the same supplementary condition 
to obtain 

dS/dt = ( m/r 3 ) [3S(r • v) + v(r • S) - 2r(v • S) ]. 

As a further application of point (A), we then use a different 
supplementary condition, introduced by Pirani [12]: 

S ij Uj =0, u‘ = dx‘/ds. 

This leads to 

dS/dt = (3m/r 3 ) [v(r • S) - (r/r 2 ) (r • v)(r • S)] + S(v • f) - f(v • S) 
with the standard form of the metric, and to 
dS/dt = (m/r 3 ) [S(r • v) + 2v(r • S) - r(v • S) ] + S(v • f) - f(v • S) 

with the isotropic form, where f is equal to F divided by the rest 
mass of the gyroscope. 

These four expressions for dS/dt may be reconciled by recognizing 
that measurements on the gyroscope are in practice made by a 
co-moving observer, who then transmits his results to the outside 
world. If for example the gyroscope is in an earth satellite, it may 
be observed by a human being who travels with it, or by a device 
which telemeters information to the ground. The transformation 
from S to S 0 , which is the angular momentum vector measured 
in the rest frame of the gyroscope, consists of two parts: a co¬ 
ordinate transformation involving changes of order m/r, and a 
Lorentz transformation involving changes of order v 2 . These trans¬ 
formations depend on the metric and supplementary condition 
that are employed. In addition, the point at which F is applied 
depends on the choice of supplementary condition, so that allowance 
must be made for a possible spurious torque. When these changes 
are taken into account, all four expressions become the same to 
first order [5]: 

dS 0 /dt = a X So, Q = (1/2) (fXv) + (3m/2r 3 ) (r X v). 

Thus the magnitude of S 0 , and hence the spin rotation rate, does 
not change. The first term in $2 is the Thomas precession [13], which 
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is a special relativistic rather than a general relativistic effect since 
it does not involve m. The second term is a true gravitational effect, 
and is often called the geodetic precession; the contribution of 
this term when integrated over an orbital period was first dis¬ 
covered by deSitter [14]. 

Now that the four expressions for dS/dt have been reconciled, 
it is a relatively easy matter to calculate the effect of replacing 
the Schwarzschild metric by the more general form introduced in 
connection with point (B). The Thomas precession is, of course, 
not changed, since it is obtained even when m is zero. However the 
factor 3 in the expression for the geodetic precession now becomes 
I + 27 [2], [15], so that this experiment can provide an independent 
measure of the value of y. 

The gyroscope experiment can also make possible a measurement 
of the difference between the gravitational field of the rotating and 
nonrotating earth. When earth rotation is included, the expression 
for Q contains the additional term 

(//r 3 )[(3r/r 2 )(«.r) -«], 

where I is the moment of inertia and u the angular velocity vector 
of the earth [5]. This term is typically about two percent of the 
geodetic precession for a satellite-borne gyroscope, and its measure¬ 
ment would constitute the only feasible verification thus far pro¬ 
posed of the mass-current effect predicted by general relativity 
theory. 


Second-order red shift. No one has ever seriously proposed that 
the gravitational red shift could be measured to second order in 
m, and this is not the intention here. Nevertheless, the analysis 
of such a possible measurement provides an interesting and in¬ 
structive example of the application of points (A) and (B). We 
imagine that a standard clock (or nucleus) at r t = R transmits 
a periodic signal upward along a radial line to r 2 = R + h, and 
ask for the ratio of the period as measured at r 2 to the period of 
an identical clock located at r 2 . This ratio is /g m ( r i) ] 1/2 , 

which in the standard form of the Schwarzschild metric is equal to 


1 - (2m/rJ~\ 1/2 mAT 

l-(2m/r 1 )J = + R 2 l 


1 


h /h\ 2 2 ml 

R + \r) + ‘ 


The terms kept in the expansion are consistent with a terrestrial 
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experiment for which h = 60 meters, in which case m/R ~ 10 9 
and h/R ~ 1(T 5 . 

T his result suggests that a measurement of the second-order red 
shift would verify the nonlinearity of Einstein’s equations, since 
it contains a term proportional to m 2 . However consideration of 
point (A) leads us to do the calculation also with the isotropic 
metric, which gives 

\1 - (m/2rj][l + (m/2rj] 1 , mh[ n h t ( h^~\ 

[1 + (m/2r 2 )][l-(i»/2r J )] “ ^ R 2 L 

In order to reconcile these two results, we must consider the way 
in which the quantities that enter into the first-order expression 
mh/R 2 might actually be measured. A natural way in which to 
measure h is to use standard measuring rods; alternatively, the 
transit time of a light signal from r 1 that is reflected back at r 2 
might be compared with a standard clock. It is found in both cases 
that the proper height difference l is given to sufficient accuracy 
in terms of the coordinate distance h by / s h [1 + {m/R)}, when 
either metric is used. Thus the discrepancy is not resolved by the 
substitution of l for h. 

Next we consider the quantity m/R 2 , which to first order is the 
acceleration of gravity g at the point r t = R. Now neither m nor 
R is subject to direct measurement; this is unimportant for the 
correction terms obtained above, for which the usual Newtonian 
values can be used. However values that are themselves correct 
through first order must be inserted into the coefficient mh/R 2 . We 
therefore consider how the combination m/R 2 or g might be meas¬ 
ured directly. Two general methods suggest themselves: a static 
weighing experiment and a measurement of acceleration in free 
fall. An object may be weighed by balancing the gravitational 
pull of the earth against, say, a spring, and then calibrating the 
spring by using Newton’s second law of motion to convert its force 
into an acceleration. Alternatively, the gravitational pull of the 
earth may be calibrated against the centrifugal force arising from 
the rotation of the earth by measurement of the angle between 
the true and apparent verticals [16]. The free fall measurement 
might be performed by dropping an object from r 2 and measuring 
the time interval until a light signal emitted on impact at r 1 returns 
to r 2 ; alternatively, the object could be projected upward from 
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/*! in such a way that it just reaches r 2 , and the time interval meas¬ 
ured until return to r x . 

The free fall measurement seems to be the most straightforward, 
both theoretically and experimentally. Integration of the equation 
of motion leads to the following expression for m/R 2 in terms of 
the one-way coordinate time interval t, 

m/R 2 = (2 h/t 2 ) [1 + (4h/3R) + (3lA 2 /90fl 2 ) + (2 m/R)] 

when the standard form of the metric is used, and to 

m/R 2 = (2 h/t 2 ) [1 + (4h/3R) -f (31h 2 /90R 2 ) + (4 m/R)] 

when the isotropic form is used. Thus substitution into the earlier 
expressions for the clock period ratio leads to 

1 + (2 h 2 /t 2 ) [1 + (h/3R) + (h 2 /90R 2 ) + (4 m/R)] 

for both forms of the metric. It is still necessary to replace h by 
the proper height difference l, and t by the proper time interval 
r associated with free fall as measured, say at r x . The pertinent 
relations are, to first order: 

l^h[l + (m/R)}, r^([l- (m/R)}, 

for both metrics. Thus we finally obtain for the period ratio 

1 + (2/V) [1 + d/3R) + (l 2 /90R 2 )]. 

This result is not only independent of the coordinate-system, as 
it must be, but contains no term nonlinear in m. 

Now that the considerations of point (A) have suggested how 
the clock period ratio can be expressed in terms of measurable 
quantities, the entire calculation can be done over again with the 
more general form of metric introduced in connection with point 
(B). The result is that the gravitational red shift, through terms 
of second order in m, is independent of both /3 and 7 ! This un¬ 
expected conclusion makes the experiment uninteresting as well 
as infeasible. 

Planetary radar reflection. Shapiro [6] has recently proposed 
that the transit time of radar signals reflected from an inner planet 
be measured in order to provide another test of general relativity 
theory. In Figure 1, the sun is at the origin, the earth has instantane- 
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ous rectangular coordinates (- x e ,d), and the planet (Venus or 
Mercury) has coordinates ( x p ,d ). A radar signal is sent from the 
earth to the planet and back, and the round trip transit time is 
measured. To zero order in the mass m of the sun, this time interval 
is 2(x c + x p ), and an additional contribution of first order in m is 
expected on the basis of general relativity theory. We follow Shapiro 
in neglecting the motions of the earth and the planet during an 
observation, and also in neglecting the departure of the radar path 
from the straight line y = d. Path curvature is easily seen to produce 
a contribution of order m 2 , which is negligibly small. 

It is convenient to work entirely in terms of a universal co¬ 
ordinate time, which is applicable to all parts of the system since 
the metric is static. The final results must of course be converted 
to proper time as measured on the earth, but this common trans¬ 
formation will not affect the relationships between measured 
quantities that are derived below. 

The coordinate transit time t may be computed by integration 
of the equations of motion of the electromagnetic signal, or much 
more easily by integrating the velocity equation 

dx/dt= (-goo/£n) 1/2 , 

which is obtained from the metric by putting ds = dy = dz = 0. 
The result for the standard form of the Schwarzschild metric is 
t s = 2(x e + x p ) + Am In [(r p -f x p )/(r e — x e ) ] 

- 2 m[(x e /r e ) + (x p /r p )]. 
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which is equivalent to that obtained in [6]. Consideration of point 
(A) now leads us to repeat the calculation with the isotropic form 
of the metric; this gives 

t l = 2 (x e + x p ) +4mln[(r p +x p )/(r c - *,)]. 

In order to reconcile these two expressions, we must consider 
the way in which the zero order distance x e + x p might actually 
be measured. It is clearly impossible to use standard measuring 
rods, and light signals are inappropriate in the present situation. 
A plausible way in which to proceed is first to express x e + x p in 
terms of r e , r p , and <j> (see Figure 1); then since r e and r p are not 
directly measurable, they may be expressed in terms of the orbital 
periods, eccentricities, and elapsed times since perihelion. The angle 
<t> can also be expressed in terms of these quantities, together with 
the elapsed time since conjunction. In this way, x e + x p is ultimately 
expressible in terms of measured times; as remarked above, it is 
convenient to choose these to be universal coordinate times, but 
they are readily convertible to earth proper times. 

It is sufficient for the present discussion to approximate the orbits 
as circles. Solution of the equations of motion then shows that the 
standard metric leads in first order to the same relation between 
r p and the orbital period T p as is obtained in Newtonian theory 
(Kepler’s third law): 

r p =(mT p 2 / 4* 2 ) 1/3 . 

The corresponding relation obtained with the isotropic metric is 
r p = (mT p 2 /4ir 2 ) 1/3 - m. 

Now the distance x e + x p is given in terms of r e , r p , and <t> by the law 
of cosines, which is valid here since r is defined to be (x 2 + y 2 + z 2 ) 1/2 : 

x e + x„= (r e 2 + r p - 2r e r p cos <t>) 1/2 . 

The transition from the isotropic to the standard metric is ac¬ 
complished by replacing r e by r e — m and r p by r p — m; this has 
the effect of changing x e + x p into 

X e + X p - m {(Xe/r e ) + (Xp/7-p) ]. 

Substitution into the above expression for then shows that it 
becomes the same as t s . 
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We see then that t s is the coordinate transit time expected from 
the Einstein theory, provided that the zero-order term is computed 
from <t> and the orbital periods in accordance with Newtonian theory. 

Turning now to point (B), it can be shown that the generalized 
metric leads to the following expression for t: 

2 (x e + x p ) + 2(1 + 7 )mln[(r p + x p )/(r c — x e )] 

_«r + W» [( ^ J + (VrJ1 . 

Thus t depends not only on y, as expected in an electromagnetic 
propagation experiment, but also on f). It is true that the 0 de¬ 
pendence enters indirectly, through the calibration of the zero- 
order distance x e + x p in terms of the orbital periods. Nevertheless, 
this result endows the proposed radar reflection experiment with 
the added significance that it and the planetary perihelion advance 
are the only observations that are sensitive to a nonlinear term in 
Einstein’s theory. 

It is a pleasure to thank Mr. Dennis K. Ross for several informa¬ 
tive discussions of the material presented in the last two sections. 
A fuller account of the planetary radar reflection analysis will be 
published elsewhere in collaboration with Mr. Ross. 

Note added in proof. Since these lectures were prepared, the paper 
referred to in the last paragraph has appeared [17], and Shapiro 
has published a critique of this paper [18] which suggests that the 
presence of the ^-dependent term in the last equation above may 
be masked by uncertainties in the effective planetary radii. It 
seems to us that the possibility of such masking adds to the im¬ 
portance of experiments with instrumented space probes that have 
been proposed recently [19]. These experiments would make use 
of solar or planetary orbiters that carry radar transponders and 
present targets that are much better defined than the planets 
themselves. 

The attention of the interested reader is called to two recent 
reviews of the experimental aspects of general relativity [20], [21]. 
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Experimental Tests 
of General Relativity. Radar 


I. Introduction. There is not really enough material for an hour’s 
lecture on the Radar Test of general relativity (which is described 
by I. I. Shapiro, Phys. Rev. Lett. 13 (1964), 789-791). So I will 
talk about radar observations of the planets in general, with the 
test of general relativity as one particular application. 

One reason for being interested in radar astronomy is the very 
rapid rate of growth of electrical engineering as compared with 
optical engineering. To see how radar performance has improved 
over the years, let us take as a figure of merit the ratio 

A _ _ range 4 _ 

detectable cross section ’ 

since the least cross section visible at range R varies with R 4 for 
any given radar system. 

In 1940 at the beginning of World War 2 we could barely detect 
an airplane with 10 m 2 cross section at a distance of 100 km = 10 5 m. 
Hence 

(1940) A = 10 19 m 2 . 

In 1960 the Lincoln Laboratory people detected Venus with a 
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cross section of about 10 8 km 2 at a distance of 10 s km. Thus 
(1960) A = 10 30 m 2 . 

This year the observations at Arecibo and at Goldstone have 
detected not merely the planet Venus as a whole but continents 
(or mountain chains) upon its surface. This means a cross section 
of 10 6 km 2 rather than 10 8 km 2 , so we have 

(1965) A = 10 32 m 2 . 

We see that the performance of radar has improved by one 
power of 10 every 2 years, quite consistently from 1940 to 1965. 
The improvement is composed about equally of four ingredients, 

1. Higher-gain antennas, 

2. Higher-power transmitters, 

3. Lower-noise receivers, 

4. More sophisticated data-processing. 

All four items are capable of further improvement, and so we 
may expect the factor 10 per 2 years improvement to continue 
for some time. 

Contrast this with optical astronomy. Herschel in 1765 could 
see things down to about magnitude 12, and now we are at about 
magnitude 22, an improvement by 4 powers of 10 in 200 years, or 
one power of 10 in 50 years. Image intensifiers may improve the 
rate of progress in optical engineering, but clearly we cannot expect 
anything as spectacular as the radar people have achieved. 

II. Current work in planetary radar. There are at present three 
main groups observing planets with radar. 

1. Arecibo Ionospheric Observatory. 430 Me which means 75 cm. 
Pettengill in charge. 

2. Goldstone (JPL). 2400 Me or 12 cm. Goldstein, Carpenter 
and other people. 

3. Lincoln Laboratory did the original observation of Venus 
at 50 Me. Now has built the Haystack radar, 8000 Me or 4 cm. This 
will be ready for doing planetary work in about a year. I. I. Shapiro 
in charge. 

Goldstone has at present an 84 foot dish; a 210 foot dish, also 
at 2400 Me, is almost finished. 

There are two things of extreme importance which are done 
with these radars. (1) Accurate distance measurements to sharpen 
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EXPERIMENTAL TESTS OF GENERAL RELATIVITY 
up the whole study of planetary orbits. (2) Exploration of the 
planetary surfaces by studying the fine-structure of the radar echoes. 

For test of general relativity we are concerned only with 1. But 
item 2 is so successful that I cannot resist discussing it first. 

Range-Doppler Mapping. If a planet is rotating at the rate ft 
radians per second, and has radius R, then a spot P on the planet 



can be labelled with two coordinates x and r, apart from a North- 
South ambiguity which we will return to later (P and P' have the 
same values of x and r, where P' is the reflection of P in the equa¬ 
torial plane). The line-of-sight velocity of P is then 
v = V+Slx, 

where V is the line-of-sight velocity of the center of mass of the 
planet. 

It is convenient to take for the radial coordinate y = {R 2 — r 2 ) 1/2 , 
so that the distance from the radar to a point (x,y) is 

d = D — y + (V+ Qx)t. 

Suppose a transmitted signal has amplitude a(t). Let p(x,y) be 
the reflectivity at the point (x,y) on the planet. Then the reflected 
signal is 

t(t) = JdSp(x,y)a[t-?(D-y+(V+ftx)t)] . 

Or, taking the Fourier transform of this, where a (v) is the transform 
of a(t), \£(v) that of i(t): 
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£W=J* dS P (x,y)ex p ^^-(D-y)^ a £ v + ~ ( V+ S]x)J . 

Suppose we transmit a train of identical pulses with time- 
interval t, each of them being in a frequency band around the 
radar frequency u>. Then a(v) is a discrete spectrum consisting of 
6-functions at the points v = <o + 2 jt£/t, k integer. 

Picture of Range-Doppler signal 

In time 

Transmitted signal a ( t) 

I I I I M li 


Reflected signal \f/(t) 



Pulse spacing r, coherent processing time T. Effective number 
of pulses T/t equals number of resolution elements in frequency. 
In frequency 


Transmitted signal &(v) 

_ I I I I I I I I I I 

Reflected signal t(v) 

- rvTLru\f\TLnra\j\j^ _, 

Line spacing 2 t/t, total band-width 2ir/T', where T' is a rise¬ 
time of a single pulse. Effective number of lines r/T' equals number 
of resolution elements in range. In the reflected signal each discrete 
line is spread from x=+Rtox= — R, i.e., between 

0, + 2 rk/r + (2oj/c) [ V± QR]. 

If these reflected bands do not overlap, then we can isolate the 
reflection from a particular value of x without ambiguity. The 
condition for nonoverlapping is 


2 it/ t > 4<aS tR/c. 
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Having fixed x, the observed t(v) provide Fourier coefficients in 
a Fourier series expansion of p(x,y) as a function of y. This Fourier 
series determines p(x,y) unambiguously if and only if the pulse 
repetition time is long enough to avoid overlapping of the echoes 
from successive pulses, i.e., 

r > 2 R/c. 

We see that a suitable t can be chosen if and only if 
Qa >R 2 /c 2 < ir/4. 

This condition favors very low rates of rotation. For example, 
for Venus, Period = 250 days, fi = 2.5 X 10 -7 , R 2 /c 2 = 5 X 10~ 4 , 

/ = o>/2ir < c 2 /8 QR 2 = 10 9 = 1000 Me. 

This is just fine for Arecibo, which has / = 430 Me. When you 
come to a rapidly rotating planet like Mars, things are much more 
difficult. Note tha the actual speed of rotation at the Venus 
equator is 

RQ = 4 miles per hour, 

a brisk walking speed. It is velocities like this that the radars 
(with modern data processing) can handle best. 

Let us just look at the resolution with which Range-Doppler 
mapping may be done. 

Resolution in x. Since the reflected frequency is v + 2«Qx/c, we 
have 

Ax = cAv/2aQ - c/2wSlT, 

where T is the coherent integration time of the data processing. 
The pulse-repetition time must satisfy 

r g *c/2o,SlR 

so that 


Ax ^ tR/kT. 


Resolution in y. This is just 

Ay - cT' 

where T' is the rise-time of the pulse. Since we choose 
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r > 2 R/c, 

we have 

Ay > 2 RT'/t. 

The total number of resolution cells in ( x,y ) is 
N = 2R 2 /AxAy ^ *T/T', 

which shows that we just fulfill the uncertainty principle for 
simultaneous measurement of time and frequency. 

Take the example of Arecibo observing Venus with 430 Me 
radar. In this case 

T = 50 sec, 
r = 5XlO" 2 sec, 

T' = 10 _5 sec. 

Then 

Ax = c/2wQT = 5 km, 

Ay = cT = 3 km. 

In practice we are not able to do as well as this. But we shall in time. 

The beauty of the Range-Doppler method is that you have 
mapping with resolution independent of distance, provided you 
have enough power to get echoes from the planet at all. You are 
not dependent (except for resolution of the North-South ambiguity) 
on the angular resolution of the radar. 

On the Moon it has actually been done with resolution of ~ 10 km, 
using the libraticn of the Moon to produce the Doppler effect. 

Because of the North-South ambiguity, the (x,y) map gives 
not a true map of the radar reflectivity of the planet, but a super¬ 
position of the maps of the Northern and Southern hemispheres. 
In principle this ambiguity can be resolved by doing the entire 
mapping many times, when the Earth is oriented at various angles 
as seen from the planet. 

In practice the North-South ambiguity has been resolved only 
in the case of the Moon. For the Moon it is possible to use radar 
beams which are narrow enough to discriminate against one or the 
other hemisphere. For the planets this will presumably never be 
possible. 
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III. The relativity experiment. 1 The Sun produces a Schwarzschild 
metric 

ds 2 = [l — 2m/r]df 2 — [1 — 2m/r] _1 dr 2 — r 2 dil 2 
with m = GM/c 2 = 1.5 km. 

On a light ray ds = 0. 



In moving from the point P to a neighboring point on the line 
PQ we have 

r = d sec 0, 

dr = dsec0tan0d0, d0 = dSl; 

hence 

[l — 2 m/r\dt 2 = r 2 de 2 + r 2 tan 2 0 [1 — 2m/r] _1 d0 2 , 
and therefore 

dt/de — d sec 2 0 + m [2 sec 0 — cos 0] to order m/d, 
t = d tan 0 + m [2 log tan(0/2 + tt/4) - sin 0] 

= x + m [2 log d/(r - x) - x/r]. 

Therefore on a straight path from P to R and back the elapsed 
time is 

t = 2(x + y) + Am log [(r + x)(s + y)/d 2 ] — 2 m[x/r + y/s\. 


1 Professor Schiff in his article in these Lectures has already covered the material 
in the beginning half of this section. So we are discussing this in as brief a form 
as possible. 
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Now this time t is the time measured by a stationary clock at 
a great distance from the sun. The time measured on a circular 
orbit through P is given by 

dtp = [1 — 3 m/r] 1/2 dt = [1 — 3m/2r]dt. 

Hence the elapsed time in the round trip P—>R—>P measured by 
a clock carried by P is 

t p - t [1 - 3m/2r] 

= 2(x + y) + 4m log [(r + z) (s + y)/d 2 ] - m [(5x + 3y)/r + 2y/s] 
to order m/d. 

We have calculated t p for a track which is a straight line in co¬ 
ordinate space. But this is equal to the elapsed time along the 
real light-ray, for the following reason. 

The real light-ray satisfies the Fermat principle of least time 

8t = 0 

for small variations in the path from the physical path. Now the 
physical path deviates from the straight line by the angle 

A = 4 m/d. 

Thus ^physical — Straight is of order A 2 = 16m 2 /d 2 and is negligible to 
order m/d. 

Now the question is, how do these coordinate distances x, y, r, s 
relate to “real” distances? What do x and y really mean? The 
answer is that x and y are fictitious quantities which must be cal¬ 
culated from a relativistic solution of the planetary orbits. We 
know that in terms of the Schwarzschild coordinates (r, 0) the 
planetary orbit is determined by 

d 2 (l/r)/de 2 + 1/r = K + 3 m/r 2 , 

which is exactly the Newtonian equation plus the “advance in 
perihelion” correction 3 m/r 2 . So to determine x and y accurately 
to terms in m/r we would have to do a complete fitting of the orbits 
including relativistic corrections. The radar experiment is in 
principle not to be disentangled from a measurement of the peri¬ 
helion advance and other relativistic effects. 

However we can make a separation between terms of order m/d 
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and m/r if d «r, i.e., if the planet is almost behind the Sun as seen 
from the Earth. 

If we are looking at Mercury at s = 6 X 10 7 km from the Earth 
at r = 15 X 10 7 km, and if Mercury is around d = 4 R s = 3 X 10 6 km, 
i.e., about 1° in angle from the Sun, then 

m/d «5X 10 7 , m/r « 10~ 8 . 

So we can consider m/r to be negligible while keeping terms in 
m/d. In this case x and y are simply the distances of the planets 
as determined by fitting Newtonian orbits to the observed motions, 
and 

t p = 2(x + y) + 4m log(4rs/d 2 ) - m (7 + 3 s/r). 

At d = 3 X 10 6 km, log(4rs/d 2 ) = log 4000 = 8.3; 

Time delay = 4 m (8.3) — m (8.2) = 25.0/re - 37.5 km/c = 125 m sec. 

Present-day timing accuracy would allow measurement to about 
10Msec. Since the light-travel time is 

2(r + s) = 1400 sec, 

this is a measurement to 1 part in 10 8 . So the delay could be meas¬ 
ured to 10% accuracy. This is somewhat better than present-day 
measurements of the light-deflection. No doubt both will be im¬ 
proved in the future. 

An objection can be made to the claim that this radar experiment 
is a “new” test of general relativity on the grounds that it measures 
only the linear terms in m/r in the Schwarzschild metric, which 
are already determined by the light-deflection and red-shift tests. 
(The perihelion advance also measures a term in (m/r) 2 .) In fact, 
if you imagine that the space around the Sun has a refractive index 
[1 — 2m/r] _1 you find the correct light-deflection, and this combined 
with the red-shift formula gives the correct radar time-delay 
formula. 

However this interdependence of the three tests is true only if 
you suppose a metric exists, i.e., you assume something like general 
relativity to start with. If one wishes to test G.R. one should imagine 
what might happen if G.R. were false. For example if light con¬ 
sisted of Newtonian particles with special-relativistic mechanics, 
the light-deflection would be + 1/2 the Einstein value, while the 
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time-delay would be zero. Actually Newton would have assumed 
nonrelativistic mechanics for his photons, which would give 

^Newton ~ 2(x + y) - 2mlog [(r + x)(s + y)/d 2 ], 

a delay of (— 1/2) times the Einstein value. (This remark is due to 
I. I. Shapiro.) So the radar experiment is looking directly at light- 
propagation in a gravitational field in a way which is in principle 
independent of the other tests. 

Another version of the radar measurement is to look at the 
Doppler-shift produced by the time-delay, in addition to ordinary 
orbital Doppler-shifts which can be computed from the known 
orbits. 

The additional Doppler-shift for a signal at frequency a is 
5u — — ut p = — w(dt p /dd) [d/c] — u(8m/d) [d/c] 
when d «: s, r. 

Now 

d = (rs/r + s) (0* - Q P ) 

= 4 X 10 7 [8 X 10- 7 - 2 X 10- 7 ] = 24km/sec = 8X 10~ 5 c 
for Mercury. 

For Haystack 

/ = 8 X 10 9 cycles, 

8f = 5 X 10® m/d cycles «= 2 cycles when d = 3 X 10® km. 

Measurement of Doppler-shift to 2 cycles in 10 10 is quite possible. 
But there are difficulties. Especially as Mercury is rotating at 
2 * 2.5 X 10~®, there is a Doppler broadening of 

8w Rilu/c = 2.5 X 10 _8 <o, 5/~ 200 cycles, 

which makes measurement to 2 cycles accuracy hard. 

Experimental Difficulties. The greatest difficulty for both time- 
delay and Doppler measurements is the interplanetary plasma 
which has a high density near the Sun, and is not even constant 
in time. By corona spectroscopy, the electron density is measured 
to be (quiet sun conditions) 

N = 5 X 10 5 (Rjr) 2 electron/cm 3 . 

This gives a time delay 
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Afpiasma = (6.5 X 10 **/f 2 d) [arc tan(x/d) + arc tan(y/d)] 

= 2 X 10 P/f*d for x,y»d. 

Here f = frequency in cycles, d in cm. 

So for Arecibo 

/ = 4.3 X 10 8 and d = 3 X 10“ 

hence 

Afpiaana = 4 X 10 _4 SeC. 

But for Haystack f = 8 X 10 9 , which gives 

Afpiasma = 10 SeC. ^^Relativity 

By measurement at several frequencies we can observe the plasma 
and relativity effects separately. 

Other difficulties arise from the uncertainties in the size and 
shape of the planets themselves. These effects will become important 
when one tries to measure the path-lengths to 1km accuracy. 

There are proposals to place an artificial planet in orbit around 
the Sun, carrying a radar transponder. This would remove the 
problems connected with rotation Doppler broadening and planetary 
shape. But it is a difficult experiment, and one would have trouble 
computing drag effects of radiation and solar wind on the orbit 
of the probe. MIT plans to have such a probe in orbit in approxi¬ 
mately 2 years. 

IV. Summary. Summing up, the radar time-delay experiment 
gives a good check of general relativity, independent of other 
tests, if one works only to the presently attainable accuracy of 
about 10% of the delay (accuracy of 1 part in 10 8 in the time 
measurement). 

When the measurement can be done to significantly higher ac¬ 
curacy (say 1% or better), then it is no longer independent of 
other relativistic effects. So in the long run one must think of the 
radar measurements as a single large program in which all of the 
effects 

Planetary orbits and perturbations. 

Perihelion precession, 

Gravitational time-delay, 

Interplanetary plasma, 
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Planetary sizes and shapes and rotations, 

Planetary Range-Doppler maps 

are simultaneously observed. The relativistic effects are finally to 
be extracted from a comparison of all the observations with a big 
machine-calculation of the planetary motions. 

This big program has already begun. And in fact we already 
obtained from radar observations improvements in the planetary 
orbits which are roughly 

a factor of 10 in the shapes, 
a factor of 1000 in the absolute scale 
compared with the best that optical observations could do. 

In principle, optical astronomy is accurate to about 10~ 7 in angle 
(0.01 second of arc) and gives very poor information on absolute 
scale. Radar is accurate to about 10 ~ 8 in relative distances, and to 
about 10 ~ 6 in absolute distance (because c is still uncertain to 1 
part in 10 6 ). 

Thus radar observations in a few years will give improved ac¬ 
curacy in the most sensitive test of general relativity, the perihelion 
motion of Mercury. 

The relativistic precession is about 43" per century which means 
an actual displacement of Mercury by about 

6 X 10 7 X 2 X 10~ 5 X 1/5 km per year = 24 km/year 

(1/5 because the orbit is not very eccentric). If we can measure 
distances to 1 km then in 10 years we have the perihelion advance 
to an accuracy of 4 X 10 ~ 3 . In fact in 10 years the accuracy of 
radar will no doubt be considerably better than this. 

[Note added for second edition .] Since this chapter was written 
a book “Radar Astronomy” by J. V. Evans and T. Hagfors 
(McGraw-Hill, New York, 1968) has appeared, giving a good 
general survey of the subject. The most recent (1971) results of 
the radar measurements of planetary orbits are reported by I. I. 
Shapiro and colleagues in Phys. Rev. Lett. 26 (1971), 27 and 1132. 
The progress in the period 1967-1971 has been a little slower than 
expected because of shortage of funds both for observing and for 
computation. But the relativistic time-delay of radar signals 
passing the sun is now reliably measured to better than 10% 
accuracy, and agrees with the Einstein prediction. 

Institute for Advanced Study 
Princeton, New Jersey 
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Gravitational Waves 1 


Accelerating masses radiate gravitational waves much as ac¬ 
celerating charged particles radiate electromagnetic waves. The 
motivation for studying gravitational waves is (i) to understand 
the fundamental physics, (ii) to master the seductive mathematics, 
and (iii) to calculate numbers which might be measurable. 

Rather than presenting a general introduction to gravitational 
radiation I will present here several detailed examples. I shall 
first discuss exact solutions, then approximation methods. 

I. Exact solutions—Plane waves. 

1. As an introductory example consider a plane electromagnetic 
wave in Minkowski space. Suppose the wave is traveling in the 
2 direction with velocity c = 1. 

Define the following quantities: 



1 Research supported by Aerospace Research Labs., OAR, AF-33 (615)-1029. 
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U A = (0,0, - 1,1) ==> U ,a = (0,0,1,1), 

X, a = (1,0,0,0) ^>X a = (-1,0,0,0), 

y. = (o, i, o, o) =» y = (o, -1, o, o) 

=> U a U a = U’ a x a = U- a Y,a = 0. 

The wave fronts are given by U = t — z = constant, the propaga¬ 
tion vector is U’ a , and the two possible polarization vectors are 



4/ X- a , Y ° 

X ° and Y°. I will just write down the electromagnetic tensor F& 
and show that it satisfies Maxwell’s equations for a vacuum, 

F ab = - 2G{U) X, la U M - 2H(U) Y, lo U, b]> 
where G(U) and H(U) are arbitrary functions of the phase U. 
Computing F ab it> we have 

F ttb ib = - 2G'(U) U, b X* a Urt - 2H'(U) U, b Y^ a U- b \ 

Since U ib U ,b , U tb X ,b and U, b Y b = 0 we have F a \ b = 0 and simi¬ 
larly jP[oi,c]= 0, which are the Maxwell equations for vacuum. To 
see what the field is like we take H(U) = 0 and compute E x = F u 
and get E x = G(U); similarly H y = E x . For monochromatic plane 
waves we take G( U) = e‘“ u = The other polarization (G( U) = 0) 

would give E y = - H X = H{U). 

A possible potential is A a = U, 0 [2Gx + 2Hy\, which gives F ab 

- A lb,a j- 

2. Gravitational plane waves, G ab = 0. I will write down a form 
for the metric, then say briefly where it came from, and then 
check the solution in some detail. 

The metric is [lj 

g ab =r lttb + U, a Uj,A, A = G(U)(x 2 - y 2 ) + 2H(U) xy, 
where U = t — z as before so that 
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ds 2 = - dx 2 — dy 2 — dz 2 + dt 2 + (dt — dz) 2 A. 

One might ask: Where did this solution come from? Well, the 
quantities and in the electromagnetic case are invariant 
under a 5 parameter subgroup of the Lorentz group, namely, 
translations in the x, y, and (0,0,1,1) directions plus two rota¬ 
tions in the U ,a , X ,b and U ,a , Y ,b planes. Assuming an identical 
symmetry group [2] in the gravitational case where = 0 we 
find there exist coordinates x, y, z, t in which the metric has the 
above form. 

Assuming the above form for the metric we want G ab and get 
it by just computing g then r^, then Robed, and then R ab . 

If we define U’ a = and = i?“ 6 — U' a U ,b A it follows that 

g ab gbc = W* - U*U' b A)( Vbc + U, c U, b A) 

= 8 a c - U’°U, C A + U- a U, c A = 5 a c , 
and at the same time one checks: 

U’^g^U,,, 

X, 0 = (1,0,0,0) =^X'°= (- 1,0,0,0), 

Y„ = (0,1,0,0) => Y-°= (0, - 1,0,0), 

U- a U, a = U- a X,o = U- a Y,o = 0, as before. 

We can calculate the Christofifel symbols and the Riemann tensor: 

Tt=\g ae { geb,c + gec,b ~ geb.e } , 

Robed = gae Ifc.d + gae — gae T d \ + g m T'x I*, 

where Schild’s conventions are used here and throughout. 

One obtains 

Robed = - 4 { G(U) [U, [a X, bl U, lc X, dl - U, [a Y, bl U, [c Y, dl ] 

+ H(U) [U, [a X, b] U, [c Y, d] + U, [a Y, b \ U, u X , di ]}. 

G{U) and H (IT) will presently be interpreted as the two ampli¬ 
tudes in the two possible polarization modes. The propagation 
vector is again U ,a . Computing R k = g^ Robed we get 

Rtc = - 4G(U) [1 U, [b U, cl - U, [b t/ c| ] +0 = 0, 
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and therefore the Einstein tensor vanishes and we have a vacuum 
solution. 

The Petrov type can be read off from the equation for R abcd by 
noticing RmU 4 = 0. The type is therefore N. (See Schild’s lectures.) 

3. Interaction of gravitational waves with test particles. Now 
imagine a gravitational wave impinging on two test particles. 
Actual test particles may be two atoms in a lattice, two weights 
on a spring, or any other physical object whose characteristic 
frequency corresponds to that of the incoming gravitational waves. 
The frequencies should be matched to assure the maximum energy 
absorption. In practice the dimensions of the test device are then 
very small compared to the wave length. Moreover, if we know 
relative accelerations in absence of atomic forces the actual relative 
accelerations can be computed. Therefore we replace the actual 
test device by two freely falling bodies and apply the equations 
of geodesic deviation: 

bX a = R\d V b V c dX d , 

where V a is the world velocity of one of the two test particles and 
bX a the connecting vector. 



V a V a =l, 8X a V a = 0. 

Assume V b = (0,0 ,a,$), so that V a lies in the 2 , t plane; this 
specialization does not affect the final conclusions. For the term 
E a d = R\ d V b V c we have 

E a d = ( V b U, b ) 2 { G(U) [X’ a X, d - Y' a Y. d \ 

+ H(U)[X’°Y, d + Y a X id ]\- 

dU/ds = lf b V h is the rate of change of phase seen by an observer 
with velocity V b . It can also be interpreted as a Doppler correction 
term to the frequency. To see this consider the case G(U) = e‘“° {t ~ 2> . 
Then 
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= G'{U) ~ = G(U) [ico 0 U b V b ], 

as as 

where s is the proper time of the observer. In the term E a b above, 
(V b U' b ) 2 can be interpreted as a Doppler shift correction to the 
wave amplitudes G(U) and H(U). 

For H(U) =0 consider a wave incident normally on the paper 
which is taken as the x, y plane. Suppose ‘0’ is an observer at 
x = y = 0 in the plane, and he is observing 6 other neighboring 
particles. One is above and one below ‘0’ out of the plane of the 
paper, and the other 4 are as shown below. The two particles out 
of the plane of the paper undergo no acceleration relative to ‘O’, 
and the other 4 particles accelerate only in the plane as indicated 
below. 

I 2 

1 ° 3 

l 4 

The G(U) =0 polarization is just rotated by 45°. 

If these were velocities rather than accelerations the fields 
would be expansion and rotation free, but of course not shear free. 
The wave therefore excites quadrupole shear oscillations of the 
detector. 

The metric ds 2 = — dx 2 — dy 2 — dz 2 + dt 2 + (dz — dt) 2 A appears 
to have a singularity as x or y —> ■=, but it does not. There exist 
coordinates which exhibit this lack of singularity, but the metric 
takes on a more complicated form. Alternatively, there exist 
Killing vectors which take you from any one point in the x, y, U 
hypersurface to any other point, and the nonsingularity at one 
point insures the nonsingularity at any other [l], [3]. Moreover, 
the space is geodesically complete [3]. That is, along all geodesics, 
spacelike, lightlike, or timelike, you can go to arbitrarily large 
values of the affine parameter. 

4. Other exact solutions. A solution of the field equations G a() 
= — 8 ttKToi, with nonvanishing T ab which contains a gravitational 
wave from a bounded, reasonable source, so far has not been found. 
What one can try to do is solve the equations G ab = 0 outside the 
matter and then try to deduce some properties of the source by 
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looking at the singularities in the solution. There are two general 
methods of solving the equations G ab = 0. They are, 

(1) Group theoretical methods [2], 

(2) Petrov-Pirani theory; Ehlers,[4]. 

In the end these methods do not give numbers for physical situations 
of interest. (1) breaks down because of the lack of symmetry in a 
radiation field from a bounded source, and (2) breaks down be¬ 
cause solutions that are algebraically special, in some sense, do not 
contain self-scattering of the waves, and hence they can come only 
from rather weird sources. 

II. Approximation methods. Because the exact solutions discussed 
in the first lecture do not show how gravitational radiation is related 
to its sources they do not produce useful numbers. To get estimates 
of the amount of radiation emitted by, say, an exploding supernova, 
we must turn to approximation methods. One of the oldest ap¬ 
proximation methods, and still the most useful, is to linearize the 
field equations. Most of this lecture will be concerned with linearized 
theory and the numerical estimates that it leads to. However, 
we shall also need to discuss briefly two other methods: asymptotic 
approximations and slow-motion approximations. 

1. Linearized approximation. Suppose there exist coordinates in 
which the metric has the form 

(1) Sab Vab thab 

where that, is in some sense small. We can then systematically ex¬ 
pand all relations of interest in powers of e and drop all but the 
first nontrivial term in each equation; this procedure gives linearized 
theory, e is treated as a formal expansion parameter which is set 
equal to one at the end of the calculation. 

If one plays with linearized theory awhile one finds some rules 
of the game. Before going into formal details let me mention these 
rules explicitly because on occasion different people mean slightly 
different things by linearized theory, (a) In units c = G = 1, which 
we shall use throughout, let M be a typical source mass, r a distance 
from the source, L a typical source dimension, and w a typical 
source frequency. Then the order of magnitude of the dimensionless 
quantity that, is typically, in the far zone, 

(a) M/r or (b) MLW/r 


( 2 ) 
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in static and dynamic situations respectively. Since Lw & V < 1 
where V is a typical velocity with which one part of the source 
moves relative to other parts, (2b) is typically smaller than (2a). 
(b) The sources of a linearized field live in Minkowski space; they 
don’t know anything about gravitational fields. 2 (c) Of course, 
linearized gravitational fields do not scatter off themselves, (d) In 
case of doubt it always pays to regard linearized theory as an ap¬ 
proximation to the exact theory rather than as a theory in its own 
right. However, after awhile one gets bored with this attitude 
because it almost always emerges that hj, can be considered as a 
Lorentz covariant field subject to Lorentz covariant field equations; 
all that remains of the general coordinate transformations are the 
gauge transformations discussed below. Because of this fact we 
shall henceforth raise and lower all indices with ^ and y ab re¬ 
spectively. (e) The effect of a linearized field on a test device or 
test photon can be obtained just as in the exact theory—the field 
may act on detectors though it is not allowed to react on sources. 

2. Gauge transformations. Aside from Lorentz transformations, 
there are other coordinate transformations that preserve the form 
(1) with e/ioi small, namely 


(3) 


X /a = X a + ef (*) 


with £°(x) arbitrary. From 


and (1) we have 


(4) h' ab = h^- 2where = 1/2 (^ + fc <0 ). 

The transformations (3) and (4) are called gauge transformations 
in analogy to the transformations A '„ = A a — <t> a of electrodynamics. 
Incidentally (4) is a special example of the following general theorem. 
Suppose gab = goab+ thab with arbitrary g oab and T a ... b ' is any 
tensor function of g^ with expansion T a .. b = T oa ... b " + tT ia ... 6 
+ • • •. Then under a transformation (3) 


In particular we temporarily exclude from the discussion sources such as 
rotating double stars whose acceleration is caused by gravitational fields. 
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(5) T[ a .. b - = T ia .. b - + ^T oa .. b - 

where is the Lie derivative (see Schild’s paper in these Lectures). 
Only gauge invariant quantities really mean anything in linearized 
theory because the gauge transformations are essentially just co¬ 
ordinate transformations. 

2. Field equations and their solutions. Equation (1) and g^g k 
= Sa implies g ab = ■n ab — th ab to first order in t. Also, 

( 6 ) Rabd = - < {h a[c . dib - h bMtt ) + 0(e 2 ), 

(7) G a b = e/2 ( 7 “^ - 7 <k,4 c - 7* c '°c + W.J , 

where y ab is defined by y ab = h° h — 1/2 r^hl. Henceforth we shall 
omit the symbols 0(« 2 ), etc. It follows from (6), (7), and (4), or 
directly from (5) that Rm and G a b are gauge invariant. It follows 
from (7) or from expanding G ab . b = 0 that 

( 8 ) Glo = 0 . 

In units c = G = 1 the field equations read 

(9) G ab =-8*T ab 


and are consistent with (8) since 

(10) T 04 ,* = 0 

for Lorentz covariant sources. (9) must in general be supplemented 
by some equations which govern the time development of the 
sources, but in linearized theory one can regard the sources as 
given. (9) has as one solution the retarded integral 

(11) V--4 

where we now set t = 1. This solution can be guessed from analogy 
with electrodynamics. It can be verified directly by substituting 
into (7), noting that 


( 12 ) 


l |x-x'| J 


- 4n-/(x / , t , ) ret 5 3 (x - x') 

— 4ir f{x,t) S 3 (x — x') 


where 5 3 (x) is the three-dimensional delta function and □ the 
D’Alembertian operator. Note that T ah :b = 0 together with (11) 
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y“% = 0. 

For reasonable T ab one can show the following uniqueness theorem: 
The general solution of (9) that has no incoming radiation differs 
from (11) only by a gauge transformation [4]. 

Suppose that the center of mass frame for the Lorentz covariant 
quantity T ab is well defined and that T ab = 0 in that frame whenever 
r= (x 2 + y 2 + z 2 ) 1/2 > r 0 . Then one can show that for calculating 
7 o 4 (or Robed) at points r > r 0 , T ab in (11) can be replaced by a multipole 
series of the form 

(14) T ab = A^t) 5 3 (x) + B^(t) b 3 (x) a + ... (« = 1,2,3), 

just as the charge current four-vector j a can be expanded in mul¬ 
tipoles in electrodynamics. We shall analyze the resulting fields 
up through quadrupole terms. 

If one requires that a T 0 * of the form (14) obey (10), that T ab 
contain no terms higher than quadrupole terms, and that we work 
in the center of mass frame, then one gets by a slightly tedious 
calculation omitted here [5]: 

(15) T “ 6 = m V a W + l/2(L“V b + L^V*) b\ c + l/2(Q aib \t) b 3 ) tij 
where 

(16) V a = 64 , m = const, L” =— L“ = const, L ab V * = 0 
and 

(17) Q aibj = QlWH t q«W] = 0 , Q aibj VlJ = 0. 

In (15) certain terms which give rise to no field outside the source 
or to a field which can be eliminated by a gauge transformation 
have been omitted. Note that Q“ bj has all the symmetries of a 
conformal tensor and therefore has 10 independent components. 
What do the various terms mean? Well, from integrating (15) 
and using (16) and f 8 3 ta d 3 x = f b 3 faff d 3 x = 0 (a,fi = 1 , 2 , 3 ) we have 

(18) m = J T u d 3 x. 

So m is the mass or monopole moment. Similarly (15), (16) and 
f b 3 ta x l3 d 3 x = — gf etc. imply L “ 4 = 0 and 
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(19) L“* = - J (T 4a x 0 - T iff x“) d 3 x. 

So L af is essentially the angular momentum. Next we have by 
similar manipulations 

(20) Q 4aW (t) = j T u (x°x° - (1/3 )S at r 2 )d 3 x = j T u x a x tl d 3 x. 

Therefore Q 4 “ 4d {t) represents vibrational quadrupole moments. 
The remaining components of Q a,bi represent rotational quadrupole 
moments; we shall not analyze these further here, because their 
contribution is usually small compared to that of the vibrational 
quadrupole moments. 

The solution of G ab = - 8ir T ab with T 0 * of the form (15) is simply 

mV a V b /r+l/2(L ac V b +L bc V a ){l/r) c 

( 21 ) 

+ 1/2 (Q aibj {U)/r) ti j 

where U = t — r is the retarded time. This solution can be obtained 
by integrating (11); to check that it is a solution we merely use 
(7), (12) and its derivatives, and note that y ab ,b= 0 is implied by 
(16), (17), and (21). 

From (6) and (21) we can now get R abed . Let us retain only the 
far-field, 1/r terms. Then using (17) 

(22) R abcd =(- 2/r) (Q^ c U A U- b - U- a ) U ti Uj, 

where Q a,bJ (U) = dQ a,bJ /dU etc. Note various features of this result: 
(i) The monopole and dipole moments do not contribute to the 
radiation field; this result is analogous to the result in classical 
electrodynamics that monopoles do not radiate, (ii) R abcd U fd = 0 to 
this order and U iB U’ a = 0 so the far-field is Petrov type N; this 
result implies that in any one direction the polarization pattern 
is the same as that I sketched in §1 for plane waves, (iii) Apart 
from small numerics, polarization directions and angular variations, 

(22) means 

(23) 5 x^(Q'/r)6x 

where Q is some source quadrupole moment and 8x the separation 
between two test-particles as in §1. 

Equation (23), or more explicitly Equation (22), together with 
(20) are the key equations for establishing numerical estimates. 
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Suppose we insert some numbers appropriate to astrophysics. 
We have a body of roughly solar mass M Q ^ 10 “ 5 sec and solar 
size L 0 s 10 sec which has a quadrupole moment of order M Q L% 
from (20) provided it is quite irregular. It undergoes some violent 
explosion. Then a typical frequency to of the motion cannot be 
larger than 1/L 0 because otherwise the velocities involved would 
be greater than c = 1. Finally suppose our distance from the event 
is 1000 psc et 10 11 sec. Then the radiation from (23), causes 

(24) Q/rs (M Q L 2 QU*)/r < 10 ~ 18 sec 2 . 

For comparison, a peanut at rest in college town about a mile 
away causes static tidal forces—not forces, but tidal forces since 
we are talking of relative accelerations per unit distance—of 
roughly the same magnitude. Of course a time dependent signal 
might be easier to detect than a static peanut, but the numbers 
are clearly bad. 

One can try inserting other situations from H-bombs to quasars 
into (23) but nothing really buys you much unless one lets L get 
nearly as small as 2 M so that to can in principle get nearly as large 
as 1/2M. Of course for L < 2 M the body has gone through its 
own Schwarzschild “singularity” and all effects are red shifted 
beyond detectability. Thus for an exploding neutron star under 
the most extreme conditions l/a'< L <2M Q we would have 

(25) dx/dx at 1/(4 M 0 r) < 2 X KT’sec -2 

provided we can trust linearized theory in this now heavily non¬ 
linear region. This might barely be detectable. Note that considering 
heavier bodies only decreases the relative accelerations caused by 
the gravitational waves (though, as Misner pointed out during 
the lecture, it increases the length of time the signal could last) and 
of course known lighter bodies have dimensions much larger than 
their own mass. Therefore (25) is close to an absolute upper bound 
in nature as we know it. 

I should like to conclude with two comments. First, what about 
radiation from a pair of stars (or galaxies) that circle each other 
due to their Newtonian gravitational attraction [5]. This problem 
is different from those considered above for two related reasons: 

(1) The force that here causes accelerations is itself a gravita¬ 
tional field, so that our picture of a T ah caused by sources which 
do not notice gravity breaks down. 



140 


R. K. SACHS 


(2) The velocities involved automatically obey V 2 ^ M/r; 
therefore linearized theory which neglects terms of order (M/r ) 2 
but keeps terms of all orders in V does not make much sense. To 
really handle the problem one has to go to the so-called slow motion 
approximation in which everything gets expanded in powers of 
V (remember V < c = 1). Then life gets very complicated because 
the radiation effects, if they show up at all, will show up only in 
quite high order terms. Until very recently it was not clear whether 
one got radiation or not. However, it now seems to be agreed that 
in fact the Equations (20), (22) from linearized theory also apply 
to that case [6]. 

The second comment concerns radiation reaction. Presumably 
as the source sends out waves it in some sense loses energy and 
has its motion damped. No one has ever really managed to work 
out this effect in convincing detail. However, calculations in post- 
linear approximation using the pseudo-tensor [5] and some more 
rigorous asymptotic (large distance) approximations [7] both suggest 
the following: (1) The source does lose energy; (2) The amount 
of energy loss is that obtained from the pseudo-tensor calculation. 
The latter calculation shows that the power loss (again suppressing 
numerics and polarizations) is the dimensionless quantity 
(25) (Q) 2 ^MW. 

Under extreme conditions l/usL^2M this becomes a pure 
number of order unity—the source loses about one second of mass 
in one second of time s* 10 59 ergs/sec. Then if we assume that 
even in this heavily nonlinear region the total energy available 
to the source is not larger than M it follows that the radiation 
under the most extreme conditions cannot last longer than a time 
of order M. 
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Measurements 
of Space Time Curvature 
and Search 

for Gravitational Radiation 


It has been said that roughly 5000 theoretical papers have been 
written about general relativity and less than a dozen experi¬ 
ments carried out. I will discuss a new kind of experiment which 
is being performed at the University of Maryland, using laboratory 
sized masses and the masses of the earth and moon. 

A large fraction of published work concerns the tightly coupled 
problems of energy, radiation, and the equations of motion. Our 
experiments involve apparatus to measure the dynamical curvature 
tensor and search for gravitational radiation. 

Sachs has already discussed the theory, but a few additional 
comments are in order now. To prove, theoretically and rigorously, 
that general relativity predicts gravitational radiation we must 
do the following: 

(a) Obtain solutions of R„, — 0 without singularities. These 
should resemble spherical waves at intermediate distances, but 
at large distances the boundary conditions should be appropriate 
to the metric of a Friedman type universe. 

(b) In the region of the sources of the radiation a solution of 
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must be obtained, again without singularities, and these solutions 
must be matched up at some appropriate boundary. 

Various modifications of such a program in certain levels of 
approximation have been carried out. These investigations make 
the existence of radiation very plausible, but are not in any sense 
rigorous proofs. It is interesting that the corresponding mathe¬ 
matical problem for electrodynamics—the radio antenna—was 
not solved until 1939. By then it was an anticlimax. 

Einstein gave us approximate, linearized solutions. He wrote 
( 5 is the Lorentz metric, and <£„„ are first order quantities): 

= b„„ + h„„ <t> u , = — - b^h, 

r\ = 0, □*„= 

C 

Hardly any physicist who looks at these equations doubts the 
existence of gravitational waves. It is interesting that Einstein 
changed his mind about this several times during his life. There 
are important questions such as the issue of the convergence of 
the series for which the linear approximation is the first term and 
the question whether there are exact solutions which indeed 
correspond to the linearized ones. 

For the elementary particle physicist the linearized equations 
imply that gravitons are particles of spin 2. If we think in terms 
of a Yukawa potential, the infinite range of the gravitational field 
implies a zero rest mass for the gravitons. In a multipole expansion 
the lowest order radiative term is quadrupole radiation. This may 
be understood in simple terms as a consequence of momentum 
conservation. For example, consider an isolated system composed 
of a large mass M coupled to a small mass m by some means such 
as a spring. From linear momentum conservation we may write 
Mx M + mx m = 0. 

For small velocities this equation may be differentiated to give, 
approximately, 



This states that the sum of mass times acceleration over a system 
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vanishes, and this corresponds to the object which gives dipole 
radiation in electrodynamics. Retardation effects then come in 
to give quadrupole radiation as the lowest nonvanishing order. 

Einstein and later Eddington considered radiation from a spinning 
rod. Their result for the radiated power was 
P = 32 G/ 2 <o 6 /5c 5 . 

Here G is the constant of gravitation, I is the moment of inertia, 
to is the angular velocity, and c is the speed of light. For a one 
meter rod spun so rapidly that it is on the verge of rupture, the 
radiated power is 10 37 watts, and the radiative “lifetime” is 
10 3S years. Ordinary double stars have a radiative lifetime of 
about 10 12 years. 

For atomic transitions, if the selection rules permit graviton 
emission, we can estimate the transition rate using the formulas 
from electrodynamics and replacing the square of the electron 
charge e by Gm 2 . Since Gm 2 /e 2 = 10 -43 , this tells us that graviton 
emission is quite negligible in atomic processes. 

These sources are hardly promising, but they suggest two kinds 
of experiments. One involves laboratory sources—the analogue of 
Hertz’s experiments. In Einstein’s day the power which could be de¬ 
tected was roughly sixty orders larger than the available power. 
Our work has improved this picture by about fifty orders. But a 
Hertz type of experiment today would perhaps involve a source 
of the size of a small campus filled with stress and energy to the 
bursting point, and suitable detectors. 

The other kind of experiment involves search for astronomical 
sources of radiation. This also requires development of a detector 
to measure the Riemann tensor. 

Measurement of the Riemann tensor. A single mass does not 
give information because the observer undergoes the same motion, 
as required by the equivalence principle. If two masses are used 
we may observe relative displacements. 

A practical device is tremendously improved if nongravitational 
forces are made use of as restoring forces. The simplest detector 
would consist of two masses and a spring: 
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If the relative displacement is denoted by £" and if the (sufficiently 
good) approximation is made that the center of mass world line 
of the oscillator is a geodesic with four velocity U“, then the equa¬ 
tion of motion may be shown to be 

8 2 £*/8s 2 + R“ afiy U a r 0 U y = f "/ me 2 . 


Here /"is the nongravitational force acting on particle 2, and m 
is the reduced mass of the oscillator. In a comoving Fermi co¬ 
ordinate system for a harmonic oscillator this becomes 


dt 2 


m dt m 


— — c 2 i?" 0 „ 0 r“, 


where r is the equilibrium length of the spring, k is the elastic 
constant, and D is the damping constant. Similar equations have 
been deduced for the propagation of waves in an elastic solid. 
For one-dimensional elastic waves, using a Riemann normal co¬ 
ordinate system, we have for the strain 6 


v d 2 d d 2 0 , 86 

Y W~'’W- b Tt 


c 2 P R\ l0 . 


It is clear from these equations that a harmonic oscillator or 
the normal modes of an elastic solid may be used to measure the 
Riemann tensor and search for gravitational radiation. 

An important question is what is the absorption cross section 
of a gravitational wave antenna. 

W e recall that the absorption cross section of an electromagnectic 
wave antenna averaged over all orientations in space is independent 
of the detailed structure of the antenna and is equal to a wave¬ 
length squared divided by 4ir. This result is based in part on the 
fact that the radiation resistance of the antenna can be matched 
by an equal load resistance. If the latter condition could be met 
in gravitation theory a similar result would follow. Unfortunately, 
the gravitational radiation resistance is so incredibly small that 
other processes which produce dissipation of energy within the 
antenna give rise to resistance many orders larger than the gravi¬ 
tational radiation resistance. Under these conditions the absorption 
cross section depends very much on the parameters of the antenna 
and is given by 


= 15ir 3 G(mr 2 ) r/2cX 2 . 
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Here a is the cross section, A is the wavelength, r is the relaxa¬ 
tion time—the time required for free oscillations to decay by a 
factor e. The cross section is seen to be proportional to the antenna 
quadrupole moment. A somewhat more revealing way of writing 
the cross section is the following: 

_ 15ir 3 £ Gm/c 2 ][?]"• 

This indicates that the gravitational cross section is the optical 
cross section multiplied by two factors. One is the ratio of the 
gravitational length to the wavelength, the other is the number 
of wavelengths contained within the averaging length cr. 

University of Maryland detector. At the University of Maryland, 
Forward, Zipoy and I have constructed apparatus for measure¬ 
ment of the Riemann tensor and search for gravitational radiation 
in the vicinity of the angular frequency o> = 10 4 . This consists of 
a 1 \ ton aluminum cylinder, 2 feet in diameter and 5 feet long. 
It is suspended in a vacuum chamber and rests on acoustic filters. 
Piezoelectric crystals convert the normal mode vibrations into 
electric fields. Cryogenic electronics achieve the best possible 
impedance match and give good noise performance. The sensitivity 
is limited by the Brownian motion, which can be estimated using 
the equipartition theorem, mu 2 (x 2 )/2 = kT/2. This implies an 
ultimate strain sensitivity roughly parts in 10 16 for observations 
over the averaging time of 30 seconds. This sensitivity has been 
achieved. Possible sources which might be observed by this ap¬ 
paratus are collapsing double neutron stars as suggested by F. J. 
Dyson and R. Forward, and collapsing supernova cores as suggested 
by S. Colgate. 

We remarked earlier that the absorption cross section for such 
an antenna is proportional to its quadrupole moment. What is 
the largest quadrupole moment which may be achieved? The 
earth itself is an elastic body, and some of its normal modes have 
quadrupole symmetry. A number of methods may be employed 
to observe earth strains. We have been employing a gravimeter 
to infer the earth strains by observing the time dependent accelera¬ 
tion due to gravity of the earth’s surface. Strains of about a part 
in 10 9 may be observed. Fourier analysis has thus far failed to 
reveal that the modes of quadrupole symmetry of the earth are 
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being excited in preference to the modes of spherical symmetry. 
Seismic and meteorological activity limits the sensitivity of the 
earth as a detector. Apparatus is being developed for emplacement 
on the moon, by one of the Apollo Astronauts. The earth’s 54 minute 
mode has an absorption cross section of roughly 10000 square meters, 
and the 15 minute lunar mode has an absorption cross section of 
roughly 100 square meters. 

New laboratory sources. The kind of detectors we have discussed 
represent very substantial improvements over earlier available 
devices. Improvement has also been achieved in sources for dynami¬ 
cal gravitational fields. The spinning rod is not a good source be¬ 
cause ultimately rupture occurs due to concentration of stresses 
in the vicinity of one point, the center. Improvement can be 
achieved by making use of the stresses in a rectangular acoustic 
resonator, excited in one of its vibrational modes. If rupture 
occurs it is now due to stresses over a plane. The velocity of sound 
is five orders less than the velocity of light. To obtain a radiator 
with linear dimensions about a gravitational wavelength, an 
acoustic standing wave system composed of many acoustic wave¬ 
lengths may result. Ordinarily each half acoustic wavelength 
section oscillates out of phase with that of its nearest neighbor. 
The result may be an assemblage of quadrupoles with a total 
radiation no larger than a single small quadrupole because of the 
radiation cancellation from alternate half acoustic wavelengths. 
By use of the piezoelectric effect it is possible to build up large 
polarization charges on the end faces of a crystal. Under certain 
conditions of operation these result in stress components which 
do not alternate in sign every half acoustic wavelength. By such 
means it is possible then to achieve a source in which large stresses 
are maintained over volume regions with extensions of the order 
of gravitational wavelengths. Thus by the combination of new 
sources and detectors we have substantially improved the outlook 
for Hertz type of laboratory experiments. 

University of Maryland 
College Park, Maryland 
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Conserved Quantities 
and Conformal Structure 
in General Relativity 


1. Conserved quantities in the presence of gravitational radiation. 
In the linearized theory of general relativity, gravitational radiation 
is accompanied by the conservation of mass, momentum and 
angular-momentum for regions surrounded by empty space. 
However, as was first shown by Bondi [l] (cf., also [2], [9], [5]), 
mass loss will accompany outgoing gravitational radiation in the 
full theory. There are, nevertheless, for asymptotically flat space- 
times in the presence of gravitational radiation, ten new conserved 
quantities [4]. The sketch (Figure 1) shows how these and mass 
might be measured. 

Here m x is the mass of the source before radiation and m 2 is 
the mass of the source after radiation. We may measure m l by 
examining the field at large distances from the source, on a space¬ 
like hypersurface which cuts the world tube of the body before it 
emits the radiation. If we try to measure m 2 similarly on an ordinary 
spacelike hypersurface which cuts this world tube after the radiation 
is emitted, then we find that the hypersurface must intercept the 
radiation also. Thus, instead of measuring m 2 we will be measuring 
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m 2 plus the mass carried by the radiation, which is again equal to 
m i- We can avoid this difficulty if we use null hypersurfaces on 
which to measure mass. The mass m 2 can be measured if we choose 
a null hypersurface which lies entirely within the cone of radiation. 
We can similarly measure mi on a null hypersurface which opens 
out into the future before the radiation is emitted. 

Similarly to the case of mass, the ten new quantities can be 
measured at infinity on any null hypersurface opening into the 
future, but unlike the case of mass they turn out to be the same 
whichever hypersurface is chosen provided the space-time is 
empty at infinity. Their exact definition will be given later. 

The ten quantities can also be defined in the linear theory, 
but then it turns out that they always vanish for retarded fields. 

For any stationary vacuum field (with asymptotic flatness) 
the ten quantities can be expressed schematically as 
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(1) (mass) X (quadrupole moment) - (dipole moment) 2 . 

(We will not prove this here, however.) The definition of these 
multipole moments can be taken from linear theory. In the full theory, 
both the source and its field must be expected to contribute to the 
values of the moments, but in any case, the quadrupole term 
measures an asymmetry of the source. The dipole moment includes 
an imaginary part describing the angular momentum. The ex¬ 
pression is origin independent (as it must be since, if we use a null 
cone on which to measure the ten quantities, we can choose any 
origin as its vertex). 

Let us do a simple thought experiment. We start with two 
hemispheres with their flat surfaces held apart by a small rod, as 
a stationary solution in asymptotically flat space-time. Then in 
a finite time interval this configuration is allowed to collapse into 
a sphere. As the gravitational field of the body changes, this is 
accompanied by a disturbance travelling outwards with the speed 
of light, so the body radiates gravitationally. It is easy to arrange 
things so that the source does not bounce (Figure 2). 

Now, the ten quantities must be conserved. If our null hyper¬ 
surface is chosen correctly, our measurement of the quadrupole 
and dipole moments of the sphere can surely be made zero so that 
the ten quantities would apparently vanish. But the ten quantities 
do not all vanish for our original configuration. Clearly this shows 
that the original configuration cannot be deformed into an exact 
stationary Schwarzschild solution under these conditions. Thus, 
it must be that more terms, which have to be added to the ex¬ 
pression (1) to deal with nonstationary cases, are relevant here, 
so that the resulting ten quantities can be conserved. These terms 
perhaps involve an incoming field (since in the linear theory the 
ten quantities are nonzero only for fields with an incoming compo¬ 
nent) . Here, this field would have to come from back-scattering of 
the gravitational waves, since we are supposing that no waves come 
in from infinity. 

Note that in the Schwarzschild solution the curvature behaves 
as the mass times r :i , so that we expect to measure mass in general 
by examining r :l terms in the curvature. On the other hand, the 
ten quantities are obtained from r 6 terms in the curvature. The 
back-scattering presumably decreases locally with time even though 
the r 6 part of the back-scattered field does not decrease. One 
can think of the final state as being asymptotically spherical. 
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Figure 2. Back-scattering 

2. Conformal technique. We wish to measure quantities at infinity 
and to set boundary conditions at infinity which insure the finiteness 
of various physical quantities (such as total energy, etc.). If we 
examine space-time from the point of view of its conformal structure 
only (e.g., angles, null cones, null geodesics), we can discuss infinity 
without recourse to an asymptotic limit. It turns out that we can, 
for asymptotically flat space-times, introduce two null hyper¬ 
surfaces at infinity (past and future) which can be treated, con- 
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formally, the same way as finite hypersurfaces. Null infinity of 
the original space is represented by these hypersurfaces [6], [7]. 



Let us consider the simplest case—Minkowski space-time 
M 4 , where 

ds 2 = dudv - (u - v) 2 (dd 2 + sin 2 0<4 2 )/4, 
v = t + r, u = t — r. 

We introduce a conformal transformation with conformal factor 

0= (l + u 2 )- 1/2 (l + J> 2 r 1/2 . 

Here, tildes will always refer to quantities in the original physical 
space. The transformed space is a conformally equivalent, “non¬ 
physical” space M 4 with metric ds. 

We put 

ds = tlds, 

and, since 11^0 at infinity, distance will become infinitely com¬ 
pressed at infinity. Now, 

ds 2 = ti 2 ds 2 = dpdq — sin 2 (p — q){dd 2 + sin 2 0d0 2 )/4 
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with u — tanp and v — tan q (so that points at infinity are not given 
infinite coordinates). The two hypersurfaces representing infinity are 
given by q = t/2, - t/2 <p < t/2 andp = - t/2, - t/2 < q < t/2. 
These hypersurfaces represent the future and past null infinities. 
In addition there are three points I~ (p = - t/ 2, q= -ir/2), 
7° (p = - t/2, 9 = t/2), and 7+ (p = t/2, <? = t/2) representing 
past timelike, spacelike and future timelike infinities. (7° is, in 
fact, a point, but this is not important here.) Space is regular in 
the neighborhood of the bounding hypersurface in A7 4 . 



Figure 4. Finite M 4 


Our definition of asymptotic flatness in curved space-time M 
with = 0 at^nfinity is that M exist, with interior conformally 
equivalent to M via ds = ads, so that: 

(b) a suitably differentiable throughout M with 12 = 0 on the 
boundary M of M, 

(c) suitable topological conditions (e.g., null geodesics have 
two end points on M). 

The metric 

d§ 2 = R~ 2 AdR 2 + 2B l dx l dR + R 2 Cijdx l dx J , 
where i,j = 1,2,3 and A, B t and Cq are sufficiently differentiable 
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functions of x* (n — 0,1,2,3), with x° = R \ includes as special 
cases many metrics which have been suggested as representing 
gravitational radiation [2], [8], [9] (and probably also [5]). If 


this implies that 

ds = Qds, 

with Q = R 1 , is regular on our bounding hypersurface of M. 
(These metrics also include de Sitter space and the asymptotically 
de Sitter spaces of Demianski. These are not asymptotically flat 
in the usual sense, even though (a), (b), (c) are satisfied. This is 
because, here, G„„ = — ^ 0.) 

3. The field at infinity and the conserved quantities. A zero rest- 
mass free-field can be regarded as being conformally invariant. 
For a spin two field consider a tensor K pppp subject to 

X MM , 

( 2 ) K aM = 0 , 

K\ a , = 0 

and the “free-field equation” 

(3) ^[ P K afi]pa = 0, 

where V M indicates covariant differentiation (and the square 
brackets denote skew-symmetrization). In flat space, (2) and (3) 
is the gauge invariant description of a spin two, zero rest-mass 
free-field (i.e., linearized source-free gravitation). In curved space, 
the Equations (2) and (3) can still be used, but this implies a 
relation 1 connecting with the conformal curvature that must 

be satisfied. Equation (3) is preserved under the conformal trans¬ 
formation 

(4) A, = 

if 

(5) K pvpc = QK P , P „. 


The general relation is K plip ^ C r (“ f = 0. 
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The conformal tensor C„ p . satisfies (2), and also (3), whenever 
G„, = 0. (Actually weaker conditions will suffice.) Thus, in the 
original space we can set 

(6) K ppp , = 

since this will imply that (3) holds in M, in the regions free of 
matter. However, 

C ma = Q 2 C„," 

(cf., Schild, Lectures on general relativity theory, these Lectures). 
Thus, in the unphysical space this entails 

(7) C„. = SlK pppp . 

We now have the free-field Equations (3) holding for K pppp (and 
not C pppp ) in the unphysical space M, in the regions corresponding 
to the empty regions of M. We wish to study the asymptotic gravi¬ 
tational field 2 by examining K pyp , on the boundary hypersurface 
M. For this to work, K pip , must be regular and finite on M. But 
from (7), this clearly could only happen if C„„ p< , = 0 on M. Fortu¬ 
nately, it can be shown that our assumptions already imply C w „ = 0 
there, and it follows that K pppp is necessarily regular on M. 

We will measure the energy-momentum and the ten conserved 
quantities on a null hypersurface S, opening into the future^ since 
we are considering outgoing radiation. Let S be the image of S~in M. 
We are concerned with measurements made at infinity, so it is 
really only the quantities defined on the intersection 2 of M with 
S that will concern us. Suppose, now, we wish to compare a quantity 
measured on one hypersurfaoe with the same quantity measured 
on a “later” hypersurface S 2 . Let 2! and 2 2 be the respective 
intersections of M with and S 2 (Figure 5). We will have an 
integral over 2 X which we wish to compare with a corresponding 
integral over 2 2 . The idea here is to use Gauss’ theorem on the 
three-surface M. The difference between the integrals over 2 X and 
2 2 will then be expressed as an integral of some “divergence” over 


2 The point of view here is that K„ rp „, subject to (2) and (3), is the zero rest- 
mass spin two field which describes “free gravitation,” this “free gravitational field” 
being conformally invariant. The “interactions” are expressed through the Bianchi 
and Ricci identities as applied to — aK prpc . The conformal noninvariance 
of these “interactions” is manifested in the explicit appearance of Q in these 
expressions. 



CONSERVED QUANTITIES AND CONFORMAL STRUCTURE 


155 


the portion M' of M lying between and S 2 - If this divergence 
vanishes, we will have an exactly conserved quantity. Otherwise, 
we may be able to regard the integral over M' as the contribution 
to the quantity in question which is carried away by the gravi¬ 
tational radiation. 



Figure 5 

For asymptotically flat spaces, M is in fact a null hypersurface 
[7]. The structure of M is essentially the same as for Minkowski 
space (Figure 4). We shall omit the three points I~, 7°, I + here. 
Then M consists of two portions, each of which is topologically a 
“cylinder” S 2 X E 1 . We are concerned, here, only with the future 
portion M + , and by judicious choice of conformal factor 12, we can 
ensure that the geometry of M + is as simple as possible. In fact, by 
taking one generator of M + “back to infinity” we can open out the 
cylinder into a space with Euclidean three-space topology. Further¬ 
more, it turns out that we can also make this three-space metrically 
flat (Figure 6). This will simplify matters considerably. 

In order to proceed further, we will need to use two-component 
spinors (cf., Schild, Lectures on general relativity theory, these 
Lectures). The quantity a AB ‘ (Hermitian (2 X 2) matrix for each 
n) translates tensor quantities into spinor quantities and satisfies 

AH' CD' „ 

a - *AC*B'D' = 
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To preserve this under conformal transformation we set 

(8) a AB ‘ = ai AB ' 

with 


*AB — i A B, tA'B’ = tA'B’- 

We have 

KaP’BWCR'DS' = 4>ABCDtP'Q' (R'S' + t A B ( CD‘Pp'(JR'S', 

Curpa*-* CaP'BQ'CR'DS' = 'ifABCUtP'Q’tR’S' + tABtCD'ifp'Q'R'S', 

so that 

(9) <t>ABCD = Q~ l ifABCU — tt~ 3 <i>ABCD = 52 '^ABCD 

by (4), (5), (6), (7), (8). 

We introduce a spinor reference dyad o A , i A in the neighborhood 
ofM + , with o a l a = 1 [3], where the null direction in M + is repre¬ 
sented by i A and the null directions in Si and S 2 are represented 
by o A (Figure 5). It turns out we can choose i A and 52 so that 
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V AB' <-C = 0, 0 A 0 B V AB '0 C = 0 | 

(10) 'f >abcd =0, R = 0 (on M + 

Racbw i A i B — — 21 V L C 'tB', \ 

where R is the scalar curvature and where Racbd' and V A b' are, 
respectively, the spinor translation of the Ricci tensor f?„„ (which 
generally does not vanish in M) and of the covariant derivative 
operator V,. These equations will be required shortly. 

Let l a , o a and r be defined on M so that the null directions in 
Si and S 2 are represented by o A . Let both i A and o A be parallelly 
propagated along the generators of S x and S 2 , and so that (near 
M + ) i A , o A are the respective images of i A , o A in M. (This can 
always be arranged.) The radial parameter r is an affine parameter 
on each generator of S x and of S 2 (scaled so that o A o B V AB .r = 1). 
We have [7] 

( 11 ) o A ~ Sl 1/2 o A , : A ~ a~ 1/2 L A , r ~ $ 2 _1 . 

The five complex components of C„„ p „ may be defined by 

*o = $abcdo a o b o c o d = 0(r -5 ), 

*i = ^abcd5 a 5 b 5 c l p = 0(r~*), 

^2 = ABCD ° A 0 B 1^1° = 0(r -3 ), 

^3 = ^ abcd o A i B = 0(r~ 2 ), 

*4 =*ABCDrWr D =0(r- 1 ). 

The order of magnitude behavior of these quantities is a conse¬ 
quence of the asymptotic flatness of the space (“peeling-off” 
property [3], [9]) and, more specifically, of the finiteness of K^, 
(i.e., of 4>abcd) on M + . This follows from (9) and (11) [7]. Put 

(12) *o = 'J'or -5 + ^dr -6 + 0(r“ 7 ), 

(13) * 2 = * 2 r -3 + 0(r~ 4 ). 

By writing a A = i B a A B, where a AB is a symmetric spinor repre¬ 
senting a bivector, we can put Gauss’ theorem (applied to this 
bivector) into the form 

) a A o A d S 2 — j a A o A d = ( . r c 'V ca A di:dn, 

Jz 1 Jz 2 JM' 

where dz 2 , dz u dz are surface area elements {d Z referring to the 
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area of a cross-section of M '—the portion of M + between 2 : and 
2 2 ) and dn is an element of affine distance in the null direction in 
M + (Figure 6). For the ten conserved quantities we take 

a P ’ = oWoW EP'4>ABCD + 5o A o B o C o D <p AB cn V qpo^. 

Then it turns out (from (10) and (3)) that 

r B 'v AB ’« A = o, 

so that 

J a A o A d 2 X = I a A o A dl, 2 . 

Sl Js 2 

Here 

(14) ap'0 P = o A o B o c o D (o E o p V ep’ + 5 o p V qp'O®) <I> A bcd• 

In the physical space M this amounts to the term 4^ of (12). 
(The o e o p V EP ' derivative acts along the generators of S u S 2 and 
takes us to the r -6 term. The term with 5o p Vq P ' 0 Q is a correction 
term to make the operation conformally invariant, and it knocks 
out the r^term of (12).) Thus, roughly speaking, if we integrate 
the 'I'o for S u we get the same answer as for S 2 ; however, we must 
take into account the weighting factors involved in the conformal 
transformation. In fact, we get different weighting factors depending 
upon which generator of M + has been chosen to be “at infinity.” 
Because of the conformal properties of (14), it turns out that there 
are just five linearly independent such weighting factors. The 
final result can be stated [4]: 

Q m = J* ’J'o2Y2 >m sin0d0d0 (m = — 2, — 1 , 0 , 1 , 2 ), 

where r 2 (dd 2 + sin 2 dd<t> 2 ) defines the metric of the sphere at infinity 
on Si or S 2 . The “weighting factors” 2 Y 2 , m are “tensor” spherical 
harmonics defined by 


2^2,™ 


24-«(»i»4 


. a \ / i e 

1 d</>) \ sin 0 dd 


J-±) 

sin 2 0 00/ 


Y 2 , m 


where Y %m are ordinary harmonics. The real and imaginary parts 
of the five Q m are then the required conserved quantities. 
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In the same way, we can treat energy-momentum. Here, put 
a A —— <t>ABCDO B l C l D + Nr c o B V AC '0 B 
(for N, see (10)). It then turns out that 

r c 'Vfra A =\N\ 2 . 

The quantity N is essentially the Bondi-Sachs “news function,” 
with | iV| 2 representing the energy-momentum flux of the gravi¬ 
tational waves at infinity. We have 

& a o a = — <I> A bcdo a o b i c i d + Nr c o A o B S7 ac'Ob 
which, when translated into the physical space M, becomes — 

Na 0 (cf., (13)). The term No 0 is essentially a correction term 
arising from the fact that the hypersurfaces S u S 2 need not be as 
“isotropic” asymptotically as ordinary null cones in^ Minkowski 
space. The term a 0 measures the asymptotic shear of S u S 2 . Again 
the conformal transformation leads to different choices of weighting 
factors arising. Here there are four linearly independent choices— 
corresponding to “total energy” and the three components of “total 
linear momentum.” The integral of - *£, “corrected” by No 0 , 
over the sphere at infinity of or S 2 then gives the total mass of 
the system intercepted by the hypersurface. 
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Taub-NUT Space 
as a Counterexample 
to Almost Anything 


This lecture will discuss some of the peculiar properties of 
the metric 

ds 2 = (< 2 + l 2 )(dd 2 + sin 2 ed<t> 2 ) + U(t)(2l) 2 (d$ + cos 6d<j>) 2 
+ 2(21) (d$ + cos 6d<t>) dt 

where 

(2) U(t) = — 1 + 2(mt + l 2 )/(t 2 + l 2 ). 

This metric satisfies the empty-space Einstein equations 

(3) iC = 0 

and has been discovered by both of the prime exact-solution¬ 
finding methods mentioned by Sachs in his paper in these Lectures. 
Taub [5] discovered it in a systematic development of a class 
of metrics with high symmetry. Later it was rediscovered by 
Newman, Tamburino and Unti [4] studying a class of alge¬ 
braically special metrics. Actually, Taub gave the metric in a 
coordinate system covering only the region where U(t) > 0 
(“Taub space”) in which the t = const hypersurfaces are space¬ 
like, while Newman, Unti and Tamburino gave the region where 
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U(t) < 0 (“NUT space”) in which the lines (td<t> constant) 
are time-like. 

This Taub-NUT space has many unusual properties, some of 
which are also known in other metrics. I will give a short list 
and then discuss a few: 

1. Although the Taub region U> 0 can be interpreted as a 
cosmological solution with homogeneous but nonisotropic space 
sections, it evolves into NUT space which seems to have no 
reasonable interpretation. 

2. The NUT region contains closed time-like lines. 

3. The NUT region does not contain any decent space-like 
hypersurfaces. 

4. Although the curvature tensor vanishes as one approaches 
infinity in space-like directions, asymptotically rectangular co¬ 
ordinates (#„„ —>»?„„) do not exist. 

5. Taub space allows, besides Equation (1), another, inequivalent, 
maximal analytic extension. 

6. Taub-NUT space is nonsingular in a meaningful mathematical 
sense but is not geodesically complete. 

7. There are closed geodesics (circles) on which one cannot 
extend the solution of the geodesic equation to infinite values of 
the affine path parameter. 

The first four points are discussed in my paper [3] on NUT space 
and will not be considered further here. Points 6 and 7 are based 
on a study of the geodesics which Taub and I [6] hope to finish 
writing soon. An example of inextendable closed geodesics (7) for 
a simpler metric is given in the paragraph containing Equation 
(1) in my paper [3]. The question of the nonuniqueness of analytic 
continuation for metrics (point 5) is also based on the paper by 
Taub and Misner [6] and will occupy us for the remainder of 
this lecture. 

Before discussing analytic continuations we must discuss ana- 
lyticity. A function of several real variables f{xy • ■ • z) is analytic 
at x 0 y 0 ■ • • *o if it has a power series expansion about that point 
with a nonzero radius of convergence. A function f ( P ) on a manifold 
M is analytic if it can be represented as an analytic function 
fix 1 ,x 2 , ■ ■ ■ ,x 4 ) of the coordinates in the various coordinate patches 
defining the analytic structure of the manifold (see Auslander and 
MacKenzie [l] for the definition of manifolds and of differentiable 
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structure). Tensors are analytic if their components are analytic 
functions of the coordinates in each coordinate patch. A symmetric 
tensor is a metric only if it has the proper signature (—|—|—(-); 
in particular g = det g r , cannot vanish. The metric of Equation 
(1) fails to satisfy the signature requirement at 6 = 0, w since in 
these t\pd<t> coordinates one has 

(4) ( — g) 1/2 = 2/(t 2 + l 2 ) sin0. 

We will therefore try to interpret Equation (1) as defining the 
metric on a coordinate patch where t\f/6<t> have the ranges 

-«><*<+<», 0 <6 < ir, 

(5) 

0 < < 4ir, 0 < <t> < 2ir. 

Analyticity of the metric in this range is obvious, as is the choice 
of limits on t and 6. It remains to be seen whether there exists any 
larger manifold containing this coordinate patch on which the 


V 

(b) 

Figure 1 . Both the cylinders shown here are flat 
and can be represented away from the seam (0 = 0 
or 2x) by the metric of Equation (6). Only (a) is 
a smooth (analytic) manifold, while (b) with its 
sharp-edged seam does not inherit a useful class 
of differentiable functions from the Euclidean 3- 
space in which it is embedded. 
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metric can be analytic. We will study some simpler examples before 
returning to this question. 

As a very simple example consider the metric 

(6) ds 2 = dt 2 + de 2 

on a coordinate patch - co <£< oo, 0 < 0 < 2*- (Figure 1). We 
are accustomed to interpret this metric as a cylinder RxS 1 . 
Here R means the real line - «> < t < ®, and S 1 is the 1-sphere 
or circle (base of the cylinder). I shall not attempt to explain how 
one looks at a metric on a single coordinate patch, such as Equation 
(1) or Equation (6), and tries to guess what the full manifold 
containing this patch should be. But we shall now consider how to 
verify a guess. I guess that the metric 

(7) ds 2 = (dx 2 + dy 2 )/(x 2 + y 2 ) 

which is clearly analytic in the region 0 < x 2 + y 2 < + °° might 
be related to the metric of Equation (6). The coordinate trans¬ 
formation 

(8) x = e'cos0, y = e‘ sin0 

shows indeed that these metrics are equivalent on the region 
0 ^ 0 (which is the largest region to which this correspondence 
between xy and £0 coordinates can be extended in a one-to-one 
way) but Equation (7) is to be preferred since it is analytic also on 
the positive x-axis of the xy plane. One may begin to worry about 
the “singularity” of x 2 + y 2 ->0 in Equation (7); since it corresponds 
to t —* — °° in Equation ( 6 ) it clearly is not a singularity. A co¬ 
ordinate independent way of stating this is to note that every 
geodesic which approaches the boundary of the manifold (x 2 + y 2 —> 0 
or oo) has infinite length. 

Some slightly more complicated metrics to serve as further 
examples are 

(9) ds 2 = dt 2 + dd 2 + sin 2 0<4 2 , 

(10) dsn 2 = (1/3) (2 + cos0) dt 2 + dd 2 + sin 2 0c4 2 , 

(11) ds n 2 = dt 2 + e 2t d0 2 + si n 2 ed<t> 2 . 

The first metric here obviously represents a higher dimensional 
cylinder RxS 2 which is just a linear (R) stack of ordinary spheres 
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(S 2 ), while the other two metrics represent some deformations 
of this first hypercylinder. What is not so obvious to the unpractised 
eye is that while the first two metrics are analytic, the third is not 
even continuous over the whole cylinder R X S 2 . Analyticity of 
the first metric (by which we now mean the existence of an analytic 
extension of it to cover all of R X S 2 ) is demonstrated by writing 
(12) ds 2 = (1/r 2 ) (dx 2 + dy 2 + dz 2 ) 

with 


(13) r 2 =x 2 + y 2 + z 2 

which is obviously analytic for 0 < r 2 < + ®, and which corresponds 
to Equation (9) by the transformation 

x = e 1 sine cos <t>, 

(14) y = e‘ sin^ sin <t>, 
z = e'cos 0. 


Use the same transformation on ds u 2 and write 
(15) ds„ 2 = dsi 2 + (1/3) (cos0 - 1) dt 2 . 

Then since cos0 = z/r is analytic for r 2 > 0 and 
dt = (1/r 2 ) (xdy + ydy + zdz) 

is an analytic differential form in this region, the xyz components 
of dsi 2 will also be analytic functions. The condition of proper 
signature is verified from 

Su= (1/3) (2 + cos0) sin 2 d[d (td<t>) / d (xyz) ] 2 
fib) 

= (2r + z)/3r 7 >0. 

But studying ds m 2 in xyz coordinates leads to no interesting ex¬ 
tension, for we have 


(17) ds U i 2 — ds 2 + (e 2 ‘ — 1) de 2 , 

and from the transformation (14) one sees that 


(18) 


de= z^dx + yd^ 
r 2 {x 1 + y)' 


(x 2 + y 2 ) 1/2 


dz 


is not an analytic differential form on the z-axis where x/ (x 2 + y 2 ) 1/2 
for instance is not a continuous function. We could then ask 



TAUB-NUT SPACE 


165 


whether some coordinate transformation different from Equation 
(14) might not lead to a form of ds m 2 which allowed some analytic 
extension beyond the region to — °° < t < + <», 0 <8 < ir, 0 <<t> 
< 2ir where Equation (11) demonstrates analyticity. But a compu¬ 
tation of the curvature tensor (see Appendix A of my 1963 paper 
for rapid computational techniques which here gave R„, af starting 
from Equation (11) in twelve minutes work) shows that 

(19) RijR ij - R 2 /2 = 2(e‘sin0) 2 . 

The lines of infinite curvature at 8 = 0 and 8 = n are therefore 
natural boundaries to this space; since the metric puts these lines 
arbitrarily close to regular points of the space we say that this 
space is intrinsically singular. 

An analytic extension of the line element of Equation (1) is 
obtained by the coordinate transformation 

w = e' /2 cos| 0cos| ( <t> + i), 
x = e t/2 sin ? 8 cos { (<t> — i), 

( 2 °a) ... . , . , / 

y = e ' sin^ 0sinH<£ - i), 

z = e‘ /2 cosi 0sin| (<£ + t). 

This transformation can also be written 
(20b) q = e ‘/V*/ 2 e ;»/ 2 e **/2 

where q is the quaternion 

q = w+ix + jy + kz 

and ijk are the imaginary quaternion units which obey k 2 = — 1, 
ij — — ji = k, etc. This transformation shows that \^8<j> are the 
“Euler angle” coordinates on S 3 which are familiar in discussions 
of the rotation group SO(3). (See, for instance, Corben and Stehle 
[2], Appendix IV.) 

In order to write the Taub-NUT metric in wxyz coordinates it 
is convenient first to define several differential forms 

a x = 21 < 7 ( ~ 2 (xdw — wdx — zdy + ydz), 

Oy= 21 < 71 ~ 2 (ydw + zdx — wdy — xdz), 
a z =2\q\ 2 (zdw — ydx + xdy — wdz), 
dt = 21 q| 2 (wdw + xdx + ydy -f zdz ), 


( 21 ) 



166 

where 

( 22 ) 


C. W.MISNER 


\q\ 2 = w 2 + x 2 + y 2 + z 2 = e‘. 

These differential forms are obviously analytic on the region 
0 < | q | 2 < oo, and from the following equation we see that the 
components of the transformed metric are also: 

(23) ds 2 = ( t 2 + l 2 ) (o 2 + a 2 ) + U(t) (21) V +2(21) o 2 dt. 

This equation can also be written 


(24) 

ds 2 = g„,w l ‘w' 

where 

o>° = dt, 

(25) 

w^aAP+l 2 ) 1 ' 2 

w 2 =a y (t 2 +l 2 ) 1/2 


w z =oA2l) 

and 


(26) 

01 \ 
1U 0 
n 10 

0 01 I 


In this form it is easy to verify that the signature requirement on 
the metric is satisfied, for we need only verify the signature of the 
g „„ matrix in Equation (26) and check that the basis differential 
forms of Equation (25) are linearly independent. This linear in¬ 
dependence is clear when one notes that the coefficients in Equations 
(21) form nonzero orthogonal vectors in the standard flat Euclidean 
metric on wxyz space. The signature of g„„ in Equation (26) is 
obvious when U(t) = 0, and cannot change since 

(27) g = detg,, = -1*0. 

It can be shown that the metric of Equation (23) on the domain 
0 < | q | 2 < + °° of wxyz space is maximal in the sense that it cannot 
be identified with a coordinate patch on an even larger connected 
manifold. Taub and I [6] have shown this by studying its geodesics 
and verifying that every geodesic arc which approaches the bound- 
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aries (|q| 2 —*0 or |q| 2 —><») is infinitely long as measured by any 
affine path parameter for the geodesic equation. In contrast, 
geodesics which start from points outside, but on the boundary of, 
a coordinate patch can enter it with finite, even arbitrarily small, 
changes in the path parameter. 

Let us now turn to another question of analytic continuation, 
its uniqueness. We may and do now choose to consider Equation 
(23) on the region 0 < |g| 2 < °° as giving one maximal analytic ex¬ 
tension of Taub space, which is the region 

(28) e n <\q\ 2 <e‘ 2 

where h and t 2 are the two zeros of U(t). Since analytic continuation 
of functions on the real line is a unique process, we might expect 
this also to be true for analytic metric manifolds. To exhibit non¬ 
uniqueness we first introduce a new coordinate system on Taub 
space by the transformation 

(29) i = *- j n (lU)~ l dt 

in which we retain the old t6<t> coordinates. The metric then becomes 
ds 2 = (t 2 + l 2 ) (do 2 + sin 2 0d<)> 2 ) 

(30) + U(t) (2/) 2 (d* + cos 8d<t>) 2 
— 2(21) (dv -f cos dd<t>) dt 

which differs from Equation (1) only by one minus sign and the 
capitalization of Although the transformation (29) is only 
regular in the region t x < t < t 2 , limited by logarithmic singularities 
at the zeros of U(t), the metric of Equation (30) can clearly be 
continued to all values of t, and its analyticity verified by a trans¬ 
formation analogous to Equation (20), 

(31) Q=W+iX + jY + kZ = e‘ /2 e**/y 6/ V* /2 . 

Rather than continue with the details of this example, we con¬ 
sider a simpler case based on the 2-dimensional metric 

(32) ds 2 = 2 d+dt + fafy 2 

which can be interpreted (by assigning ^ a period of, say, 2t) as 
a metric of signature ( —,+) on the cylinder S 1 xR. The most 
significant difference between this example and Taub-NUT space is 
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that S 1 X R is not simply connected and can be covered by the 
plane Rx R (assign ^ the range — oo to + °°) while S 3 X R is 
simply connected and no range for ^ larger than 0 to 4ir is possible 
there. An inequivalent analytic extension of the region t > 0 in the 
metric (32) is obtained by first making the coordinate transformation 


on the t > 0 region. A simple computation using 

(34) = dtf - 2 t~ l dt 
in Equation (32) gives 

(35) ds 2 = — 2 d'ifdt + tdV 2 . 

The coordinate transformation (33) shows the equivalence of the 
metrics (32) and (35) on the regions t > 0. To show their inequiva¬ 
lence when each is considered to define a metric manifold on which 
t varies from — oo to + 00 we look at the curve defined on the 
\pt cylinder by 

i = 0, 

(36) 

f = - X, 

with — co < X < + oo. Since \p(X) and t(\) are each analytic func¬ 
tions of X here this is an analytic curve. Its image on the t > 0 part 
of the cylinder is also an analytic curve 

* = 2ln(— X), 


where X < 0. However the tangent vector to this curve is 

a* = d^/dX = 2/X, 

(38) 

v‘ = dt/d\ = - 1, 


and becomes infinite (i.e., a*—* — oo) as X—>0. Since the analytic 
structure of the 4 ’t cylinder is defined by taking d'I' to be an analytic 
differential, an analytic extension of this curve segment (— °° < X < 0) 
would have to make d'I'/dX an analytic function at X = 0, which 
is impossible. Thus this curve cannot be extended in the 'K manifold, 
while it can be in the \pt manifold, demonstrating the inequivalence 
of these two manifolds. 
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The geodesics for the metric (32) are easily obtained. One finds 
that any geodesic segment from a finite point (# 0 *o) to a boundary 
(f = ± co) is infinitely long in the sense of the affine path parameter, 
so this space is maximal. However not all geodesics can be extended 
to parameter values of both X —> + °° and X —> — «>. For instance 

t = 0 , 

(39) 

= — 21nX 

is a (null) geodesic, where X has a maximum range 0 < X < oo . Con¬ 
sequently this space is not complete. 

A further curious property of the example of Equation (32) 
which was discovered in a discussion with Bonnor is that it is flat. 
This one may verify by starting from the flat metric 

(40) ds 2 = d| 2 — dij 2 = d(£ + v) d(£ — v) 


and making the transformation 


(41) 


f + „ = 2 te*' 2 , 
S- v =-2e-*'\ 


under which the half plane ij > £ covers the trp cylinder infinitely 
many times. 
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A. H. Taub 


Relativistic Hydrodynamics 


1. Introduction. We begin our discussion of relativistic hydro¬ 
dynamics with the special relativity formulation of the subject. 
We shall consider a fluid as a collection of a number of particles, 
each with a rest mass m, which are subject to an external force, 
and which may interact through collisions. If we write 


(L1) a-vwv' 2 ’ "‘■(l-f/c 2 ) 1 ' 2 ’ 

where 

” 2 = IX t’-Eef, 


i = 1,2,3, 


then, if the v t are the components of the velocity of a particle 
relative to an inertial coordinate system in Minkowski space- 
time, the & are the components of the momentum per unit rest 
mass of this particle relative to the same coordinate system. Let 
f(t,x‘>ti) be the number of particles in the region x‘ to x l + dx‘ 
with values of between £, and & + at time t in the chosen 
coordinate system. The Boltzman equation for / is then 


fc *f > F d f _ 

(1 + £ 2 / c 2 ) 1/2 dx‘ l dti 


( 1 . 2 ) 


A c (/) 
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where F, is the external force per unit mass and A c (f) is the time 
rate of change of / due to collisions between the particles. 

Let x stand for the four coordinates x 1 , x 2 , x 3 , and t. 

If /(x,£;), f(x',£) are the distribution functions of a gas with 
respect to two different inertial coordinate systems and if x, x' 
and £,, £• belong to the same event and the same four-momentum, 
respectively, then f(x,fr) =/'(x',£,'); in this sense the distribution 
function is a scalar. In fact, the equation 

(l + * 2 /c 2 ) 1 ' 2 (1 +*'V) 1/2 

expresses that the parameter-intervals d 3 |, d 3 £' describe the same 
infinitesimal domain of four-momenta, and 

(1 + £ 2 /c 2 ) 1/2 d 3 x = (1 + Z' 2 /c 2 ) ll2 d 3 x' 

holds if d 3 x, d 3 x' are the volumes of two cross-sections t = const., 
t' = const., respectively, of a world tube swept out in space-time 
by a cloud of particles with four-momenta close to m(&, (1 -f- | 2 /c 2 ) 1/2 ) 
(Lorentz-contraction). Hence, d 3 xd 3 % = d 3 x'd 3 %' holds under condi¬ 
tions where the same particles “belong to” d 3 xd 3 $ and to d 3 x'd 3 £', 
which proves our assertion, cf. [13]. 

In terms of the function / we may define the following functions 
of Xi and t: 

(1.3) U“(x) = J V(fl/(x,fc) ( 1 + ^ c 2 )1/2 = / V'iOdM 
and 

T"(x) = mc 2 j V^)V’(i;)f(x,li) a+ d ^ /c2)1/2 = T"(x), 

(1.4) \l,v = 1,2,3,4, 
= mc 2 f V>({) V>(t)drt), 

where 

V-fc/c, V 4 = (l + ^/c 2 ) 1/2 , 

and hence 


(1.5) 


(V 4 )2-X ( V‘) 2 = !, 
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and the integrations are carried out over the entire volume of 
£1, £2, £3- space (- « g £,• ^ «>). 

Since, as remarked above, d 3 £/(I+ £ 2 /c 2 ) 1/2 is Lorentz-invariant, 
and / is a scalar and V"(£) are four-vectors, it follows from these 
definitions that (/"(x) is a four-vector field and that T""(x) is a tensor 
field in space-time. 

We next assume that the laws of collision are such that 

(1.6) JVm/)<* 3£ = 0, a = 0,1,2,3,4, 

where 

0 °=m, <t>‘= mb, <t>* = m(l + £ 2 /c 2 ) 1/2 . 

This assumption is the special relativistic equivalent of the as¬ 
sumption that the total rest mass, momentum and energy of the 
collection of the particles in unit volume at x is conserved in the 
collisions. 

In case a = 0 in Equation (1.6) it follows that we must have 




(1 +£ 2 / c 2 ) 1/2 dx' 


■+F t 


dU 


d 3 £ — 0, 


(1.7) m(dU 4 /dt + cU‘df/dx‘) = mc(U a ) ia = 0, 

where 

dx l '■ c dt 

We shall define the scalar rest mass density of the fluid by the 
equation 

p 2 = m 2 U“U a 

and write 

U“ = — u“. 


and Equation (1.7) becomes 
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(1.8) (pu"),„ = 0. 

This equation is known as the equation of conservation of mass 
in classical hydrodynamics. It is often referred to as the equation 
of conservation of particle number. 

In case a = i in Equation (1.6) it follows that we must have 


(1.9) 


f (, »± | i-f, »f 
J (1 + S 2 /c 2 ) h ' 2 dx J 

T i *" 1 -mU\x)F i = 0. 




The last term in the last equation arises from the corresponding 
term in the next to last equation by an integration by parts. 
Equation (1.9) and the equation arising from Equation (1.6) by 
setting a = 4 may be written as 


( 1 . 10 ) 

where 




T“\ 

Fi 




(1 - u 2 /c 2 ) 1/2 ’ 


is the four-dimensional force vector per unit rest mass. 

We shall consider Equations (1.8) and (1.10) as the laws of 
hydrodynamics in special relativity. In an arbitrary coordinate 
system in Minkowski space-time and when there are no external 
forces present they may be written as 

(1.11) (p*‘) i ,= 0 
and 

(1.12) Tr, = 0. 

There are five equations, corresponding to the five conservation 
conditions described by Equations (1.6). 

2. Specific internal energy. The tensor T“" may be expressed in 
terms of the time-like unit vector u“ as 


(2.1) T"" = wu^u" + W“u‘' + Wu 11 + W“\ 

where 

w = u“u l 'T f , p , 

W“ = T'Xig™ - u“u-), 

W“- = T,Ag p “ ~ u'u'Mg*’ - u'W), 


( 2 . 2 ) 
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(2.3) W % = W^u, = 0. 

The vector W“ is known as the heat flow-vector and the tensor 
W 1 " is known as the stress-tensor. 

It follows from Equation (2.1) that 

(2.4) T = T 1 " = w — 3p, 

where 

(2.5) -3 P = r&. 

The scalar function p is called the hydrostatic pressure. 

We define the rest specific internal energy of the fluid by the 
equation 

W = p(fi 2 + f). 

It is then a consequence of Equations (2.2), (1.3), (1.4), (1.8) 
and Schwarz’s inequality that « when considered as a function 
of p and p must satisfy the inequality 

(2.6) ^|p/p + c 2 [( 1 + j(|t)) -l] • 

The proof of the inequality (2.6) is as follows: Schwarz’s in¬ 
equality states that 

( ^ ( JVtt) <**(«)) ( / dp(()) 

for functions g(£) for which the integrals exist. Now define g(() 
by the equation 

5(f) = V'(f) U,. 

Hence 

fg(t)dp(t) = U‘‘U ll =£ 2 . 

Further, it follows from Equations (1.4) and (1.5) that 
w — 3p=T = me 2 f V“ Vdp = me 2 f dp 


and that 
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T„, U»U' = mc 2 j d M ({) = 4, w. 


Hence we must have 


p 2 c 4 ^ (w — 3 p)w, 

that is, the inequality (2.6) must hold. 

In classical hydrodynamics, the specific internal energy t is 
written as 

(2.7) 4 = _2_p/„. 

7-1 


If we consider Equation (2.7) as defining y, no longer a constant, 
we may write (2.6) as 


( 2 . 8 ) 

where 


7 ^ 1+ q 




(2.9) x = ^- r ^0. 

pc 

For x small compared to one the right-hand side of the inequality 
(2.8) is approximately 5/3 whereas for x large compared to one 
it is approximately 4/3. 

3. Perfect fluids. Such fluids are those for which the distribution 
function /(*,&) gives 

W“ = 0 


and 

W*’= - pig*’- u'u’), 
i.e., 

(3.1) T“’ = p(c 2 + i)u“u“ - pg»\ 

Here 

(3.2) i = e+p/ P 

is called the rest specific enthalpy. It and t are functions of p and p. 
It follows from Equations (3.1) and (1.9) that 

T\u' = p(c 2 + du* 




That is, the stress energy tensor of a perfect fluid may be 
characterized algebraically by the following properties: (1) it 
has a single time-like vector as a proper vector with a positive 
proper value p(c 2 +«), and it has three space-like proper vectors 
each with the same proper value — p. Such stress energy tensors 
satisfy the equation 

(T\ + pb\) (T\ - p(c 2 + e) b\) = 0, 

p = - T/4+ (12S - 3T 2 ) 1/2 /12, 
p(c 2 + t ) = T /4 + (125 - 3T 2 ) 1/2 /4 
T = T\, 

S=T\T\, 

and are characterized by this equation. Hence if we are given T M „ 
we may compute T and S (p and p(c 2 -he)) and verify if Equation 
(3.3) is satisfied. If it is we may then be assured that it is the stress 
energy tensor of a perfect fluid and determine its velocity field by 
determining the time-like proper vector of T\. From this point 
of view there is no reason for imposing a restriction such as that 
given by the inequality (2.6) on t. We shall see, however, that 
unless an equality such as (2.6) is imposed we will not be able to 
insure that the velocity of sound in the fluid is less than the velocity 
of light as it must be in special relativity. 

4. The equations T“‘., = 0. Before discussing these equations we 
introduce the specific entropy S and temperature 0 of the fluid 
as in classical thermodynamics. We define S(p,p) and 9(p,p) by 
the requirement that 0 be an integrating factor so that 

(4.1) dg-i(* + pi(i)) 

is a perfect differential. We may also write this equation as 


(3.3) 
where 

(3.4) 
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(4.2) QdS = di — - dp. 

P 

It follows from Equation (3.1) that 

Tr, = (p(c 2 + i)u-). y u“ + p(c 2 + i)u»,,u’ -p^g” 1 . 

Hence if the right-hand side of this equation is set equal to zero 
and the resulting equation is multiplied by u„ and summed we 
obtain, taking into account u„u" = 1, 

(4.3) (p(c z +i)w');,-P.,w' = 0 
and 

(4.4) p(c 2 +t)u%u‘ , = p,,(g'“'-u , ‘u‘') 

as equations equivalent to T = 0. Equations (4.4) are the 
relativistic analogues to the equations of conservation of momentum. 
We shall now see that Equations (4.3) alone do not correspond 
to a classical conservation theorem. This equation may be written as 

(c 2 + i)(pu") : , + p (<,„ + P (£) ) “" = 0 


or as 

(4.5) (c 2 +i)(pu') : ,, + pe 5,^ = 0. 

In classical hydrodynamics, it can be shown that when shock 
waves are absent then the equation describing the conservation 
of energy and the equations of conservation of momentum imply 
that the entropy is conserved along the stream-lines, that is along 
the world lines of the elements of the fluid. The relativistic form 
of this statement is 

(4.6) S >m u m = 0. 

Equation (4.6) follows from the conservation law T = 0 if and 
only if the law of conservation of mass, the equation 

(4.7) (pU'‘);„ = 0, 

also holds. Equation (4.6) does not imply that S = constant. If 
however S is constant on some initial hypersurface and if no shocks 
are present it will be constant throughout the fluid. 

We may write Equation (4.3) as 
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(4.8) p(c 2 + i) u’ ; ,+ [p(c 2 + «)],,u' = 0. 

If the motion of the fluid is such that p(c 2 + e) is a function of 
p(c 2 + i) = p(c 2 + t) + p alone, then we may define a quantity 
a by the equation 

da/a — d[p(c 2 + «)]/(p(c 2 + «) + p), 
and Equation (4.8) becomes 

(««');,= 0 . 

We shall have 

a = p 

if and only if 

dS = 0. 

5. The Rankine-Hugoniot equations. From a study of Equations 
(1.11) and (1.12) in Minkowski space-time for the case of one¬ 
dimensional motion of a perfect fluid (where u 2 = u 3 = 0 and all 
quantities are functions of x 1 and * 4 alone) it can be shown [l] 
that the velocity of sound is given by 

({U) ° 2= (1+ P ;/C 2 ) (t) s 

where the entropy S is kept constant in evaluating di/dp. 

In case the enthalpy is a function of x = p/pc 2 alone, we may 
write Equation (5.1) as 

a 2 = i'x/(i' - c 2 )(l + i/c 2 ) 

where 

i' = di/dx 

and 

pdi _ pi' dx _ dx 
c 2 dp c 2 dp p dp 

the last equation is a consequence of the fact that dS/dp = 0. 

A fluid for which the equality holds in (2.6) will be called a 
limiting fluid. For such a fluid 

1 + i/c 2 = 5x/2 + (1 + 9* 2 /4) 1/2 
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(5.2) lima 2 = 

(5.3) lim p(c 2 + t) =3p. 

This limit for the velocity of sound in an extreme relativistic gas 
was obtained by Curtis [2] and de Hoffman and Teller [3]. Taub 
[l] and Israel [4] have shown by considering sound waves as 
infinitesimal shock waves the relation between the requirement 
that the speed of sound be less than the speed of light and certain 
conditions that must obtain between the various thermodynamic 
variables that characterize the fluid. 

The discussion of one-dimensional motion of a fluid in Minkowski 
space given in [l ] shows that shocks form from compressive motions 
just as in the classical theory. When this occurs, Equations (1.11) 
and (1.12) cannot be applied at the shocks and must be replaced 
by statements that relate the variables describing the flow of 
matter, momentum and energy across the shocks. These are the 
relativistic Rankine-Hugoniot equations. They are derived as 
follows: Equations (1.11) and (1.12) are equivalent to the state¬ 
ments that 

(5.4) (pu“f) ;il = pui',, 
and 

(5.5) (T"A.) i(1 = T-A*. 

for arbitrary functions / and vector fields A„ which have continuous 
first derivatives. 

In view of Gauss’ theorem we may write these equations as 

(5.6) J pu^fn^dv = j" pu'f j- g) 1/2 d 4 x 
and 

(5.7) J T tu ’X.n f dv = J T"A P .,( - g) m d 4 x. 

The integrals on the right in Equations (5.6) and (5.7) refer to 
an arbitrary four dimensional volume and those on the left refer 
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to a closed hypersurface enclosing this volume. Equations (5.6) 
and (5.7) are meaningful even when the integrands are discontinuous. 
We assume they hold in case p, u“ and T’"" are discontinuous 
across a hypersurface 2 in Minkowski space which is the history 
of a two-dimensional surface in the spaces t = constant. 

By enclosing an arbitrary portion 2' of the hypersurface in a 
thin four-dimensional volume and taking the limit as this volume 
shrinks to zero we may show that 

(5^8) [pu^fn^dv = 0 

and 

(5.9) f^[T'“]\,n ll dv = 0, 

where we have used the notation 

[F] = F+ - F_ 

where F + , F are the boundary values of F on the two sides of 2. 

Since the integrals in Equations (5.8) and (5.9) refer to arbitrary 
portions of 2 and since f and A„ are arbitrary, we must have 

(5.10) [pu"]/^ = 0, 

(5.11) [T'“’]n„ = 0. 

In case the T"" entering into Equations (5.11) is given by 
Equations (8.1), Equations (5.10) and (5.11) are called the rela¬ 
tivistic Rankine-Hugoniot equations, the equations that express 
the conservation of mass, energy and momentum across a singular 
hypersurface in space-time, a hypersurface on which the flow 
variables may be discontinuous. The derivation given above holds 
in a general space-time. 

If in Minkowski space-time in an inertial coordinate system 
the parametric equations of 2 are given by 

(5.12) x“=X“(u, V,t), 

that is, 


(5.13) 


t = t, 

x^X^u, V,t), 
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then the three-dimensional velocity of a point labelled by u, V on 
the hypersurface is given by 

V‘ = ax i /dt, 

and the three-dimensional normal to the surfaces in three-space 
given by the last three of Equations (5.13) has components 
proportional to 

3X j dX k 
Ai ~ Ulh Hu~ av' 

We normalize the A; by requiring 

ZV-L 


Then the quantity 

V= A; V‘ 

is the velocity of these surfaces in three-space in the direction 
of the normal. The four-vector 

/ V\ 

n u — I Ai, A 2 , A 3 , J 


is normal to the hypersurface 2 . We may verify that 


n u n h = 


and hence 


is equivalent to 
(5.14) 


n^n* S 0 

Z ^i 2 = c2 - 


We define a unit normal vector 


such that 


N, = an M 


N^N* = - 1 

when Equation (5.14) holds. Note that if u" is the four-velocity 
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u* = (1 - u 2 /c 2 ) 1/2 (ui/c,u 2 /c,u 3 /c, 1) 
where u, are the components of the three-dimensional velocity 
of the fluid and 

u'N, = (1 - V 2 /c 2 )- 1/2 (l - u 2 /c 2 )~ l/2 (V — U)/c 

where 

U = Z^“i 

is the three-dimensional velocity of the fluid in the direction of 
the normal to the surface. Thus u“iV M is proportional to the normal 
component of the velocity of the surface relative to the fluid. 

When Equations (3.1) hold, Equations (5.10) and (5.11) may 
be written as 

(5.15) M= p + u + "lV B = p..u_'‘lV )i 
and 

(5.16) (p + -p-)N l ‘ 
with 

(5.17) n = c 2 +i = c 2 +t+p/ P 

respectively. If Vi are the components of a unit three-vector in 
the surface, then the four-vector 

Y“ = (Vx, V 2 , V 3 ,0) 

satisfies the relation 

Y“N ll = 0, 

and 

Y'u, = (1 - u 2 /c 2 )~ m (ViUi/c) 

is proportional to the velocity of the fluid in the direction V;. 
Multiplying Equations (5.16) by Y„ and summing, we obtain 

(5.18) MU+u/Y, - n-uJY,) = 0. 

Hence, either 

(5.19) 
or 


M = 0, 
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(5.20) M+u+'Y.^.a.'Y,, 

or both (5.19) and (5.20) hold. We shall say that the case M = 0 
represents a slip-stream discontinuity or a density discontinuity 
and say that the case M 0 represents a shock wave. In the 
former case it follows from Equations (5.15) and the interpretation 
of u^N „ that no matter crosses the surface of discontinuity. That 
is, this surface is made up of stream-lines of the fluid. Equation 
(5.20) need not hold when M = 0. If it does in this case, we shall 
say that there is a density discontinuity present. 

If p and T both vanish, we are dealing with a particular 
case for which M — 0. And then Equations (5.16) and (5.15) 
become 

P+ = 0 

and 

p + u + "AT b = 0. 

It is evident that p + need not vanish if 
u+'N, = 0, 

that is, if the stream-lines of the flow do not cross the surface of 
discontinuity. 

6. Shock waves. As was stated earlier for such waves we have 
M ?*0. It is convenient to rewrite Equations (5.15) and (5.16) 
in terms of the vector 

(6.1) Vx = (p/c 2 ) u x 
and the quantity 

(6.2) r = p/p. 

Then 

(6.3) V" V„ = p 2 /c 4 = (1 4- i/c 2 ) 2 , 

and we have instead of Equations (5.15) and (5.16) the equations 

(6.4) M = c 2 r + V+'N, = c 2 t_ V-'N,, 

(6.5) M(V + “- V_") = (p + - p_) N“. 

Equations (5.20), which must hold for shock waves, become 

(6.6) V + “ Y„ = V_" Y m 
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Equations (6.6) are two of the four equations contained in Equa¬ 
tions (6.5). The remaining two will be derived below. 

Multiply Equations (6.5) by V+„ and by and sum and obtain 


=( P+ 


-^---rr“rr(P+-P-) l” - 


When t is a known function of p and p, i is determined as a func¬ 
tion of p and p and so is t. Then for fixed p_, p_, the p+, p+ satis¬ 
fying Equation (6.7) lie on a curve. This curve connects those 
(p,p)-states that can be obtained from (p_,p_) by passing through 
a shock. The curve is known as the Hugoniot curve. We must 
select that part of the curve passing through p_, p_ corresponding 
to states p+, p+ whose entropy S+ > S_. Otherwise, the second 
law of thermodynamics would be violated. 

Multiply Equations (6.5) by N„ and sum. We obtain 

(6.8, £(i-i).-<P + -P-><-Ar, N .) 

= - (p+ -P-). 

Equations (6.4), (6.6), (6.7), and (6.8) are equivalent to Equations 
(6.4) and (6.5). 

Since shock waves must travel with a velocity less than that 
of light and since M must be real, we must have 
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T+ > T _. 

In other words an increase (decrease) in pressure across a shock 
wave must correspond to an increase (decrease) in r. 

Israel has shown [ 4 ] that if t(p,p) is such that 

0 dp/d P ) s > 0, 

( dS/dp), > 0, 

(dp/dp) s < (l + i'/c 2 ), 

then the speed of shock waves is always less than the speed of 
light. The last of these conditions is the requirement that the 
speed of sound is less than the speed of light, and we have seen 
that it is satisfied for the limiting fluid as are the first two conditions. 

7. Lagrangian and co-moving coordinates. Classical hydrodynamics 
deals with a fluid moving in three-space in which a coordinate 
system is introduced in which every point of the three-space is 
labelled by coordinates x‘. Relative to this coordinate system, 
the velocity vector of the fluid is described by its components 
v‘(x,t). The v‘ are called the Eulerian velocities. The stream-lines 
of the fluid are then the curves given by the solutions of the ordinary 
differential equations 

(7.1) dx i /dt = v i (x,t), i = 1,2,3. 

These solutions may be written as 

(7.2) x i =x i (l,t), 

where the are the initial values of the x‘. That is, 

(7.3) x‘ = x‘(£,0) = £‘. 

The are called the Lagrange coordinates and may be used to 
describe the motion of the fluid. Equations (7.2) supplemented by 
the equation t = r may be regarded as a set of equations describing 
transformation between the variables t, x l and r, £‘, and the equations 
of conservation of mass, momentum, and energy may be rewritten 
in terms of the variables r, £‘. 

The congruence of curves given by Equation (7.2) may be 
pictured in space-time. In this interpretation, they represent the 
world lines of an element of the fluid which is labelled by the 
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three parameters £‘. These world lines may be described i 
of their four-dimensional tangent vector 


(7.4) 

where 


dx“/dt = w'‘(x), n = 1,2,3,4, 


We define a hypersurface 2 in space-time by the equation 

(7.5) t = 0. 

In this hypersurface we label points by the coordinates £‘. That is, 
we describe the hypersurface 2 by the parametric equations 

(7.6) x'= 
instead of the functional equation 


F(x“) = t = 0. 


Then the congruence of world lines given by Equations (7.2) may 
be described as the set of solutions of Equations (7.4) which inter¬ 
sect the hypersurface 2 in the points of 2. 

Equations (7.4) may be written as 

dx“/dt = pu“. 


where u" is the unit four-dimensional velocity vector of the fluid 
and p is given by the equation 


ds 2 _ dx“ dx" 
df- 8 "’~dt ~dX 


= g^w^w 1 '. 


If the parameter which labels points on the world line determined 
by is changed to any other parameter, say oj, Equations (7.4) 
may still be written as 

(7.7) dx“/du = pu" = w ", 

where now w is related to p by a similar equation to the one given 
above. If « is taken to be equal to s, the proper time along the 
world line, we have 


dx“/ds = u“. 
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Now let 2 be an arbitrary space-like hypersurface in space- 
time described by the parametric Equations (7.6), and let us 
write the solutions of Equations (7.7) as 

*" = *"(17; «), 

where 


*" = x"(jj;0) = v *. 

That is, the ?f are the initial values of the x“. We further require 
that the rf lie on the hypersurface 2. Then 


v*=X>(0, 

and we may write the solutions of Equations (7.7) as 

(7.8) x'=x'((;w). 

These equations may be regarded as a transformation of co¬ 
ordinates from the coordinates x“ to the coordinates £*, | 2 , £ 3 , 
and w. The latter coordinates are called co-moving coordinates in 
space-time. They differ from Lagrangian coordinates in that the 
hypersurface 2 used in their definition need not be given by the 
Equation (7.5) in the Eulerian coordinate system. 

The functions x p and w* entering into Equations (7.7) may be 
regarded as functions of £ and u> in view of Equations (7.8). If 
they are so regarded, then they should be written as 

(7.9) d*7dto = «?■(£, <o), 

and it should be understood that the £' are kept constant in the 
differentiation involved on the left-hand side of these equations. 

From the transformation law of vectors, it follows that in the 
co-moving coordinate system, the components of the vector w“ 
are given by 

w“* = w“ dx“*/dx", 

where 


*'* = x** = <«>. 

In view of Equation (7.9), we have 


dx“* dx- _ dx>* _ 
dx p dw dx 4 * 4 ‘ 


Hence, in a co-moving coordinate system, the four-velocity vector 




A. H. TAUB 


of the fluid satisfies the equations 
(7.10) u“ = 8Sgu ui 

since we must have 

g^u^u’ = 1 . 

8. The equations of hydrodynamics in co-moving coordinates. Co¬ 
moving coordinates may be introduced both in special relativity 
and in general relativity. In the former theory, they complicate 
the metric in that we no longer have 

= V- 

However, Equations (4.4), (4.6), and (4.7) have relatively simple 
forms in co-moving coordinates. 

Thus if Equation (7.10) holds. Equation (4.6) becomes 

S, 4 = 0, 

that is 

(8.1) S = S( |). 

Equation (4.7) may be written as 

(g 1/2 gu /2 p), 4 = 0 


(8.2) p=gli 2 (-g)- 1/2 PoO;), 
where g is the determinant of the and 

_ dx a dx» 

(8.3) Va ‘ , dx*“ dx*’’ 

ds 2 = gudw 2 + Zgiidad? + gijdgda 1 
in the case of special relativity. They are such that the Riemann- 
Christoffel tensor vanishes: 


(8.4) 

Since 


du " 

uT/„ 

’ dx*" 


where the \\\ are the Christoffel symbols evaluated in this co- 
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ordinate system, we have in this coordinate system: 

d ( 1 \ 1 

S!+ ilf r ‘- 

and 


- (- 4 ) «4 + — r4, 




(dgt. 1 ^44 \ 

\ du 2 dx*’) 


If we define 
(8.5) 

we may write 

u^u*., — 


F = log gU 2 , 




w\ 

gu / 


dF d 


(-) . 
V544/ 


Equations (4.4) then become 


It follows from this equation that if the flow is stationary in 
co-moving coordinates, that is if all quantities are independent 
of os, the time variable in co-moving coordinates, then we must have 1 


(8.7) 


dp , / i\ dF n 


If we recall Equation (8.5) and interpret g u in terms of the 
Newtonian potential, then Equation (8.7) is recognized as the 
equation for hydrostatic equilibrium. 

Equations (8.7) must hold whenever the right-hand sides of 
Equations (8.6) vanish. In particular, they must hold when we 
have a co-moving coordinate system in which g 4i = 0. It can be 
shown that this implies that the flow is irrotational. 

Time does not permit a further discussion of the equations of 
hydrodynamics. I shall close this section by referring you to the 


This result 


communicated 


verbally by Dr. J. R. Wright. 
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discussion of circulation, Bernoulli’s theorem and other extensions 
of classical results that may be found in reference [5]. 

9. Genera] relativistic hydrodynamics. Problems in this area are 
of two sorts: (I) Those in which the gravitational field of the fluid 
can be neglected, but the gravitational field due to some other 
matter or energy must be taken into account, and (II) those in 
which the only matter and gravitational fields which are present 
are the fluid and its own gravitational field. 

For problems of type I, the basic equations are Equations (1.11), 
(1.12), (5.10) and (5.11), but now the covariant differentiation is 
done with respect to a metric tensor g"’ which is determined by the 
stress-energy tensor 0“\ the source of the exterior gravitational field 
and its potentials, through the equations 

(9.1) - ±g"R = - kc 2 ir, 

where R' 1 " is the Ricci curvature tensor computed from the g*", 
R is the scalar curvature, and 

k = 8wG/c 2 

with G the Newtonian constant of gravitation. Thus for this type 
of problem the only difference between the special theory of rela¬ 
tivity and the general theory is that the underlying space-time 
is changed from a Minkowski one to a general one whose metric 
tensor satisfies Equation (9.1). 

In problems of type II Equations (9.1) with 6““ = T*' hold. 
Thus we must determine both T"" and g“‘ so that 

(9.2) - \g"R = - kc 2 T*' 

and Equations (3.1), (1.11), (1.12), (5.10) and (5.11) obtain. 
Equations (1.12) are a consequence of Equations (9.2). The former 
may be considered as a first integral of equations (9.2), and this 
observation has led McVittie [6] to a method for solving problems 
in prerelativity hydrodynamics. 

Equations (3.1), (1.8), and (9.2) are sometimes said to describe 
the interior problem for the Einstein field equations. The “solution” 
of this problem requires the determination of the ten components 
of the tensor g“\ three independent components of the four-velocity 
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vector u' and the two scalar functions p and p. The scalar function 
t is supposed to be known as a function of p and p when the nature 
of the fluid medium is given. Thus one is required to “solve” the 
ten Equations (9.2) when neither the right-hand side nor the left- 
hand side of these equations is given. Surprising as it may seem 
this can be done at least in a variety of cases. In the following 
we shall see how this can be done by using the algebraic properties 
of the T*’ satisfying Equations (3.1) or by imposing the conserva¬ 
tion of mass (Equation (1.11)) condition and the condition of 
isentropy and irrotationality. 

By substituting for T“, from Equations (9.2), Equations (3.3) 
and (3.4) become a set of partial differential equations for the 
alone. The solutions of these equations may be substituted 
into Equations (9.2) to determine T",. The equations for the 
obtained by the method described above have been called the 
consistency equations by McVittie [6]. He dealt with an approxi¬ 
mate form of these equations and thus obtained various solutions 
for problems in pre-relativity hydrodynamics. Rainich [7] and 
Misner and Wheeler [8] used a similar technique for formulating 
the Einstein-Maxwell field equations for the case where the only 
stress-energy tensor creating the gravitational field is that due to 
the electromagnetic field and no electromagnetic sources are 
present. 

The vorticity vector a" is defined by the equation 
(9-3) v“= (-g)- 1/2 t l “"’ , U'. r u„ 

where g is the determinant of the metric tensor and is the 
alternating tensor density whose components are equal to plus or 
minus one depending on whether (pvar) is an even or odd permuta¬ 
tion of (1234). A flow will be said to be irrotational if 

v“ = 0. 

If we define the vector 

V* = (1 + i/c 2 ) u“, 

it may be shown [5] as a consequence of Equations (2.6) that 
= (1 + i/c 2 ) (- g) 1/2 v"u T t „ Tltl , + TS ; ,u„ - TS.,u„ = V„ - V,„ 
where T is the temperature and S is the entropy. 
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Hence for isentropic (S-= constant), irrotational (v“ = 0) flow 
we have 

= 0 . 

As a consequence 

1 30 

U “ 1 + i/c 2 dx* ’ 

where 0 is arbitrary scalar function. We may adapt our co¬ 
ordinate system so that 0 = x 4 , and then in this comoving co¬ 
ordinate system 

It then follows from Equation (1.9) that 
g u = (1 + i/c 2 ) 2 . 

Hence for irrotational isentropic flow we may choose a co¬ 
moving coordinate system in which the stress-energy tensor de¬ 
pends on g u alone, since in this case the enthalpy, t, is a function 
of pressure alone as is the rest density. If these functions of g 44 
and the above expression for u„ are used in the evaluation of the 
tensor T"" we may write the field Equations (9.2) wholly in terms 
of the tensor g„,. Thus the Einstein equations for the case of 
relativistic hydrodynamics involve a single set of dependent 
variables and one has a not impossible problem. 

Various exact and approximate solutions of these equations 
have been discussed. In particular, the problem of the one- 
dimensional motion of a gas analogous to the problem in classical 
hydrodynamics of the motion generated by pushing a piston into 
a tube filled with gas has been treated approximately [9], [lOj. 
The procedure starts with the special relativistic solution to the 
problem and modifies this solution in accordance with the Einstein 
field equations. It can be seen that the nonlinearities in the problem 
reside in the special relativistic approximations and that the 
gravitational corrections satisfy linear equations. Thus, in the 
zero approximation shocks occur. It is unlikely that the gravita¬ 
tional corrections satisfying linear equations will remove them. 
We must therefore be prepared in general relativity to treat with 
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and allow for coordinate transformations involving discontinuous 
derivatives. The metric tensor thus becomes singular [ll] on 
certain hypersurfaces. Although such singularities are associated 
with coordinate transformations they are essential ones since the 
coordinates involved have intrinsic and physical significance. 
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Gravitational Collapse 


The notion of gravitational collapse has come into prominence 
recently because it seems to provide a simple way of concentrating 
very large amounts of energy into small volumes. Hoyle and Fowler 
[l] have pointed out that the gravitational potential energy, 
calculated by Newtonian theory, of a spherical mass M of radius 
R is of the order of GM 2 /R. Thus a mass of the order of 10 8 M G , 
concentrated into a sphere of radius 3.8 X 10 4 f? o , would have a 
gravitational potential energy of some lO^ergs. Such energies are 
required to maintain the optical and radio emissions of quasi-stellar 
radio sources for a reasonable length of time. These objects also 
apparently occupy surprisingly small volumes of space. 

I shall try to describe, on the basis of general relativity, some 
of the methods that have been employed to analyze the motions 
of collapse from configurations of very large radius to extremely 
small ones. * I do not attempt to suggest how these motions originate, 
from the breakdown of a previous state of equilibrium, for example. 
The initial conditions will simply be that the configuration is either 
initially at rest, or in a state of radial motion, and that this initial 


* A more detailed review will be found in G. C. McVittie, Astrophys. J. 140 
(1964), 401. 
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state is not one of equilibrium under the action of gravitational 
self-attraction and, if it is present, of a pressure-gradient. 

The simplest theory that has been employed is that of the ex¬ 
panding universe in reverse—with a velocity of contraction instead 
of expansion—combined with the requirements that the mass 
shall be constant and finite and that the outer radius of the 
(spherical) configuration be finite also. Inside the collapsing 
spherical mass the metric is 


a, W )’ 


where R 0 = R( 0) and t = 0 is regarded as the initial instant. The 
space-curvature constant k has one of the customary three values 
+ 1,0 or - 1. Outside the material there is a Schwarzschild space- 
time with metric 


- ( i - ^-) <fi> - 4 { ■ 

\ u J c z ll - 2 m/u ) 


where, in both cases, 

(3) dfi 2 = de 2 + sin 2 0d</> 2 . 

In the field (1) write 

(4) r = t/T, S(t) = R/R 0 , 

where T is a constant to be determined later. The energy-tensor 
in this field reduces to a density p and an isotropic pressure p, 
which, by Einstein’s equations, are given by 



8 -kGT 2 

,c 2 T 2 1 

S' 2 

(5) 

~~3 

p = k -RfS* 

+ -gr. 


n 

2 S" S' 2 

c 2 T 2 1 

(6) 

87 tGT% = 
c 

~~S ~~S r 

k Rl S 2 ’ 


where a prime denotes a derivative with respect to r. These two 
equations show that, if the metric is postulated to have the form 
(1), then the density and pressure are necessarily functions of the 
time alone and so are spatially uniform at each instant of time. 
The Equations (5) and (6) may be solved by assuming that there 
is, for example, a polytropic relation between p and p. But this 
would mean that the pressure would have to be nonzero at the outer 
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boundary of the configuration. The field (1) cannot then be fitted 
onto the vacuum field (2). Therefore the approach via an equation 
of state is impossible when (1) is taken as the starting point, except 
in one case. This possibility is that the pressure is always zero 
within, and on the boundary of, the configuration. The consequences 
of this zero-pressure hypothesis will now be examined. 

Zero-pressure collapse. The initial density is p 0 , the initial value 
of S is unity, and the initial rate of change of S is S' 0 . Write 

(7) a = 8wG Po T 2 /3, p = (-Sq), 

and then (5) and (6), with p = 0, evaluated at the initial instant 
lead to 

(8) a- p 2 = kc 2 T 2 /Rl 

(9) Sg=-a/2 , (<0). 

The Equation (5) can then be replaced by 

(10) S' 2 = a/S-(a-P 2 ). 

Since a > 0, it follows from (9) that collapse always ensues; it 
also follows from (8) that the collapse can start from rest (p = 0) 
only if k = + 1, which means that space is closed. When k = 0 
or k = — 1, the motion must necessarily start with p ^ 0, and 
the material must thus initially be in a state of radial motion. 
Obviously such an initial state of radial motion is also compatible 
with k = + 1 provided that p 2 < a. 

The Equation (10) may be integrated in terms of elementary 
functions for all three values of k. The constant T is then inter¬ 
pretable as the time required for the collapse to reach a state of 
zero volume and of infinitely great density. For example, when k = 0, 

S = (1 - t/T) m , 
and the time of collapse is 

T= (2/3) (8irGp 0 /3) ~ 1/2 . 

Similar values of T are found when fe = + 1 or k = — 1; they are 
always very short for any astronomically probable values of p 0 - 

Binding energy. The radial coordinate r used in field (1) is co¬ 
moving. Therefore the coordinate-radius r b of the outer boundary 
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is fixed throughout the motion. Moreover zero-pressure collapse 
is characterized by the condition that 

pS 3 = constant = p 0 - 

The mass of the configuration calculated from the internal field 

(I) is therefore constant and is 

(II) M = 4xp 0 j ' (l - 1 r 2 dr. 

On the other hand, it is possible to fit the external field (2) onto 
the internal (1) by finding the transformation that converts (t, u) 
into coordinates (t, r) in terms of which the metric (2) has a form 
similar to (1). This process leads to the conclusion that, for all 
three values of k, 

(12) m = (4/3) nG Po r 3 b /c 2 . 

The quantity 

E = GM/c 2 - m 

has been called the binding energy of the configuration by Fowler. 
It has the following expressions: 

(i) If a — f) 2 > 0, or k = + 1, then 



r b = { cT/(a - f } 2 ) 1/2 } sinaii,. 

(ii) If a — j3 2 = 0, or k = 0, then 

(14) E = 0. 

(iii) If a — /3 2 < 0, or k = — 1, then 

(15) E = ^ 2 C _~) 3/2 { sinh w b cosh w b - w b - ? sinh 3 o)i,j , 

r b = { cT/ {@ 2 — a) 1/2 } sinhwj,. 

In Case (i) the binding energy is always positive and continuously 
increases from zero with w b ; in Case (iii) it is always negative and 
decreases continuously from zero as w b increases. In Case (ii), there 
is no binding energy. These motions of collapse therefore possess 
a positive, zero, or negative binding energy according to the 
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relative magnitudes of the initial density, proportional to «, and 
of the square of the initial rate of change of the scale-factor S. 

Collapse with pressure-gradient. The zero-pressure condition 
seems to be very artificial from the physical point of view. However, 
there does exist an exact solution of Einstein’s equations in which 
the pressure is zero at the boundary but increases inwards (McVittie 
[2]). It is derived from the following assumptions: (a) the con¬ 
figuration possesses spherical symmetry; (b) co-moving coordinates 
are possible; (c) there is a Schwarzschild type singularity at the 
center; (d) there is material outside the singular region whose stress- 
energy tensor reduces to its diagonal components, those which 
represent the stress being equal to one another. The metric of the 
internal field is 


(16) ds2= (r + f /s ~ J df ~ {1 ~ + ® /S)4 dtf\, 

where R 0 is a constant, S is a function of t, the function co) is 
sin co, co, or sinhco according as & = + 1,0 or —1, and 

(17) Q(*)=\ , 


where is a constant. If mo = 0, it is easy to show that (16) can 
be transformed into (1) by a transformation of the radial co¬ 
ordinate. If S is a constant equal to unity, k = 0 and m = ti Q R 0 , 
r = R 0 co then (16) reduces to the isotropic form of the Schwarzschild 
field (2). Thus (16) gives the field inside a distribution of matter 
which is collapsing onto a central particle represented by a 
Schwarzschild singularity centered on the point round co = 0. The 
density and pressure are given by 


(18) 

(19) 


SirG 
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c 2 S 3 ) 
Rl (S + Q) 6 J ’ 


where a prime now means a derivative with respect to t. Since the 
co-coordinate is co-moving, its boundary value co 4 is fixed through- 
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out the collapse. Hence the condition p = 0 at the boundary is 
satisfied if the expression in curly brackets on the right-hand side 
of (19) is set equal to zero and Q b is written for Q in the resulting 
equation. This equation then determines the function S. The 
properties of the motion are described elsewhere [2]; they do have 
some similarities with the p = 0 cases. But the attainment of an 
infinitesimally small volume now occurs, theoretically at least, 
only at the end of an infinite time. If it is assumed that the col¬ 
lapsing material obeys the perfect gas law p = RpB, where 8 is the 
temperature, then it can be shown that the configuration rapidly 
becomes a very hot one. Temperatures of the order of 10 10 ° K are 
soon attained near the physical boundary of the central particle. 

References 

1. F. Hoyle and W. A. Fowler, Nature 197 (1963), 153. 

2. G. C. McVittie, Astrophys. J. 143 (1966), 682. 

University of Illinois Observatory 
Urbana, Illinois 



Jeffrey M. Cohen 


Dragging of Inertial Frames 
by Rotating Masses 


In 1918, H. Thirring [l] showed that a slowly rotating mass 
shell (producing a weak gravitational field) has a weak dragging 
effect on the inertial frames within it. Thirring obtained his result 
by using the weak field equations obtained by Einstein [2] in 1916. 
These equations are obtained by assuming 

(1) g>. = n„ + K, 

where i)„„ is the Lorentz metric and /i„„ is a first-order quantity. 
By defining 

(2) <t>; = h; - &;h/2 
with the coordinate condition 

(3) */., = 0, 
one obtains the weak field equations 

(4) D0/= - 16ttT;. 

Here □ is the D’Alembertian operator. This Equation (4), solved 
via Green’s functions, yields the metric valid to first order in a>: 


* This paper is based on the work of D. Brill and J. Cohen. Supported in part 
by the National Science Foundation and the National Aeronautics and Space 
Administration. 
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ds 2 = — (1 — 2 m/r 0 ) dt 2 

(5) + (1 + 2/n/ro) (dr 2 + r 2 de 2 + r 2 sin 6 d<t> 2 ) 

— (8mo)/3ro) r 2 sm 2 Q d<j> dt, 

os being the shell angular velocity, m the shell mass, and r 0 the 
shell radius. Thus the angular velocity a of the inertial frames 
within the shell is given by 

(6) 0/w = 4m/3r 0 . 

Since 1918, various authors have stressed the importance of 
obtaining a strong field solution in order to see how Mach’s principle 
enters into general relativity. If Mach’s principle is contained in 
general relativity, there should be a limiting mass for which fi 
approaches «. 

In analogy with the isotropic Schwarzschild metric and Thirring’s 
famous solution (5), consider the metric 

(7) ds 2 = - V 2 dt 2 + i\dr 2 + r 2 de 2 + r 2 sin 2 e(<4 - o(r) dt) 2 ). 

Here we have \p = 1 + a/r and V = (r - a)/(r + a) for r > r 0 and 
i = 1 + a/r 0 and V = (r„ - a)/(r„ + a) for r < r 0 , where a = m/2 
= the Schwarzschild radius. For a slowly rotating mass shell pro¬ 
ducing a strong gravitational field, the nonvanishing components 
of the stress-energy tensor in orthonormal Cartan frames are 

rpOO rp22 /p33 rp03 

to first order in u. 

It is convenient to formulate this problem as a Cauchy problem. 
To first order in «, the initial value equation 

(8) G 00 = 8 I rT 00 

is the same as that for the Schwarzschild metric. This equation 
gives the relation between the mass seen by an observer at infinity 
and that seen by an observer at the shell. 

The only remaining nontrivial initial value equation is 

(9) G 03 = 8x T 03 . 

The function ft is determined by integrating this initial value 
Equation (9) across the thin shell, and requiring (a) regularity at 
the origin, (b) continuity of g 03 across the shell, and (c) that the 
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metric reduce to the Schwarzschild metric for w = 0. To complete 
the Cauchy problem we note from the time development equations 
that the metric is time independent if T 22 = T 33 = /3T°° with /? 
= a/2(r 0 — a). Thus the initial value solution for Q, valid for all 
time, is 

(10) ° = 1 + [3(r 0 — a)/4m(l + P) ] 

for r < r 0 . Here /8 results from elastic stresses in the shell. 

For large r 0 , this result (10) reduces to that of Thirring. On the 
other hand, as the shell mass increases, the rotating shell has an 
increasing dragging effect upon the inertial frames within it. 
Finally as m —> 2r 0 , the shell rotation completely determines that 
of the inertial frames within it (i.e., S2—while the effect of the 
inertial frames at infinity upon those within the shell goes to zero. 

Comparison of the above solution with that of Kerr [3] shows 
that for small a and arbitrary m, Kerr’s exterior solution can be 
matched to an interior solution. 
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II. COSMOLOGY 


Maarten Schmidt 


Lectures 

on Quasi-Stellar Objects 


I. The first lecture is to be about the observations of the quasi- 
stellar objects, and the second about their nature. In this lecture 
it will be assumed that they are very distant extragalactic objects, 
although in the second lecture some recent reasons for doubting 
this will be mentioned. 

Of the radio sources in the Third Cambridge (3C) Catalogue, 
probably 50% can be identified with normal radio galaxies, whose 
optical images have a characteristic fuzzy appearance. Perhaps a 
further 25% will be identified with star-like objects, known as 
quasi-stellar radio sources (QSRS). 

The first slide 1 illustrates the spectra of normal radio galaxies 
(3C445, 3C327, 3C234, 3C171). They show continuous emission 
with a strong superposed pattern of emission lines, H/J and \3727 
of [Oil] being conspicuous, while the wavelengths of the lines in 


1 Most of the slides were either of spectra (which could not be reproduced satis¬ 
factorily) or of material which was outdated at the time of this publication. There¬ 
fore there has been no attempt to reproduce the slides here. 
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the pattern depend on the redshift of the galaxy. Redshift is de¬ 
fined by 

z= (A - A rest ) / A res t 

where A rest is the rest wavelength of a line observed at wavelength 
A. The decreasing intensity of the continuum with increasing 
redshift illustrates the redshift-magnitude relation which is found 
for radio galaxies. These emission spectra are similar to those of 
HII regions such as planetary nebulae, which are fully understood 
qualitatively, and reasonably well quantitatively. The appearance 
of forbidden lines indicates a low gas density, and the relative 
intensities of the lines give information about the distribution of 
ionization and excitation levels in the gas. 

Slide 2 [ 1 ] shows the spectrum of the quasi-stellar radio source 
3C273, from A3500 to A6300, widened to show up the low contrast 
emission features. Broad emission lines are visible with difficulty, and 
so is a narrow night sky line. From the ratios of their wavelengths, 
four of the lines can be identified as H/3, H 7 , H<5, He of the Balmer 
series with a redshift of 16%. This redshift leads to identification 
of a fifth line as A5007 of [O III], which is also found in normal 
radio galaxies although with a different intensity relative to the 
hydrogen lines. This confirms the 16% redshift interpretation with 
absolute certainty. 

3C273 has the optical appearance of a thirteenth magnitude 
star. However, the 16% redshift corresponds to a velocity greater 
than the velocity of escape from the Galaxy, so it would be unique 
in this respect if it were a star. In the relation between redshift 
and magnitude for normal radio galaxies, which is interpreted as 
a velocity-distance relation showing the expansion of the universe, 
a redshift 0.16 corresponds on the average to a 17th magnitude 
galaxy. Therefore if the redshift of 3C273 is a cosmological red¬ 
shift, this source is four magnitudes (40 times) brighter than the 
most luminous normal galaxies. Also 3C273 is much smaller than 
a normal galaxy: the stellar image indicates a diameter less than 
0".5, whereas a normal 17 m galaxy has a diameter 10" to 15". 

Objects such as 3C273 are called quasi-stellar radio sources 
(QSRS). 

Finding of QSRS has been made possible by radio observations 
of position to an accuracy of about 10". Occupation work enables 
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radio positions to be determined to about 1", and it was this 
technique which enabled a definitive optical identification of the 
source 3C273 to be made [2], [3]. 

Slide 3 illustrates four QSRS: 3C273 [l] is a stellar object with 
a jet 1" to 2" wide at 11" to 20" from the star, which is a unique 
feature. The radio source is double: component B is 1" west of 
center of the stellar object and of diameter less than 0".5, while 
component A is 1" west of the end of the jet and is elliptical, ex¬ 
tending in the direction of the jet. This is unique among double 
radio sources in that the two components have very different 
spectra, and in that the components coincide with two optical 
features, since if a normal radio galaxy is a double source, the 
optical galaxy lies between the components. 

3C48 is a stellar object surrounded by wisps of nebulosity. 
3C196 and 3C147 have almost completely stellar images, with 
diameters less than 1". 

The optical properties of the QSRS are listed on slide 4. 

1. They are starlike objects identified with radio sources. This 
distinguishes the QSRS from other recently discovered distant 
star like objects [4], which are probably more numerous than the 
QSRS but are not radio sources. 

2. Variability in light has been established for each of the five 
objects that have yet been carefully observed. Variations of about 
30% in one or two years are found, and 3C273 shows indications 
of semiperiodic variation [5], [6]. Such variability is unexpected 
in extragalactic objects since extended galaxies are too large for 
large fractional variation to be possible (except when a supernova 
outburst occurs, which may give as much light as the whole galaxy 
for a brief time). 

3. They have a large ultraviolet excess. This has been of practical 
significance for finding the QSRS. Sandage has identified many 
before accurate radio positions were known, by taking two ex¬ 
posures, one in ultraviolet and one in blue light, of the region, 
displacing the telescope slightly between exposures. The QSRS 
have much greater ultraviolet intensity relative to blue than normal 
stars of the same apparent magnitude. To date, about 70 QSRS 
have been identified, mostly by Sandage and Veron (at Palomar) 
and Wyndham (at California Institute of Technology). These are 
almost all in the Northern hemisphere. 
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4. Broad emission lines appear on most of the spectra observed. 
Of Schmidt’s 23 spectra of QSRS, 3 show no emission lines, 7 
show one line, and 13 show two or more. Of these 13, 9 have pub¬ 
lished values of the redshift [7] and the other 4 have unpublished 
redshifts in the same range. The emission lines are very broad, 
about 40A° total half-width, which corresponds to a velocity 
spread of about 3000 km/sec. 

5. They have large redshifts. This property is of fundamental 
importance, as the QSRS have much larger redshifts than average 
normal galaxies of the same apparent brightness. The redshifts 
are very difficult to measure because of the low contrast between 
emission lines and continuum, quite unlike the spectra of normal 
radio galaxies. 

Slide 5 shows four successive spectra of 3C273, unwidened. 
This is a 13 m object but the emission lines are difficult to see, 
even on the original plates, with an unwidened spectrum. For 
objects fainter than 3C273 widening of the spectrum is not possible 
because exposure times are limited by the night sky: even with good 
seeing, a four hour exposure must be made at 400A°/mm, and 
longer exposures are necessary at poor seeing. For faint objects, 
the existence of lines has been checked by taking repeated un¬ 
widened exposures. 

Slide 6 shows the spectrum of 3C48, which is a 16 m ,5 object with 
a redshift 0.37. Numerous lines have been identified, and two can 
be seen on the slide: A3727, a forbidden line of singly ionized oxygen, 
and X2798 of ionized magnesium. The spectrum is discussed by 
Greenstein and Schmidt [l]. 

Slide 7 shows the spectrum of 3C147, with the lines emphasized 
by using a composite of six negatives; the redshift is z = 0.54 [8]. 

Slide 8 shows the spectrum of 3C254. Five lines have been found, 
using four or five exposures. If the redshift is taken as 0.734, four 
of the lines occur exactly at the redshifted positions of X3869 of 
[NeIII], X3727 of [Oil], X3426 of [NeV], and X2798 of [MgII]. 
Accepting this as the correct identification, one finds the fifth line 
corresponds to X1909 of C III, thus establishing the presence of 
this emission in a QSRS. The spectra of two more sources, each 
showing only two fines with wavelength ratios 1.468 and 1.467, can 
then be interpreted if these fines are identified as X2798 and X1909. 
-The corresponding redshifts are about unity for each source—i.e., 
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the observed wavelengths are about twice the rest wavelengths. 

Slide 9 shows the spectrum of 3C287 from X3188 to X5016. Three 
lines are visible. Two have wavelength ratio 1.467, and if these 
are taken to be X2798 and X1909 the third line corresponds to 
X1550, an emission of CIV. 

Slide 10 shows the spectrum of 3C9 [7] in the blue region. Only 
two lines have yet been found, both very broad, and the wavelength 
ratio, 1.27, does not correspond to any pair of lines yet identified 
in other sources. On the basis of the theory of planetary nebulae, 
a list has been prepared of emission lines that may be expected. 
Inspection of this list shows that the only reasonable pair of lines 
with wavelength ratio 1.27 is X1550 of CIV and the Lyman a line 
X1216. This is the proposed identification of the lines in the spectrum 
of 3C9. It leads to a redshift of 2.01: the lines are observed at a 
wavelength more than three times the rest wavelength. 

The spectrum of 3C9 has a further very significant feature: 
continuum emission at wavelengths below Lyman a is visible, down 
to a rest wavelength about X1100. As will be discussed further in 
the second lecture, this observation sets an extremely low upper 
limit to the density of neutral atomic hydrogen in the intergalactic 
medium. The continuum intensity is actually observed to drop 
rapidly with decreasing wavelength below the Lyman a line, but 
this effect may arise in the earth’s atmosphere so care is needed 
in its interpretation. 

Slide 11 shows the optical appearance of 3C9. It is a very blue 
18™ star which is listed in the Luyten-Haro Catalogue of faint 
blue stars. Also shown is Sandage’s object BSOl, which has the 
appearance of a faint blue star and a redshift probably similar to 
3C9, but is not observed as a radio source [4]. 

If the redshifts of the QSRS are cosmological, one can in principle 
from the redshift-magnitude relation obtain information about the 
geometry of the universe. There is so much uncertainty as to the 
nature of the objects that it may not in practice be possible to 
draw significant conclusions for cosmology; but ten years ago 
cosmology was being studied with observations out to redshifts 
of 0.2, so certainly there is a better chance now that redshifts of 
2 are observable. 

The QSRS are of great interest in themselves, whether they can 
be used effectively for cosmology or not. They may, for example, 
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be related to the radio galaxies and have related energy sources. 
It will be assumed here that they are at the very great extragalactic 
distances indicated by cosmological redshifts, and a few of the very 
large number of proposed models will be discussed. 

The presence of the Balmer series, identified in the nearer objects, 
and forbidden lines shows that HII regions (ionised gas) are present. 
An estimate of the total mass of ionized gas can be made in the 
following way. (Details are given in the paper by Greenstein and 
Schmidt [l].) Computations of the energy output from an HII 
region show that the total energy emitted in the H/3 line is ap¬ 
proximately 

E(H(3) = 2 = 10 _25 A e 2 ergs sec“'em “ 3 , 

where N e = number of electrons per cm 3 . (The numerical value 
depends, not sensitively, on an assumed electron temperature.) 
For 3C273, direct observation gives the flux density F(H/J) in 
ergs sec l cm“ 2 , and the redshift gives its distance, r. Thus the 
luminosity in H/3, in ergs sec -1 , can be calculated, and related to 
the volume of gas, Vcm 3 , by 

F( H/3) • 4*-r 2 = 10 -25 JV 2 V. 

An estimate of N e can be obtained by observations of the forbidden 
lines. For a forbidden line to be formed, the upper level is populated 
by collisional excitation, and deexcitation must occur by sponta¬ 
neous emission; if the density is too great, collisional deexcitation 
will dominate. (More precisely, if N e is large enough the intensity 
of a forbidden line increases as N e while that of a permitted line 
increases as IV 2 .) In 3C273, the absence of A3727 of [Oil] shows 
that N e > 3 X 10 4 cm -3 . Similarly, the presence of a weak line at 
A5007 of [OIII] shows that N e < 10 7 . Adopting the value IV e =£= 3 
X 10 6 cm -3 gives for the volume of ionized gas emitting the lines, 
V= 2 X 10 56 cm 3 . If this is a sphere, its radius has the very small 
value of about 1 parsec. 

An upper limit to the size of the region producing the optical 
continuum may be obtained from observations of the light varia¬ 
tions, which seem to have a periodic component about ten years 
[5], [6]. Some authors regard the variations as due to random 
outbursts (e.g. uncorrelated super-supernova explosions), in which 
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case any size is possible for the object. Greenstein and Schmidt 
[l] follow Smith’s interpretation, setting an upper limit to the 
radius at one light-year. This is only one third of the radius of the 
HII region, if the latter is a sphere of 2 X 10 5S cm 3 volume. But 
because the optical depth for scattering through such an HII 
region is large, each photon must be scattered many times as it 
travels out to 1 parsec radius, and the fluctuations of light at the 
surface cannot be much more rapid than if the continuum source 
itself were of 1 parsec radius. 

A filamentary structure for the HII region could lead to the 
required optical properties: within the filaments N e would be be¬ 
tween 10 6 and 10 7 cm 3 , the volume of the filaments would be 
2 X 10 55 cm 3 , but these would be spread over a much larger total 
volume and so have low opacity. In this case rapid fluctuations of 
a small central source could be observed externally. 

Until recently it has been possible to explain the radio observa¬ 
tions in terms of the filamentary model as follows. If the radio 
emission arose within the region occupied by the filaments, Faraday 
rotation would destroy all polarization and the region would be 
optically thick for free-free radio emission. Both these effects are 
contrary to observation. It may be supposed instead that the 
radio emission comes from a larger surrounding medium, which 
would also be in agreement with the occultation data that set an 
upper limit of 0".5, or 500pc, to the size of the radio source. How¬ 
ever, Dent [9] has recently discovered a totally unexpected vari¬ 
ability in the radio output of 3C273: the flux at 3j cm wavelength 
has increased 40% in three years. This makes a size larger than a 
few light-years improbable for the radio source, so the model dis¬ 
cussed above may have to be rejected. 

II. Table I [7] lists the QSRS with known redshifts and gives in 
the third column the calculated intrinsic power emitted by the 
sources at A3000, in watts (cycle/sec) This is calculated on the 
assumption of an exploding cosmological model, with the param¬ 
eters: Hubble’s constant H 0 = R 0 /R 0 = lOOkmsec ^Mpc 1 , de¬ 
celeration parameter q 0 = — R 0 R 0 /Rq = + 1, cosmological constant 
A = 0, corresponding to a mean density 4 X 10 “gmcm -3 . The 
luminosities range over a factor 20, with a mean deviation corre¬ 
sponding to 0 m .85. 
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Table I 

Redshifts and Intrinsic Luminosities of QSRS 


Source 

Redshift 

(z) 

logF(10 15 c/s), 

F in watts (c/s) 
at A3000, for 
cosmological 
model 

3C273 

0.158 

23.8 

3C48 

0.367 

23.0 

3C47 

0.425 

22.5 

3C147 

0.545 

23.1 

3C254 

0.734 

22.9 

3C245 

1.029 

23.5 

CTA102 

1.037 

23.5 

3C287 

1.055 

23.4 

3C9 

2.012 

23.6 


The significance will now be discussed of the continuum radiation 
seen in the spectrum of 3C9, corresponding to rest wavelengths 
down to A1100, below Lyman a. The radiation emitted by 3C9 at 
A1100 passes on its way to the earth a point in the universe at which 
it appears redshifted to A1216, at which point resonant scattering 
in Lyman a by neutral hydrogen would occur. From the observed 
intensity of the light reaching the earth, Gunn and Peterson [lOjhave 
deduced that an upper limit for the density of neutral atomic hydrogen 
at that point in the universe is 3 X 10“ 11 atoms per cm 3 . That point 
is at a distance from the earth corresponding to a redshift of about 
2, and a time when the cosmic density was about 27 times greater 
than the present density. Therefore the corresponding upper limit 
to the density of neutral atomic hydrogen in the present intergalactic 
medium is about 10 “ 12 cm ~ 3 . An important consequence of this 
extremely low value is that essentially all the intergalactic hydrogen 
must be ionized, so electron scattering must be an important source 
of opacity. For example, for a cosmological model with q 0 = + 1, 
the optical depth in electron scattering between 3C9 and earth is 
about 0.5. This effect must be considered in future interpretations 
of the redshift-magnitude relation. 
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For the rest of the lecture, theories as to the nature of the red- 
shifts of the QSRS will be discussed. 

The first possibility considered was that the redshifts of 3C273 
and 3C48 were gravitational [lj. For a star of mass M and radius R, 
the gravitational redshift is 

2 = A A/A ^ GM/Rc 2 . 

E.g., 3C273 could be a neutron star of solar mass and about 10 km 
radius. The depth of the atmospheric shell emitting the lines can 
be calculated by supposing that the line widths correspond to the 
change in gravitational potential across the shell: for lines of width 
w the shell thickness aR is given by AR/R = w/A A. The line widths 
are 7% of AX in 3C273 and 1.6% in 3C48. Thus if the redshift of 
3C48 is gravitational, its distance can be estimated for any assumed 
mass, as follows. 

Assuming a value for the mass, the radius is determined from the 
observed value of 2 , and then the shell thickness AR is determined 
from the observed line width w, which gives A R = 0.0167?. Then 
the volume V of emitting gas is 4vR 2 AR. The presence of X3727 of 
[Oil] at normal strength relative to the Balmer lines shows that 
N e is no greater than 3 X 10 4 cm~ 3 . With this value of N e , a value 
for the luminosity in H/3 is given by = 10~ 25 iV e 2 Vergs sec -1 . 

But the observed flux in H/8 is related to L and the distance r, since 
L(H|S) = 4irr 2 F(H/3). In this way, a value of r is calculated for each 
assumed mass. 

This has been done for the range one to 10 14 solar masses. If the 
mass is 1 M Q ,r is found to be 14 km! An object of mass 10 4 M o would 
still be within the solar system, at 0.1 A.U., so is clearly impossible. 
An object of 10 10 M o is also impossible, since it would be at 0.5 kpc 
and have a gravitational effect 36 times that of the whole galaxy. 
If masses as large as 10 14 M o are considered, the distances are so great 
that the redshifts would be cosmological. 

In fact the situation is even less favorable, because taking A R/R 
= w/ AX = 0.016 was an overestimate. Radiation effectively originates 
from an atmospheric layer not thicker than about one scale height; 
an upper limit to the scale height can be set because the temperature 
cannot be greater than that corresponding to the line widths, 
and this shows that A R/R = 10 5 should be the value used. Revised 
calculations with this shell thickness show that a mass of 10 13 M Q 
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would have to be at 0.3 Mpc. This is ruled out by observed motions 
in the Local Group of galaxies, which show its total mass to be 
about 2 X 10 12 M q . 

Summarizing, if the redshifts are gravitational in origin, 3C48 is 
not a neutron star and it is not a galactic object. It must be more 
distant than 2 Mpc and more massive than 2 X 1O 13 M 0 , which is 
very unlikely. 

A theoretical argument against the gravitational redshift hy¬ 
pothesis is due to Bondi [11 ]: a collapsed static object with plausible 
properties cannot have a gravitational redshift greater than 1.3, 
which is smaller than the largest redshift observed. A further 
argument is the existence of a redshift-magnitude relation for the 
objects. Although the relation cannot be precisely specified from 
only 9 redshifts (especially since there is observational selection 
of the intrinsically brightest objects at large redshifts), the data 
in Table I do indicate a normal redshift-magnitude relation and 
the newest results are in agreement. Such a relation is not explained 
if the redshifts are gravitational. 

A second possible explanation of the redshifts is that they 
represent local Doppler shifts. Difficulties are the very high velocities 
(up to 0.8c has been observed) and the absence of any observed 
blueshifts. Of the 23 sources whose spectra have been examined, 
13 show definite redshifts, 7 more have one spectral line which can 
be interpreted as redshifted A2800, and only three show no spectral 
lines. Therefore only a small fraction of the sources could have 
velocities of approach, and an explosive event with a local center 
is suggested. 

The solar system is not a possible center, but it has been sug¬ 
gested by Terrell [12] that the objects were shot out by an ex¬ 
plosion at the center of the Galaxy. Using this hypothesis, it is 
possible to estimate the masses of the objects. Last year it was 
thought that 1000M o would suffice, but a revised estimate, as 
follows, gives about 10 6 M G for 3C273. 

Two cases are considered, a stable or unstable object. If the 
object is stable, its mass is approximately M ~ G~ 1 R(Av) 2 , where 
G is the gravitational constant, R is the radius, and Av is the velocity 
dispersion indicated by the widths of the emission lines. For 3C273, 
Av —1000 km/sec, and the model of Greenstein and Schmidt [l] 
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discussed in the first lecture gives a value of R depending on the 
distance, r: 4irr 2 F(H/3) = 10 -25 ZV 2 -4iri2 3 /3. The mass is thus given 
by M = 3 X 10 6 M Q (r/l Mpc) 2/3 . 

If the object is unstable, it is losing mass by expansion at a 
rate given by 

mass loss = Ai> • 4ir R 2 N e ■ 2 X 10 -24 gmsec _1 . 

The time involved, if the speed has been constant, is T = r/v, 
and as before R is expressed in terms of r. In this case the mass 
is estimated to be about equal to the mass lost in time T, which 
is M = 5 X 10 6 M e (r/1 Mpc) 7/3 . 

A lower limit to the distance is set by the very accurate proper 
motion studies by Jeffreys [13]. He finds /t = 0.001 ± .0025"/year. 
Combining this with the known radial velocity relative to the sun 
(given by z) and assuming that 3C273 is moving radially from the 
Galactic center, gives a minimum distance of 0.2 Mpc. Therefore 
it appears that the mass of 3C273 cannot be less than about 10 6 M©. 

The total energy involved in the Galactic explosion can now be 
estimated. Probably 1000 or more QSRS exist, since 70 have been 
identified already, all in the northern hemisphere. This gives a total 
mass about 10 9 M©. Nearly all the objects are very faint and must 
have redshifts similar to 3C9, so their total kinetic energy must 
be at least of the order of 10 9 M o c 2 =a=10 63 ergs. The time of the 
explosion, from the distance and velocity of 3C273, is about 20 
million years ago. Even with 1% efficiency, there must have been, 
only 20 million years ago, an explosion at the Galactic center in¬ 
volving energy equal to the rest mass energy of the entire Galaxy, 
which shot out 1000 objects with a total kinetic energy of lCPergs! 
Even more energy is required if the quasi-stellar galaxies were 
also ejected, since there are 500 times as many of these per unit 
volume as the QSRS [4]. 

The occurrence of such an explosion, so recently, at the center 
of a quiescent galaxy like ours is extremely improbable; the energy 
requirements provide a very strong argument against the hypothesis 
of local Doppler redshifts. 

Hoyle and Burbidge [14] have a new theory for the QSRS in¬ 
volving local Doppler shifts. They consider that the explosion 
could have occurred in a nearby radio galaxy, which is a preferable 
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hypothesis since energies of 10 63 to 10 M ergs are already involved 
in the normal radio output. An explosion in the peculiar radio 
galaxy NGC5128 is suggested. It is only 4Mpc away, and the 
expected number of approaching objects is not so great that blue- 
shifts should have been observed. NGC5128 is 45° away from 3C273, 
so from the observed proper motion of 3C273, supposing it moves 
radially away from NGC5128, it is concluded that its distance is 
8 to lOMpc. Therefore the mass of 3C273 is at least five times 
greater than in the case of a local Galactic explosion. If the quasi- 
stellar galaxies arose in the same way, the total energy require¬ 
ment is about lO^ergs, which is the rest mass equivalent of a galaxy! 

Finally, there is the possibility that the redshifts observed are 
cosmological. Four objections to this hypothesis will be considered. 

The first objection is that QSRS are not seen in clusters of 
galaxies. This is not a strong argument because there are so few 
observations. Since the QSRS are about four magnitudes brighter 
than normal galaxies, one must look to four magnitudes fainter 
to observe cluster members. This has been done for 3C273 and 3C48, 
and no members found, and although no others have been closely 
examined, it is felt that cluster members would have shown up. 
Among normal radio galaxies one third to one half occur in clusters, 
so this argument shows only that the QSRS may not be similar to 
the normal radio galaxies. 

A second objection is that QSRS are not at the center of normal 
galaxies. This is not really a strong objection either, although one 
would have been happier if the sources had been found to be bright 
galactic nuclei. Probably it is a photographic impossibility to bring 
out a galaxy 5" to 10" round a stellar object that is 30 to 100 times 
brighter. 

A third difficulty with cosmological distances is the variability 
in light. This has been discussed in the first lecture, and it is not 
a very great difficulty since the object as a whole need not be of 
very small size. 

The fourth objection is much more serious: the radio variability. 
Dent [9] recently discovered that at 3.5 cm wavelength the flux 
from 3C273 increased by 40% in 1000 days. In reporting on this 
observation, Dent gave two strong arguments against the cos¬ 
mological distance for 3C273. If the radio variation indicates a 
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change over the whole of a homogeneous body, the diameter of 
the radio source must be no more than 2 light-years. Using Hazard’s 
[2] angular diameter of 0".5 gives a distance only 10® light-years, 
which is only 1/200 of the cosmological distance and is within the 
Local Group. This angular diameter may not be relevant as it was 
measured at a different frequency, but Dent’s second argument 
concerns the radio spectrum. If 3C273 were a source of 2 light-years 
diameter, radiating by the synchrotron mechanism at a rate given 
by assuming the cosmological distance, the radio spectrum would 
vary with frequency as v 2 ' 5 . However, the observed spectrum of 
3C273B is flat. 



There are several reasons why Dent’s observations need not be 
regarded as conclusively showing that 3C273 is closer than the 
cosmological distance. Hazard has suggested that 0".5 may not be 
the correct angular diameter as the occultation data are very 
difficult to interpret. Hoyle and Burbidge [14] show that if an 
unusual and intense magnetic field configuration is present, in 
which the spectrum is determined by the distribution of energy in 
the magnetic field instead of in the particles, then a very small size 
is just theoretically possible. Finally, Maltby and Moffet [15] have 
made a significant determination of the spectrum of the radio 
variation of 3C273B, from a study of old records. They find that 
the variation is much smaller at 31cm. Since 3C273B itself has 
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a flat radio spectrum, this proves that it is not a representative 
part of the source which varies by 40%. Possibly a small region 
nearby is variable at 3.5 cm; this region must be optically thick 
in the 25 cm range, which is consistent with a small size. Certainly 
Dent’s observation does not prove that 3C273B itself has a diameter 
of a few light-years. 

Points in favor of cosmological distances for the QSRS will 
now be mentioned. 

First, other explanations are unlikely. 

Second, there is the slope of the count-magnitude relation for 
the quasi-stellar galaxies [4], The slope of a graph of logiV(m) 
versus m for blue stars at high galactic latitudes increases greatly 
at 15 m , and for fainter magnitudes has the value d log N(m)/dm 
= 0.383. This indicates that the objects fainter than 15 m are extra- 
galactic. There are two lines of supporting evidence—these stars 
are relatively brighter in the ultraviolet than those below 15 m , and 
of the three spectra obtained for the faint blue stars one shows a 
large redshift. Sandage shows that the slope 0.383 can be explained 
in terms of an exploding cosmology with A = 0 and q 0 between 0 
and 1, if the objects are extragalactic with intrinsic luminosities 
similar to the QSRS. (In Euclidean space the slope would be 0.6.) 
Hoyle and Burbidge are able to explain this slope in terms of their 
explosion theory, by adopting a suitable luminosity and velocity 
distribution for the objects. In this case, their total mass is only 
about 10 7 Af 0 , so the energy requirements for the explosion are not 
so prohibitive. 

A third point in favor of cosmological distances for the QSRS 
is that they would have radio properties similar to the radio galaxies. 

A fourth point is that Koehler [16] has radio observations sug¬ 
gesting 21 cm neutral hydrogen absorption in the spectrum of 3C273. 
The exact frequency of the absorption line corresponds to the 
velocity of the Virgo cluster, which is in the direction of 3C273, 
and suggests that the source is more distant than this cluster, i.e., 
10 Mpc. However, this would still be consistent with the theory of 
Hoyle and Burbidge involving a nearby explosion, as well as with 
the suggestion of cosmological redshifts. 

There are no doubt many other points which could be discussed 
concerning the nature of the quasi-stellar objects. 
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Cosmology 1 


A. Principles. Cosmology is the science of the universe. As such 
it may be a metaphysical science for us since the universe might 
contain regions which are, in principle, unobservable for us for 
all times. Sometimes cosmology is defined somewhat more narrowly 
as the science of the universe that can be observed in principle. 
Only this science is, in principle, an empirical one. 

The growth of cosmology and its scientification has paralleled 
the growth of the observable universe and its secularization. The 
Christian universe of the Holy Thomas was probably much smaller 
than 10 lb cm in diameter and contained heaven and hell. The 
modern universe is larger than 10 27 cm, and no scientist in his right 
mind believes nowadays that heaven or hell are regions of the 
observable four-dimensional space-time manifold. Although some 
cosmologists might still unconsciously project theological pictures 
into their science, we have been able to scare most of the ministers 
out of cosmology by a straightforward application of tensor analysis. 

Among the many attitudes of the modern scientist towards 
cosmology, two deserve special mention, the local and the global 
point of view. 

This work was supported by the grant AF-AFOSR 454-64/65. 
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(a) The local standpoint. One assumes the local laws of physics 
as known and determines the structure of the universe from ob¬ 
servation by extrapolation of the local laws. This is the same method 
we use when determining the structure of the earth, the solar 
system, or the structure of our galaxy. Since most of the laws of 
classical physics are given by hyperbolic differential equations, 
we use essentially observational data to fix the unknown functions 
in an initial value problem. The local laws describe then evolution 
of the system in time. This theory is not tailor-made for the universe. 

(b) The global standpoint. One assumes a four-dimensional 
structure of the universe based on more or less appealing principles. 
One tries then to find local laws which give the known local ones 
approximately and allow the universe as an essentially unique 
solution of the new equations. Steady state, Jordan’s, and Milne’s 
cosmologies seem thus to be much more specific since they narrow 
down the infinite number of universes to essentially one. But since 
they make high symmetry assumptions that might only be ful¬ 
filled by the universe itself, testing of the theory on the local 
asymmetrical scene leads to difficulties. 

Ideologically in this class belong also different principles invented 
by Dicke, Einstein, Hoyle, Sciama, Wheeler, and many others 
that have all been named after the unfortunate Ernst Mach, the 
godfather of Wolfgang Pauli, who brought so much clarity into 
physics and is now being credited with so much obscurity. Although 
we do not have a satisfactory theory based on the local or global 
point of view, I feel that the conventional local theories have to 
be pressed much harder before we could discard them. Theories 
of the global type will not be discussed in the following. We shall 
take the local point of view as is customary in astrophysics. 

B. Local laws. We shall assume textbook physics and extrapolate 
it to universal validity. This includes, naturally, the assumptions 
that the constants of nature are true constants and not space¬ 
time-dependent scalar fields or, even more generally, components 
of space-time-dependent tensor fields. These assumptions may not 
be made arbitrarily, but they need to be checked. The constancy 
of the weak interaction (/3-decay) is, for instance, involved if we 
obtain for a rock the same age with the potassium-argon method 
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as with the uranium-lead method. What one checks then precisely 
is that the ratio of a strong interaction to the weak interaction 
constant was unchanged in the neighborhood of the earth averaged 
over a certain geological time. This field of “experimental cosmology” 
is a very important foundation for all our speculations about the 
universe. Most laws of nature have limited validity only, and their 
universal application might lead to crucial errors. The infinite 
life-times of protons and electrons under ordinary conditions, the 
zero rest mass of the photon, the electrical neutrality of the hydrogen 
atom, the constancy of gravitational interaction, the proportionality 
of inertial and passive gravitational mass, or the scalar (not tensor) 
nature of mass have all been confirmed with sometimes staggering 
accuracy. 

Assuming electric neutrality of the cosmic plasma (matter) and 
magnetic fields outside of galaxies weaker than inside, it would 
seem that gravitation is the overwhelming long range interaction 
which governs the large scale structure of matter and its motions. 
There is the possibility that there exist interactions in the cosmic 
realm based on zero rest mass fields, for instance, with spin 3, the 
source of which is instead of charge or energy, a property of matter 
we might call mysterity. Mysterity might have appreciable positive 
or negative values only for masses with more than 10 40 g and high 
relative velocities or spins and, therefore, its measurement might 
not be a standard laboratory job. The interaction of two mysterities 
through a spin 3 rest mass zero field is only one of an infinite 
number of possibilities. 2 Observationally we know practically 
nothing about the question if, say, the interaction between two 
clusters of galaxies in a distance of 10 Mpc exists and how much 
gravitation contributes to it—if at all. Theoretically this idea has 
been discussed by assuming a finite rest mass for the graviton. 
This implies a range of the gravitational force of the order of the 
Compton wavelength h/mc of the graviton (m = hypothetical 
mass of hypothetical graviton). 

We shall assume the validity of Einstein’s theory of gravitation 
although only the spherically symmetric, static solution of this 
theory has been tested so far observationally. Imagine the analogous 


Compare, however, S. Weinberg, “The quantum theory of massless particles” 
in Lectures on particles and field theory, Prentice-Hall, N. J., 1965. 
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situation in Maxwell’s theory where people should believe in 
Maxwell’s equations before Volta, Oersted, Ampere, Faraday, 
Galvani had done their experiments, magnetism had not yet been 
observed in one instance, and there was only good old Coulomb 
with his 1/r 2 law! 

C. Newton’s theory. Instead of Einstein’s theory we shall first 
consider Newton’s, which is a very good approximation to Einstein’s 
under all circumstances of which we have positive knowledge. 
Newton’s theory of gravitation has recently been rediscovered by 
a number of people, among whom I mention Kilmister, Havas, 
and Trautman. If you should have cherished the illusion that you 
know it, then especially a glance into Trautman’s paper will im¬ 
mediately dispel it. He shows that in its invariant formulation on 
the local level the Newton theory is much more complicated than 
the Einstein theory. It is on the global level, however, where 
Newton’s theory is simple and Einstein’s theory practically not 
yet existent. 

There are some good reasons to discuss Newton’s theory here 
at some length: Its applications to cosmology are not so well known, 
and it is a good approximation to Einstein’s theory. 

1. The Inertial System. The student of physics is informed on 
the very first pages of almost every textbook that the laws of 
physics are valid in an inertial system. A satisfactory answer how 
such a system could be found is, however, never given by the 
authors. The walls of a laboratory on earth do not provide such 
a system due to the rotation of the earth and its gravitational 
field. A nonrotating system (no Coriolis forces) fixed in the center 
of the earth is subject to the gravitational attractions of moon 
and sun. A nonrotating system fixed in the center of mass of the 
solar system (Newton’s solution to the problem, 1687) is accelerated 
by the field of the galaxy. A system fixed in the center of the 
galaxy is accelerated by the attraction of other galaxies, and so on. 

This difficulty in the definition of an inertial system is caused 
by the presence of interacting matter in the universe whose inter¬ 
action is proportional to the inertial mass. One could set up an 
inertial system by simply ignoring gravitation—as one does in 
laboratory physics. In cosmology, however, gravitation appears 
to be the predominant force. Switching it off or removing the 
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matter from the universe would make the cosmological scene 
completely obscure. 

Another proposal dealing with this difficulty is the theory of 
the matter island universe. If the mass of the universe were finite, 
we could use the center of mass of the universe for the definition 
of an inertial system. This would not help us, however, for our 
operational definition of an inertial system. A thinning out of 
matter is not observed in the observable range, and our knowledge 
about the mass distribution in the universe is so scanty that such 
a definition would not be helpful for the determination of an inertial 
system even if the basic assumption of the island universe was 
correct. 

It is, however, possible to uphold the notion of an inertial system 
even in the presence of gravitational fields in a universe that has 
an infinite mass. All one has to do is pick a particle that moves 
freely under the influence of inertia and gravitation. To this particle 
one attaches permanently a nonrotating system of coordinates. 
We call such a system a local inertial system. Describing a N ewtonian 
potential by <I>= we take as equation of motion for a particle 

under the influence of a nongravitational force K t in the local in¬ 
ertial system 

m'Xi = Ki — 

Since x,-(f) = 0 is a solution of this equation for A, = 0 (particle 
in the origin), we have 

0,,(O,O,O,f) = 0. 

Such a local inertial system can be tied to a space craft flying with 
its engine shut off and experiencing no air resistance. 

A genuine gravitational field makes itself felt by relative accelera¬ 
tions of local inertial systems. One may think, for instance, of local 
inertial systems tied to particles falling radially towards the center of 
the earth from opposite directions. In the presence of a gravitational 
field, we can no longer transform from one local inertial system to an¬ 
other by means of transformations belonging to the Galilei group. The 
transformations that we shall employ going over from one local inertial 
system to another are found by requiring that the nongravitational 
force Ki (i = 1,2,3) transforms like a vector. That implies constancy 
of the components for systems with parallel axes. W e have for a particle 
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with coordinates x t and x[, respectively, in the two systems 

Calling x'i(t) — x t {t) = gi(t) the relative acceleration between the 
two local inertial systems we take 

&(x' jf t) = $ [xj(x' k ),t] - gi(t) Xi{x' k ) + h(t), 

h(t) can be taken to be $(0,f) +gM x,(0) - [jc £ ( 0),t]. This insures 

that the gravitational potential has the same value (for instance, 
zero) in the origin of every local inertial system. This normaliza¬ 
tion is convenient especially in the cosmological case. The new 
feature in our formulation of Newton’s theory is a transformation 
of the gravitational potential. This change in the potential amounts 
to adding the potential of a homogeneous gravitational field. The 
functions g t {t) which enter into the transformations depend now 
on the special choice of the gravitational potential <t>. 

The transformation of the Newtonian potential leads to an interesting en¬ 
largement of the Galilei group. Let us assume that no true gravitational fields 
are present (p = 0 everywhere and 0 for /•—><»). We consider the co lfa 

different frames of reference which are related to each other by the transformations 

X'i = ocikiH + gk^/Z + Pkt + 7*). <*ik<*ie = ike, 

t’ = t + 6, aik>0k>yk,i>*,V,K8i = const., 

s' = s -giX.- + ( t 2 + qt+ 

This is a sixteen-dimensional Lie group operating as group of transformations 
on the four-dimensional space with coordinates x k and t. This group contains 
the Galilei group as a subgroup. We shall call it the super-Galilei group. The sgp 
leaves the equations of motion 



invariant. The group allows us to make transformations from an inertial frame 
to a frame in which a homogeneous gravitational field is present and vice versa. 

We consider now the gravitational potential as the fifth coordinate of an event. 
The group becomes a transformation group of a five-dimensional space with 
coordinates xp, t and <t>. This is possible due to the universal coupling of the 
gravitational field to all matter. The introduction of the sgp with its transforma¬ 
tion of the potential has some resemblance to the introduction of the Lorentz 
group that transforms time. 
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Two generalizations come immediately to one’s mind: 

(a) Lie groups that transform to rotating coordinate systems and other more 
general ones which give rise to more complicated nongenuine gravitational fields. 

(b) Corresponding Lie groups which generalize the Poincare group. What is 
the purpose of such investigations? We hope to find in this way coordinate systems 
that are described by a finite number of parameters instead of by four functions 
of four variables. Einstein’s jump from the Poincare group to the pseudogroup 
of all coordinate transformations would thus be interpolated by some inter¬ 
mediate steps. Such groups would introduce new quantities (gravitational 
potentials) which might also prove helpful for the description of genuine gravi¬ 
tational fields. It is also conceivable that such Lie groups could be useful for the 
introduction of global coordinate systems into curved space-time manifolds. 

I do not know what a relativistic analogue of the sgp would look like. The 
Newtonian potential should in a relativistic version become the “oo” — component 
of a symmetric tensor. One might have to go then into a fourteen-dimensional 
space instead of a five-dimensional one. The combination of genuine Lorentz 
transformations and accelerations will give rise to Thomas precession. One has 
to include, therefore, rotating coordinate systems. The fifteen-dimensional 
conformal group does not seem to be the correct solution since its homothetic 
transformations do not appear in the sgp. 

2. The Friedman Models. The Newtonian analogues of the 
Friedman models were given by Milne and McCrea in 1934. We 
call these models after Alexander Friedman, a Russian meteorolo¬ 
gist and flying champion who was the first to propose an evolu¬ 
tionary world model in the frame of Einstein’s theory of gravitation 
in 1922. Friedman’s idea that the universe could evolve is one of 
the most important suggestions ever made in the history of science. 

It is very easy to derive Friedman’s differential equation for 
the evolution of the universe. We take two mass points in the 
universe at a distance R(t). The acceleration of the second with 
respect to the first is then assumed to be 

R = - GM/R \ 

where M is the mass in the sphere with radius R about the first 
mass point. If the motion of matter is isotropic with respect to 
particle one, and if both particles follow the general smoothed-out 
flow of matter in the region considered, M is a constant of the 
motion (sphere frozen into matter). For spherical symmetry of 
the matter distribution p one obtains 

M = 4ir p(r, t) r 2 dr - const. 

For a p which is spatially constant one obtains in particular 
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M = 4tt P R 3 /3. 

The Friedman equation appears, therefore, as the equation of 
the Kepler problem in the case of a vanishing angular momentum 
(this case is seldom treated in physics textbooks). Multiplication 
with R and integration gives a first integral 

R 2 /2 — GM/R = h, h = const., 

the energy theorem. Sometimes this equation is called the Friedman 
equation; h is the energy per unit mass. This equation governs 
also the collapse of a spherically symmetric body for vanishing 
pressure. From the energy integral we derive instantly 

R 2 /R 2 = 2GM/R 3 +2h/R 2 , 

or the following relation between Hubble constant R/R and density p: 
R/R = ± {8wG P /S + 2h/R 2 ) 1 ' 2 . 

We obtain from the Friedman equation R = — GM/R 2 and its 
first integral for the Sandage constant q = — RR/R 2 
- R 'R 1 

q W 2 + 2hR/GM' 

For h = 0 the integration can be carried out immediately. One 
obtains 

R(t) = (9GM/2) 1/3 U-f 0 | 2/3 . 

This special solution for R(t) is called the Einstein-deSitter solu¬ 
tion. It gives rise to a Hubble constant 

R 2 1 8 wGp _ 4 1 

~R~ 3 (f- t 0 )’ _ 3 9 (f — t 0 ) 2 ' 

For the Sandage constant q one has q = ^. The integration of 
the Friedman equation for h ^ 0 becomes simple after introduction 
of the new time variable t by means of dr — (2\h\) 1,2 dt/R(t). 
One obtains 

h > o: R = ^(coshr - 1); ± (t - t 0 ) (2 h) 1 ' 2 = ^-(sinhr - r); 

h< °:R = (1 - cost); ± (t - t 0 ) (2\h\ ) 1/2 = (r - sinr). 
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The last equation corresponding to a negative constant energy 
per unit mass in the universe describes a cycloid. This cycloid is 
described by a point on the rim of a wheel with radius GM/2\h\ 
rolling on the time axis. The parameter r is the turning angle at 
the hub of the wheel. The life span of the universe from creation 
to destruction is given by r = 2* or T = 2tcGM/( 2\ h\ ) 3/2 . For the 
Hubble constant one gets 

R 2n sin r 
"R~~T (1-cosrT 2 


and for the Sandage constant 
- RR _ 1 

9 R 2 1 + cost’ 


cos r 



Q 


(For the positive energy case one has naturally cosh r = q 1 — 1.) 
The last equation is a particularly neat relation between the dimen¬ 
sionless parameter r and the dimensionless Sandage constant q. 
For q = 1, for instance, we have t = 90°. That means the distance 
between two particles has just reached half of the maximal value— 
which is obtained for q — °°. We see that the Sandage constant is 
the most decisive parameter for the description of the universe. 
If q turns out to be positive (that corresponds to negative R) we 
have observational confirmation that gravitation still acts as an 
attractive force over distances of the order of a billion lightyears. 
If q is larger than \ the universe has a finite life span. If, however, 
0 < q ^ | the universe keeps expanding indefinitely. 

It is quite clear that the derivation of the Friedman equation 
given above is not convincing. For a finite mass distribution with 
spherical symmetry it is well known that we can neglect matter 
outside of a sphere with radius R when we study the dynamics of 
this sphere. But would this still hold for infinite distributions? 
Another discomforting point is that the gravitational potential 
— MG/R is centered about particle 1. If we consider a homogeneous 
universe particle 1 should not be distinguished. This latter point 
especially has led to frequent misunderstandings, e.g., the (wrong) 
statement that a homogeneous distribution of matter does not 
give rise to gravitational forces. The first point has to do with 
boundary conditions, the second with the fact that the N ewtonian 
potential does not transform as a scalar under transformation from 
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one local inertial system to another when matter is present. The 
following derivation of Friedman’s equation is no longer open to 
the objections raised above. 

We postulate the Euler equations for dust with density p{xj,t) 
and velocity V,(x ; ,f) in a local inertial system. The gravitational 
potential is given by <t> = <p(xj,t). With t = x 0 we have 

P. .+ (pVi).i = 0, 

Vi, 0 + V iik v k = -4# 

<j)jj = Air (ip 

These equations can easily be generalized if one wishes to account 
for creation of matter and momentum, a cosmologic force, or the 
gravitating effects of pressure. We obtain the Friedman models 
as those solutions of the preceding equations for which the density 
and velocity distributions are isotropic with respect to every dust 
particle, i.e., 

Vi(Xj,t) = W) Xi ’ p = pw - 

The potential <t> is normalized by <t>(0,t) = 0. We get 

4ir d3 R MG 2irGp 

M = — P R*= const., — = - 0 = -j— 

The isotropy assumption and the normalization condition for the 
potential fix the solution completely. We do not have to worry 
about the infinite amount of matter. When we transform the 
solution to another local inertial system we obtain again 



the spherical symmetry of the potential about every particle of 
the substratum. 

We shall discuss now briefly light propagation in gravitational 
fields. From special relativity we expect that the local velocity of 
light in every local inertial system is c. Along the path of the light 
ray, one can choose now a one-parameter set of local inertial 
systems with parallel axes such that the local velocity of this 
light ray is always c. Starting from one arbitrary local inertial 
system at one instant one may consider all the light rays arriving 
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at that event. One obtains in this way a three parameter set of 
local inertial systems on one past light cone. This procedure is, 
of course, not integrable. For the Friedman models, however, it 
turns out that the local inertial systems obtained by starting from 
some arbitrary particle in the substratum lead us to the local 
inertial systems tied to the matter. 

We have thus for an incoming light ray 

Xi(t) — ^r-Xi = — cn it ltiiii =1, rii = const. 

R 

(This “photon equation” is incompatible with the equation of 
motion x * = — 4 > :l (Xj, t) of a free test particle; for a test particle, 
Rxi — Rxi has a constant magnitude.) 

In the Friedman models we have thus for an incoming light 
ray r = r(t) 

f(t ) - ^r(f) = - c, 
or 

( r(t) V = rM_ = _ dr 

\R(t)J R(t) ’ R(t) ° Jtj R{t)' 

For particles of the substratum r(t)/R(t) is constant. Thus, we 
have for signals emitted from a galaxy at times t l + A t lf received 
by us, respectively, at later times t 2 and t 2 + A t 2 : 



or 

Afj _ A t 2 

Introducing 

2 = RdJ/RitJ - 1 , 
we obtain the Doppler formula 

v \! v 2 = ^2/^1 =1 + 2. 

It might be worthwhile mentioning that the prescription given 
above for light propagation in gravitational fields leads to the 
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correct Pound-Rebka shift in a static gravitational field. The 
value for the light deflection, however, would give only half the 
relativistic value. 

We shall conclude here our sketchy discussion of Newtonian 
cosmology. We saw that we obtain already the main features of 
relativistic cosmology with astonishing numerical coincidences. 
Even the law of light propagation can be visualized easily: the 
photon moves like a bug crawling with constant local velocity on 
an expanding rubber sheet. But essential features are mis sing; 
space curvature and local homogeneous Lorentz transformations. 
We turn now to a brief discussion of relativistic cosmology. 

D. Relativistic cosmology. In this brief review we shall only say 
a few words about the Friedman models and give derivations of 
the Friedman differential equation. We shall not discuss inhomo¬ 
geneous or anisotropic models of the universe. 

For the metric we take the signature +, —. Greek indices 

run from zero to three. 

The energy-momentum tensor of the matter distribution is as¬ 
sumed to be the one for a perfect fluid 

T*’ =( P + p) U> V - pg*\ U'U, = 1. 

The contributions to p from background radiation, cosmic rays, 
magnetic fields, and irregular motions of galaxies seem all to be at 
least more than one order of magnitude smaller than the density 
p of visible matter. It cannot be excluded, however, that 3p = p in 
a universe filled with neutrinos, with a negligible contribution of 
matter. If these neutrinos had low energies the only foreseeable 
mode of detection would be by their gravitational background field 
that would contribute to the mass of clusters. Mass determinations 
of some clusters of galaxies by means of the virial theorem seem to 
indicate the presence of large amounts of invisible matter. But 
nothing points specifically to neutrinos. 

For the description of the present state of the universe at about 
10 10 A.D.P. (After Dense Phase) the description in terms of p — o 
(dust) is possibly adequate. Before 10 6 A.D.P., however, the perfect 
fluid with p = p/3 would seem more appropriate. We shall restrict 
ourselves to the discussion of the dust case. We neglect entirely 
the invisible matter whose density and velocity distribution is 
completely unknown. 
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1 . The Velocity Field. We obtain from 

T"’ — pU^U’ and Tr. = 0 

that the dust is conserved and moves on geodesic world lines: 

(P £/“);„ = 0, t/%LP = 0. 

On the Newtonian level these equations correspond to 
DV j 


P,o+(pV i ), i = 0 > 




■ = — </>,;• 


The field of flow can be characterized locally (a differential in 
cosmology can be 10 9 light years long) by the first derivatives of 
the four vector U“. We define the shear tensor q„ v by 
= (£/„., + [/„ ; ,)/2 - (*„ - I /„17„) V \»/3, 
q„ U r = 0, = 0. 

The rotation tensor is defined by 

_ ^ = W(l „ = (- U.J /2 = !/[„,,], co M , 17' = 0. 

This tensor can also be expressed by a rotation vector co M , 

— = v ^U Malt /2, w't/,-0, co„ = w t/V, 

= - 2cO a O>“ = 2 CO 2 . 

co is the angular velocity. The equations above follow at once from 
the properties of the completely skew symmetric tj- tensor defined by 


We may write now 


In Newtonian hydrodynamics we have in complete analogy 
Vm = <7i* + &ik + &ik Vjj/3- 

In a local inertial system with matter at rest at the origin the 
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relativistic quantities coincide with the Newtonian ones at the 
origin. 

Observationally, we have some evidence that the shear tensor 
is small compared to the expansion scalar V\ x . An angular velocity 
“ of the universe larger than V A ;X /3 would still be compatible with 
the observations. An angular velocity of 3.X 10~ 18 sec 1 would lead 
to peculiar motions of galaxies of 2 X 10” 3 "/100 years corresponding 
to co = V A ;X /3. We might have to face the possibility that a rotation 
of the universe is dynamically a more important feature than its 
expansion. 

There exists, however, a serious difficulty in the discussion of 
these observations. We cannot actually see the field of flow in the 
universe as it is or was. The curved space-time manifold is an ex¬ 
tremely complicated and essentially unknown optical system that 
might distort quite considerably the picture that we receive from 
distant galaxies. Intervening large scale gravitational waves would 
make the world appear quite different from what it actually is. 
J. Kristian and R. K. Sachs were the first to discuss this question 
in some detail. 

In the following we shall assume that rotation and shear vanish. 

W e see that already on the kinematical level, before we can ask 
any questions of a dynamical nature, the nature of the universe is 
still poorly understood. 

2. Dynamics. We start with a few definitions. For a vector field 
U a we have 

U ait;x ~ U atx ., = - R^ x U„ - R a , = R^ x , 

The Weyl conformal curvature tensor is defined by 

<v- = + nc tx - «SC„ + c a '.g' X - c, 

A vanishing Weyl tensor allows us to express the Riemann tensor 
R a u x s in terms of the Ricci tensor. We obtain 

= - l ~ R -\ (&i R 0 X - %R ax + g ffx Rt - g ax R$. 

We use the field equations in the form 
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ic = 8 tG/c 2 . 


where A is the cosmologic constant. Equivalently we obtain 


R.„ = (a + *y) g a „ - KT a „ R = 4A + kT. 

For a conformally flat metric ( C aBx ‘= 0) we can express the Riemann 
tensor via field equations by A and the energy momentum tensor. 
We obtain 

R affx 6 . = - | (g,X ~ 8«x® (A + kT) 


+ | - 5gT ax + g, x Ti - g ax t;) . 

We consider now different characterizations of the Friedman 
models and different derivations of the Friedman equation. (In 
literature the Friedman models are often called after Robertson 
and Walker.) 

(a). Characterization by the field of flow (dust). We assume first 
that shear and rotation vanish along the world line of one dust 
particle: 

9,, = «v = 0, 

= tW) u\. 

We have then for the derivative of U\ x along the world line 
Ds 

= (U\ X; „ - u\„.j u>+ u\^u» 

= - R s .) x „ U, U* + U“) ;X - U\, U“. x 

= + r 5 „ u s U“ - Q f/ x :X ) (g x , - u x u,)(g x » - u x un 

With T Slt = pUiU^ we get 
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D 

Ds 


-(s' 


*P 
6 ' 


We introduce now a scalar R by the equation 
1 _ DlnR _ 1 DR 

3 ;X Ds R Ds' 

The continuity equation (pU“)- ll — 0 gives then 
^ pR 3 = M = const, along world line. 

We obtain 

D 2 R A R _ G_M 
Ds 2 3 K c 2 R 2 ’ 


the local Friedman equation along one world line (by keeping 
rotation and shear we would have obtained the Raychaudhuri 
equation). This is probably the shortest relativistic derivation of 
the Friedman equation. 

The Friedman models can then be obtained from the postulate 
that shear and rotation vanish along every world line of matter. 

(b). Characterization through conformal flatness. The simplest 
nontrivial space-time metrics are those which are conformally flat. 
This is locally expressed by the vanishing of the Weyl tensor. The 
intrinsic degrees of freedom of Einstein’s gravitational field are not 
excited in that case. 

We obtain the Friedman equation for those metrics by studying 
the geodesic deviation. 

Consider two neighboring (time-like) geodesics with tangent 
vectors belonging to the vector field U“. We introduce a space-like 
connecting vector if orthogonal on the first geodesic, 


U’v, 


= 0 . 


One obtains then for the second derivative of jj„ along the first 
geodesic 


D\. 

Ds 1 


R all ;. LWV 


This is the equation of geodesic deviation. In Newtonian theory 
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we have in a local inertial system where <p and its first derivatives 
vanish in the origin 


Vi — — <t>,i,k Vk 

as the first terms in a series development of the potential. 

Before we proceed to the derivation of the Friedman equation 
we consider a case slightly more general than necessary. We assume 
conformal flatness and take for the energy-momentum tensor one 
of a perfect fluid with velocity vector V“, which need not coincide 
with the tangent vector U“, 


T„,= (p + p) V.V,-p 


T = p — 3p, 


We express the Riemann tensor by the energy momentum tensor 
in the equation for geodesic deviation and obtain 


D 2 Va _ [1 

Ds 2 ~ L 3 


(A + k p ) - 


“(p+P) 


(t/„ n 2 ] n. 


+ Kip + P) (U a U, V" - VJ W 


This formula shows us that gravitational accelerations in particles 
that move extremely relativistic with respect to the universe be¬ 
come arbitrarily strong. Orthogonal to its direction of motion the 
particle is squeezed together by an acceleration gradient of 


_ 4xG(p + p) 
I -/* 2 


0-*l, 


as measured in its rest system. I do not know if this effect could be 
important under any conditions in nature (in the Schwarzschild 
field one gets a similar effect that leads at high enough energies 
to ionization of high energy atoms and fission of nuclei at still 
higher energies). 

We leave now the field of gravitational fiction in a hurry and 
put V a = U a . We then obtain 

D 2 Va _ A *(p + 3p)"l 

Ds 2 ~ |_3 6 j Va ' 


This is again the Friedman equation with additional terms for 
cosmological constant and pressure. One sees that pressure in- 
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creases the gravitational attraction. The Poisson equation of 
Newtonian theory has to be replaced by 

V 2 * + Ac 2 = 4jtG(p + 3p/ c 2 ) . 

The equation of geodesic deviation shows that the gravitational 
field of conformally flat metrics is isotropic in the rest system of 
matter. 

Using the full system of field equations one can show that 
space-time has a Friedman metric (Trumper’s theorem). The 
converse is also true: All Friedman metrics are conformally flat. 
This last remark simplifies considerably the discussion of light 
propagation in Friedman models. 

(c). Group theoretical characterization. The Friedman models 
have a metric 

ds 2 = dt 2 - R 2 (t) do 2 , 

where da is the line element of a three-dimensional space of constant 
curvature. Such spaces are homogeneous and isotropic with six¬ 
dimensional groups of motions. One obtains the Friedman equation 
of Newtonian theory by putting |/i| = c 2 . For negative energy per 
mass one obtains positive curvature for the three-space, and for 
positive energy negative curvature. The discussion of the Friedman 
models based on the metric above can be found in most textbooks 
and will not be repeated here. 

3. Space-Time Diagram. Space-time diagrams are often used in 
special relativity. For cosmology such maps are very helpful for 
obtaining an insight into the qualitative features of different world 
models. Due to the isotropy of the Friedman models, a one¬ 
dimensional space substitutes well for the three-dimensional one. 

Taking A as a radial coordinate in the three-space we study 
the two-dimensional manifold with metric 

ds 2 = dt 2 - R 2 (t) dX 2 . 

The world lines of matter are given by X = const. R(t) will be 
taken as a solution of the Friedman equation. 

The first map one might think of is the conformal one, 
ds 2 = R 2 (t') [dt' 2 — dX 2 ], dt' = dt/R(t). 

In this map light propagation is the same as in Minkowski 
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space. The neighborhood of the singularity is, however, badly 
distorted. The time parameter t' is essentially equal to r that 
appeared in the parameter representation of the Friedman solu¬ 
tions. The reader can easily construct such maps—with 2 -values 
of quasars inserted—for different (/-values. 

I shall discuss here another map that gives a more intuitive 
picture of the singularity. I introduce a new ^-coordinate which 
is the instantaneous distance measured along a spatial geodesic 
in the subspace t = const. We have 

x = R(t)X, dx = ?^dt • x + R{t) dx. 

K 

We obtain, therefore, 

ds 2 = dt 2 £ 1 — (J + xdxdt — dx 2 . 

The world lines of the galaxies are now given by x = R (t) X with 
constant X. The map is undistorted along our world line given 
by x = 0. The light cone can be easily expressed in terms of the 
parameter r of the Friedman solutions. 

This map shows an interesting feature of the Friedman solu¬ 
tions: When we go back on the light cone into the past the distance 
x of galaxies, visible now, increases, reaches a maximum and de¬ 
creases towards the singularity. This maximum occurs, for instance, 
for q = 1/2 at a red shift z = 5/4. 

I did not find the time to review here the present status of 
observational cosmology. Many interesting theoretical develop¬ 
ments have not even been mentioned. I apologize for these 
omissions. 

University of Texas 
Austin, Texas 
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A Unified Approach 
to Cosmology 


I. Introduction. Cosmology is the branch of astronomy that 
deals with the structure and evolution of the universe as a whole. 
Since only a limited portion of the universe is accessible to ob¬ 
servation, cosmological assumptions can never be verified directly. 
In this respect cosmological theories resemble other astronomical 
theories, such as the theory of stellar evolution, whose underlying 
assumptions are linked to its verifiable predictions by a long and 
complex chain of inference. Cosmology does have one distinctive 
characteristic, however. Other branches of astronomy treat classes 
of similar but not identical objects; cosmology treats a unique 
system. 

The uniqueness of the universe raises a question that does not 
arise elsewhere in astronomy. Are the defining properties of the 
universe (the subject of cosmological hypotheses) to be regarded 
as accidental or as essential? That is, are they to be regarded as 
analogous to the defining properties of a particular star or to those 
of a fundamental particle? In the first case they would be merely 
elements in a statistical description, insignificant in themselves; 
in the second case they could be regarded as laws of nature. 

These lectures proceed from the view that the defining properties 
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of the universe have the status of natural laws. Whether or not this 
approach is correct, it has the advantage of directing us toward 
the simplest hypotheses. Thus it encourages us to construct theories 
that are especially vulnerable to observational disproof. In these 
lectures I shall develop some consequences of what appear to me 
to be the simplest cosmological postulates that are consistent with 
currently accepted physical laws. 

II. The principle of uniformity. Astronomical observations have 
shown that the structure of the observable universe is exceedingly 
complex. Matter is distributed in a nested sequence, or hierarchy, 
of self-gravitating systems whose linear dimensions range from a 
few tens of kilometers to one hundred million light years and whose 
mean densities range from a few atoms per cubic meter to a million 
times the density of water. In the nineteenth century astronomers 
conjectured that the hierarchy might extend indefinitely toward 
systems with larger dimensions and smaller mean densities. Hubble 
and his successors showed, however, that it eventually terminates. 
The largest astronomical systems are clusters, or perhaps super¬ 
clusters, of galaxies. 

Although the diameter of a galaxy cluster is large by ordinary 
astronomical standards, it is less than one percent of the radius 
of the observable universe. In principle, we may therefore compare 
the statistical properties of nonoverlapping volumes of space whose 
dimensions are large compared with the scale of the local structure. 
In practice such comparisons are complicated by errors of measure¬ 
ment that depend systematically on distance. They are further 
complicated by the fact that astronomical observations provide 
information only about events on the observer’s light cone, so that 
observations of events that are remote in space refer to epochs 
that are remote in time. In spite of these difficulties, observational 
evidence gathered during the last 40 years strongly supports the 
hypothesis that all “fair samples” of the observable universe, 
considered at a common epoch, have the same statistical properties; 
that is, no average property of the observed distribution of galaxies 
serves to single out a preferred position or direction in space. This 
conclusion was first enunciated by Hubble, who called it the 
“principle of uniformity.” 

By an “average” property of the observed distribution is meant 
a spatial average extended over a region whose dimensions are 
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large compared with the scale of the local structure. Suppose for 
the sake of definiteness that this region is a sphere of radius R. 
The average value of a quantity pertaining to the distribution of 
galaxies cannot be strictly independent of R, but may approach 
a definite limit as /2 —» oo. On the other hand, R must remain 
finite if we are to compare the average properties of distinct regions. 
In practice this requirement presents no difficulty, because there 
exist values of R that are both large compared with the scale of the 
local structure and small compared with the radius of the observable 
universe. But a precise mathematical formulation of the principle 
of uniformity is impossible unless we attach a more sophisticated 
interpretation to the term “average property.” 

We shall make use of a mathematical description of the kind 
employed in modern theories of turbulence, where the density and 
velocity fields are represented by random functions and where 
spatial averages are replaced by ensemble averages. We shall 
postulate that the cosmic density and velocity fields are statistically 
homogeneous and isotropic. The additional assumption that the 
local structure has a finite scale ensures, according to the ergodic 
theorems of Birkhoff and Khinchin, that spatial averages converge 
to the corresponding ensemble averages. Thus Hubble’s principle 
of uniformity emerges as a consequence of our postulates. 

III. The substratum: relativistic cosmology. Our first objective 
is to develop a dynamical theory applicable to a statistically 
homogeneous and isotropic distribution of matter. We shall find 
that first-order perturbation theory is adequate for this purpose. 
In this section we consider the “unperturbed” distribution, or 
substratum. The substratum is described by the classical cos¬ 
mological theory of Einstein and Friedman, whose main features 
we now review briefly. 

It is well known that the line element for a distribution of matter 
that is everywhere isotropic can be written in the form 1 
(3.1) ds 2 = — gijdx‘dx J = c 2 dt 2 — S 2 (t) dl 2 , 

where J is the local proper time (as well as the “cosmic” time) 
and dl is the element of length in a space of constant curvature. 


Latin indices run from 0 to 3, Greek indices from 1 to 3, and a summation is 
implied over repeated indices; x° = ct. 
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given explicitly by 

(3.2) dl 2 = dr 2 /(l - kr 2 ) + r 2 (dP + sin 2 FU 2 ), 

where k = + 1, 0, or — 1, according as the curvature of space 
is positive, 0, or negative. The coordinates r, d, $ are comoving; 
an observer with fixed coordinates ( r, 6, <t>) is locally at rest and 
sees an isotropic distribution of matter and motion. Hence the 
nonvanishing components of the energy-momentum tensor must 
have the form 

(3.3) Tq = — « = — pc 2 , Ti = Ti = Ti = p. 


Einstein’s field equations 
(3.4) 


provide two independent relations connecting the functions S, 
t, and p: 


(3.5) 

!*-£«**--if 

(3.6) 

d((S 3 )/dt + pdS 3 / dt = 


These equations need to be supplemented by a third relation 
between e, p, and S. An equation of state for the substratum 
would furnish such a relation. Let us consider some examples, 
(a) Perfect ultrarelativistic gas. The equation of state is 


(3.7) 


whence, by (3.6), 

(3.8) tS 4 = const. 

With the help of this relation we can integrate Equation (3.5). 
For sufficiently small values of S, the two terms on the left side 
of (3.5) are individually large, and we have the asymptotic solution 

(3.9) S ~ t 1 ' 2 

which is valid for sufficiently small values of t when k = ± 1, and 
for all values of t when k = 0. 

(b) Perfect nonrelativistic gas. The equation of state is 

t = pc 2 + 3p/2 


(3.10) 
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where p denotes the rest-mass density. In this case p <c pc 2 , and 
it is therefore a good approximation to set p = 0. From Equation 
(3.6) we then obtain 

(3.11) tS 3 = const., 
and integration of (3.5) yields 

S = k~ 1 S 0 ( 1 — cosk 1/2 u), 

(3.12) 

ct = k l S 0 (u — k 1/2 sinfc l,2 u). 

For sufficiently small values of t the solutions for k = ± 1 merge 
with the solution k — 0: 

(3.13) S~t 2/3 , QwGpt 2 = 1, (* = p = 0). 

In all cases the substratum begins to expand from a singular 
initial state of infinite density. Models with negative or zero 
spatial curvature (k £ 0), which can have infinite volume, expand 
indefinitely (or contract from an infinitely dispersed initial state 
in the infinitely remote past). Models with positive spatial curvature 
(k > 0), which have finite volume, expand to a state of minimum 
density and then contract along the time-reversed path. 

(c) Imperfect nonrelativistic gas. The equation of state has the form 

(3.14) t = pc 2 + t k -f- 1i 

where t k denotes the kinetic-energy density and «, denotes the 
interaction-energy density. The virial theorem provides a further 
relation: 

(3.15) 3 p = 2 tk + (x • F) 

where F denotes the intermolecular force. When the form of F 
has been specified, both the interaction-energy density «, and the 
virial (x • F) can be calculated. Thus Equations (3.14), (3.15), 
(3.5), and (3.6) form a complete set. 

We shall find that the equation of state for a nonrelativistic 
imperfect gas adequately describes the substratum during all but 
the earliest stages of its history. Short-range gravitational forces as¬ 
sociated with the fluctuating density field play a role analogous 
to that of intermolecular forces in an ordinary gas. 

IV. Fluctuations: the Newtonian approximation. Turning now to 
the fluctuation part of the distribution, we may write 
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gij = gij + gij, R^Rij+Rij, Tij= T t j+ Tij, 

where the quantities distinguished by an overbar refer to the sub¬ 
stratum. From Einstein’s field Equations (3.4) we obtain 

(4.2) Rij = (8ttG/c 4 ) T*j. 

The tensor R t] is a nonlinear function of the g v . However, if the 
fluctuating gravitational fields are sufficiently weak, we may 
neglect contributions to i? i; that are quadratic in the g i; . It is im¬ 
portant to notice that this approximation does not require the 
fluctuating component of the density to be small compared with 
the mean density. Even under present conditions, when the density 
fluctuates by a factor of 10 30 or more between stellar interiors and 
intergalactic space, the fluctuating gravitational field is weak enough 
to justify the linear approximation except, possibly, in the interiors 
of highly collapsed bodies—which, in any case, can be treated 
separately, since their interaction with the rest of the universe is 
negligible. 

The gij are determined by (4.2) only up to an infinitesimal co¬ 
ordinate transformation. As Einstein emphasized in his 1916 
paper, the resulting freedom in the choice of coordinates can be 
exploited to simplify the form of the field equations. Harmonic 
coordinates are defined by the four conditions 

(4.3) g),i - gy 2 = 0. 

When these conditions are imposed, the linearized field Equations 
(4.2) take the form (Lanczos [5]) 

(4.4) g.ii - g^Rirjk + Rjrki) = (16x G/c 4 ) Tfj. 

In (4.3) and (4.4) the gij represent tensors in the space-time of 
the substratum. 

Let X denote a characteristic length associated with spatial 
variations of the fluctuating gravitational field. We now assume that 

(4.5) X c cS/S = cH, \<^S 0fe=±l)■ 

The first inequality states that the scale of the fluctuating field is 
much less than the radius of the observable universe, the second 
that it is much less than the radius of curvature of the universe. 
Under these assumptions, the second term on the left side of (4.4) 
is negligible compared with the first term, and the equations take 
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the simple, uncoupled form 

(4.6) g$= (16ttG/c 4 ) fy. 

So far we have assumed that the fluctuating gravitational 
field is weak and that its characteristic scale is small compared 
with the radius of the observable universe and with the radius of 
space curvature. We now assume further that the characteristic 
velocities associated with the fluctuating gravitational field and 
with the fluctuating density field that gives rise to it are small 
compared with the speed of light. We may then neglect time- 
derivatives of the gj on the left side of Equation (4.6); and in 
the formula 

(4.7) Tj = -{t+p) u‘uj + b)p, 

for the energy-momentum tensor of a perfect fluid we may set 
U; = 6 0l . The 00-component of (4.6) then reduces to 

(4.8) gfc = - (8irG/c 2 ) (p + 3 p/c 2 ) . 

Setting 

(4.9) gS = - 20/c 2 

and assuming that |p|«|p|c 2 , we finally obtain 

(4.10) (1/S 2 ) ( d 2 <t>/dx a dx a ) = d 2 4 >/dx“dx“ = 4*Gp. 

Here we have introduced the locally Galilean coordinates 

(4.11) x" = S(t)x“. 

We regard the density field p at a given instant of cosmic time 
as a statistically homogeneous random function whose mathematical 
expectation is the density p of the substratum: 

(4.12) <p> = p, <p') =<(p-p-)> = 0. 

The potential <j> is determined by Equation (4.10) up to an additive 
constant, which we choose so as to make the mathematical expecta¬ 
tion of 0 vanish. Then 0 is given by the familiar formula 

(4.13) 

To ensure the convergence of the integral on the right we would 
need to impose somewhat restrictive, though not entirely artificial, 
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conditions on the fluctuating density field. We shall not do this, 
because 0 itself has a purely formal significance. The measurable 
quantities that can be formed from <j>, such as the fluctuating gravi¬ 
tational force and the potential energy per unit mass stored in the 
fluctuations, are expressed by integrals that converge under much 
less restrictive conditions. 

Let v denote the velocity of a particle relative to the substratum. 
Then 

(4.14) v a = S(t) dx“/dt. 

It is important to distinguish between the peculiar velocity v and 
the velocity V measured in a locally Galilean frame of reference. 
The latter is given by 

(4.15) V' = dx°/dt = d(Sr)/dt = v° + Hx\ 

It can be shown that, under the approximations made above, 
the equations of motion for a test particle take the form 

(4.16a) d(Sv a )/dt — — S d<t>/dx a 

or equivalently, 

(4.16b) dv a /dt = — Hv“ — d<l>/dx“. 

Equations (4.16a, b) express the equations of motion in a form 
that makes no reference to any fixed point in space. An alternative 
form that refers to a fixed locally Galilean frame of reference results 
from differentiating (4.15): 

(4.17) dVydt = dvydt + Hx° + HV“ = - d<t>/dx“ + (H + H 2 )x\ 
From Equations (3.5) and (3.6) we obtain 

(4.18) H + H 2 = 8/S = - (4*-G/3) (p + 3p/c 2 ), 
whence 

(4.19) dVydt = - d<t,/dx a - (4*-G/3) (p + 3 p/c 2 )x a . 

These equations have the following simple interpretation. The 
acceleration of a test particle may be set equal to the sum of two 
Newtonian forces. The first is derived from the potential 0 and 
results from the fluctuating component of the matter distribution. 
The second can be thought of as arising from a finite, uniform 
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sphere of density (p + 3p/c 2 ) centered on the origin and including 
the particle under consideration. 

Equations (4.16a, b) show that in a universe without irregularities 
(i <t> = 0) the direction of motion of a test particle remains constant 
while its speed (relative to the substratum) diminishes as S' 1 . This 
is a special case of a more general result that applies at relativistic 
as well as nonrelativistic particle energies. The equations of motion 
for a free particle show that the direction of motion remains constant 
while the speed diminishes according to the law 
(4.20) c/(l - i>7c 2 ) 1/2 <* S' 1 ; 

that is, the momentum of a free test particle diminishes as S' 1 . 
This result is valid also for particles of zero rest mass. 

Equation (4.20) can be derived without the use of general 
relativity. A test particle moving in a uniform, isotropic universe 
always sees a perfectly isotropic distribution of matter. By sym¬ 
metry, the acceleration experienced by a particle must, therefore, 
be kinematic in origin; that is, it must result from the expansion 
of the substratum and the definition of v“ as a velocity relative to 
the substratum. On using the special-relativistic law for the composi¬ 
tion of velocities to calculate the change of v resulting from the 
expansion of the substratum, one easily obtains (4.20). 

The preceding discussion of the Newtonian approximation 
closely parallels Einstein’s discussion, in the 1916 paper, of the 
Newtonian approximation for an island universe embedded in empty 
space. Apart from the fact that the assumption of finite density 
for the substratum accords better with observation than the as¬ 
sumption of zero density, the present treatment has one important 
advantage over Einstein’s original discussion. In a nearly empty 
universe, no property of the distribution of matter serves to dis¬ 
tinguish “nonrotating” coordinate systems (Galilean at infinity) 
from “rotating” coordinate systems (non-Galilean at infinity). 
In a statistically homogeneous and isotropic universe, on the other 
hand, coordinate systems in which the equations of motion assume 
the Newtonian form are, as we have seen, related in a definite way 
to the cosmic coordinate system in which the postulated symmetry 
properties of the distribution find their simplest expression. In 
short, the postulate of statistical homogeneity and isotropy ensures 
that the theory satisfies the famous requirement laid down by Mach, 
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that the locally inertial coordinate system should be determined 
by the distribution of matter and motion on a cosmic scale. This 
advantage of homogeneous and isotropic world-models seems to 
have been clearly recognized by Einstein; see [3]. 

V. The energy equation. As in Newtonian mechanics, one can 
derive an energy-balance equation from the equations of motion. 
I shall here summarize the results; derivations may be found in 
[7] and [8]. 

We consider a distribution consisting of gravitating particles. 
The following definitions arise naturally in the course of the deriva¬ 
tion. The mean kinetic energy per unit mass associated with the 
fluctuating component of the distribution is 

(5.1) T m = \ (v 2 ) n = lim (p V) \ P v 2 dV, 

where the notation ( ) m indicates an ensemble average with mass- 
density as the weighting function. The equality between the 
ensemble average and the limit of the space average is a conse¬ 
quence of the ergodicity of the distribution, which in turn follows 
from the assumption that the local irregularities have a finite scale. 
The mean potential energy per unit mass is defined by 

(5.2) U m = l (4>) m = lim (p V) - 1 f l P <t>d V. 

2 vj J 1 

On inserting formula (4.13) for <t> into this definition we obtain 
| (<t>)m = £ P~ l {P<t>) = (P</>) 

, c ox 1 —i / ^ f p(x,t)p(x',t)dV\ 

(5.3) ^-Gj ) 

1 n—x f (p(x,f)p(x',t)>dV 

--l Gf J -HTTFi- 

where the brackets ( ) indicate an unweighted ensemble average. 
The assumption of statistical homogeneity and isotropy implies 
that the covariance of the density depends only on the scalar 
quantity |x —x'|. We may therefore write 

(5.4) (p(x,0p(x',0) = (p 2 )/(|x - x'|), 
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where the dimensionless autocorrelation function fir) assumes 
the value 1 at r = 0. Hence (5.3) becomes 

(5.5) <*>„/2 = - 2irGpX 2 « 2 , 

where the clustering scale X and the clustering amplitude a are 
defined by 

(5.6) X 2 = fir) rdr 
and 

(5.7) ip 2 ) = a 2 p 2 . 

Formula (5.5) shows that the mean potential energy per unit 
mass is negative definite, an important result. 

We have already seen that in the absence of density fluctua¬ 
tions, the peculiar velocity of a test particle decreases as the universe 
expands. Thus even in this simple case energy is not conserved. 
When density fluctuations are present, the energy-balance equation 
is found to take the form 

(5.8) dEjdt = diT m + UJ/dt = - H(2T m + UJ. 

Although the definitions of T m and U m are reminiscent of ordinary 
Newtonian mechanics, there are several important differences 
between the energy balance of an isolated Newtonian system and 
that of local irregularities in a statistically homogeneous and 
isotropic universe, (a) T m and U m are associated with the fluctuating 
component of the distribution only. It is not possible to define 
corresponding quantities for the substratum, since the kinetic 
and potential energies associated with a spherical volume of radius 
R vary as R' 1 . (b) The potential energy of an isolated system is 
not an additive quantity, as is the potential energy associated with 
fluctuations in a statistically homogeneous and isotropic universe. 
The additive character of the potential energy for a cosmic distribu¬ 
tion depends on the fact that the peculiar density p assumes both 
positive and negative values. The fluctuating gravitational forces 
derived from the potential 0 are in fact short-range forces, like 
the screened Coulomb forces in a plasma. The characteristic length 
X defined by Equation (5.6) measures the range of these forces, 
(c) As Equation (5.8) shows, the sum of the kinetic and potential 
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energies per unit mass is not in general constant in time. The right 
side of the energy-balance equation has a simple kinematic inter¬ 
pretation. As we have already noted, the velocity of a freely moving 
particle varies as S -1 ; this effect is responsible for the first term 
on the right side of (5.8). The second term is a consequence of the 
expanding length scale and the fact that the potential energy per 
unit mass is a homogeneous function of degree — 1 in the mutual 
separations of the particles that make up the distribution. 

Since the fluctuating gravitational forces have finite range, we 
may regard the distribution of gravitating particles as an imperfect 
gas. Comparison between the energy-balance Equation (5.8) and 
the cosmological relation (3.6) shows that 

(5-9) « = p(T m + UJ = ( P v 2 )/2 + (p<t>)/2 

and 

(5.10) 3 p = p{2T m + U m ) = {pv 2 ) + ( p<t>)/2. 

The last equation has precisely the form predicted by elementary 
kinetic theory, namely. Equation (3.15), since in the case of inverse- 
square attractive forces 

(5.11) (x • F) = (U). 

VI. The virial theorem. The kinetic and potential energies of a 
system of gravitating particles in equilibrium satisfy the relation 

(6.1) 2T+(7=0. 

One derives this relation from the equations of motion p = F by 
taking the scalar product of both sides with x and summing (or 
averaging) over the system: 

(6.2) (x • p> = d (x • p )/dt - (v • p) = (x • F). 

If the system is in equilibrium and consists of a large number of 
particles, the time-derivative vanishes, and we obtain 

(6-3) (v - p) + (x • F) = 0, 

which reduces to (6.1) for nonrelativistic particle-velocities and 
inverse-square interparticle forces. In Equation (6.2) the brackets 
( ) may also be interpreted as indicating a time average for a 
single particle; the time-derivative then vanishes if the motion 
is periodic or quasi-periodic. 
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In attempting to extend these considerations to a cosmic distri¬ 
bution of gravitating particles, one encounters two main difficulties. 

(a) In general a particle will not remain within any fixed comoving 
region of finite extent, nor will a group of particles remain together 
unless they actually form an effectively isolated self-gravitating 
system. Thus the property of isolated equilibrium configurations 
on which the conventional derivation of the virial theorem hinges 
is not present in a cosmic distribution of gravitating particles. 

(b) An expanding cosmic distribution is obviously very far from 
being an equilibrium configuration. Thus the basic premise of the 
conventional virial theorem is invalid. 

We may regard the virial theorem from another point of view, 
however. In general, the instantaneous values of the forces and of 
the velocities in an isolated system need not be related. If they are 
related, it must be because the forces have not changed substantially 
over a period of time during which they have substantially altered 
the velocities. To formulate this idea mathematically, consider the 
nonrelativistic equation of motion for a particle in an isolated 
Newtonian system: 

(6.4) v(t) = f f (t')dt'+ \(t 0 ), 

o 

where f denotes the force per unit mass. We regard v(t) and f(t) 
as random functions. From (6.4) we obtain 


(6.5) ( v\t)) = J (\(t) • f(t'))dt' + (v(t 0 ) • v(t)>. 

Suppose, to begin with, that the covariance of v and f is invariant 
under translation in time. Then we may set 

(6.6) (▼(*) • f(t')> = (▼(* + *! - t') • f«i)> 

where fj is an arbitrary fixed epoch. We then obtain from (6.5) 


(6.7) 


{v\t))= - (xM -m) 

+ <x(t + h- t 0 ) ■ f (*0) + (v(t) • \{t 0 )) 
= -<x(t) .f(t)> 

+ (*(<) -f(to)) + <v(0 •▼(«) 


if we assume that the covariance of x and f is also translationally 
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invariant. Equation (6.7) reduces to the nonrelativistic form of 
the virial theorem (6.3) if the last two terms on the right side of 

(6.7) vanish. This requirement means that at time t a particle no 
longer remembers its dynamical state at time t 0 . 

To sum up, the classical virial theorem applies to a particle 
whose motion can be regarded as a stationary random process, 
provided that enough time has elapsed for statistical traces of the 
initial conditions to have been lost. 

A somewhat more general theorem can be established. Instead 
of postulating that ensemble averages of the form (p(t) ■ q(t — r)) 
are independent of t we make the weaker assumption that they 
may be adequately represented by the first two terms in a modified 
Taylor expansion about t : 

<▼(*) .f(t-T))-F(t,r) 

(6.8) 

= Fit, + r, r) + it - t, - r) dFit, + r, r)/dt. 

We may choose t, so as to ensure that the integral of the second 
term on the right over the range 0 S t ^ t — t 0 will vanish. As¬ 
suming as before, that all covariances connecting times t 0 and t 
vanish, we obtain the modified theorem 

(6.9) (v 2 it)) + (x(fi) • f(fi)> = 0 

which expresses a relation between the expectation of the kinetic 
energy at time t and the virial at an earlier time t,. The interval 
it — fx) represents a time of relaxation for the system under con¬ 
sideration. The assumption that the first-order formula (6.8) is 
valid means that the time required for the particle-velocities to 
adjust to the forces is sufficiently small compared with a time 
during which the gross structure of the system changes appreciably. 
We shall call a system that satisfies this requirement quasi-stationary. 

For a quasi-stationary isolated system of gravitating particles, 
the virial theorem takes the form 

(6.10) 2<T(f)> + (Uit-e)) = 0, 

where e = t — ti. The assumption of quasi-stationarity allows us 
to replace the second term on the left side of this equation by the 
first two terms in its Taylor expansion: 

(6.11) 2 ( Tit) ) + ( Uit)) - ed{Uit))/dt = 0. 

Using the energy equation. 



A UNIFIED APPROACH TO COSMOLOGY 


251 


(6.12) ( T(t) ) + (U(t)) = E= const., 

to eliminate ( T(t )) and solving the resulting differential equation 
for ( U(t )), we obtain 

(6.13) (17(f)) = 2E — £ ( U'(t o))exp [- (f - t 0 )/e]. 

This equation shows that the mean potential energy of a quasi¬ 
stationary system (and hence also the mean kinetic energy) will 
relax to a constant value in a time comparable to the previously 
defined relaxation time e: 


(6.14) (17(f) >-»!/ = const., (T(t))—>T= const. 


The preceding derivation of the virial theorem can be applied, 
with appropriate modifications, to a cosmic distribution of gravi¬ 
tating particles. In place of Equation (6.4) we have, by (4.16), 


(6.15) 


r s(f) (MMQ 

Jt 0 S(t) dx 


dt' + v 0 


whence 


(6.16) 


(vX= ~ 




sin 

S{t) 


.g* ( **2\ dt' 

dX / m 


provided that the velocities at times t and t 0 are uncorrelated. 
The displacement of a particle from its initial position is given 
in terms of its peculiar velocity by 


(6.17) 


xit) 


J‘o 


sin 


An argument exactly analogous to the preceding one leads to the 
modified virial theorem 


(6.18) 2T m + U m it — e) = 0. 

By combining this relation, expanded to first order, with the 
energy-balance Equation (5.8) one obtains 

(6.19) dU m /dt,dT m /dt S~ 2 e~ l,t . 

As in the case of an isolated system, the kinetic and potential 
energies per unit mass relax to constant values in the characteristic 
relaxation time c. 

It follows from Equation (5.10) that when the virial theorem is 
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satisfied the mean cosmic pressure p vanishes. This condition 
appears to be fulfilled at the present time. 

VII. Applications to cosmogony. It will be shown in the next 
section that the virial theorem may be expected to apply whenever 
the mean cosmic density is substantially less than atomic density. 
(In a pressure-free universe this condition is satisfied when t » 10 3 sec.) 
The kinetic and potential energies per unit mass would then remain 
nearly constant if it were not for radiation losses. These may have 
caused the values of T m and — U m associated with galaxies to have 
increased by a moderate factor (probably less than 10) since the 
time of their formation. The present values of these quantities are 
rather uncertain, partly because it is not known what fraction of 
the matter in the universe is bound in galaxies and galaxy clusters. 
If this fraction is of order unity, then 

(7.1) T m e* 10 w erg/gm, U m ^ - 2 X 10 14 erg/gm. 

If only 1 per cent of the matter in the universe is bound in galaxies 
and galaxy clusters, these estimates should be reduced by a factor 
of 100. 

The constancy of U m implies, according to (5.5), that 

(7.2) U m = — 2irGp\ 2 a 2 = const. 

This equation shows that a 2 , the mean square fractional density 
fluctuation, must increase at least as fast as S, since p varies like 
S _3 and \ increases no faster than S. The higher the mean density, 
the smaller is the amplitude of the density fluctuations needed to 
store a given quantity of potential energy per unit mass. At an epoch 
when galaxies were just beginning to separate out, the value of a 
was close to unity. At earlier times, when the mean density ap¬ 
preciably exceeded galactic densities, a<l; the density was nearly 
uniform. According to (7.1) and the remark immediately following 
that equation, the kinetic temperature of the gas probably lay 
in the range 10 4 —10 6o K. 

This prediction may be confronted with observation. In the 
range of densities under consideration, hydrogen is completely 
ionized at temperatures above 10 4 ° K. The acceleration of electrons 
by positive ions gives rise to electromagnetic radiation (brems- 
strahlung, or free-free emission). Some of the photons emitted by 
this process will be reabsorbed by the gas, others will survive to 
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the present day, their number density diluted and their frequency 
shifted toward the red by the cosmic expansion. The intensity of 
the resulting background radiation field is given by the formula 

(7.3) /„ 0 (t 0 ) = c s 3 (t) j (v, t) exp n: k„dt' | dt 
where 

(7.4) s[t) =S(t)/S(*o), , = 8{t), 0 . 

If we assume that local thermodynamic equilibrium prevails, the 
emission coefficient j (v, t) and the absorption coefficient k, are 
related by 

(7.5) j( v ,t)=k,B( v ,T), 

where T is the kinetic temperature of the gas and B(v,T) is the 
Planck radiation function. The form of k„ is known from atomic 
theory. Miss M. Kaufman [9] has calculated the intensity of the 
background radiation field for temperatures in the range 10 4 —10 6 ° K. 
The energy of the predicted radiation field is concentrated in the 
microwave region. Measurements of the required accuracy in this 
part of the spectrum present considerable technical difficulties, 
butPenzias and Wilson [ll] have recently succeeded in measuring 
what appears to be a genuine background radiation field at 4080 Mc/s. 
The estimated brightness temperature of 3.5° K lies in the range 
of values predicted for this frequency by Miss Kaufman’s calcula¬ 
tions. Proposed measurements in the millimeter region should 
afford a more rigorous test of the theory. 2 

VIII.The initial stages of the expansion. We have seen that the 
negative energy currently stored in galaxies and other self-gravitating 
systems could have been stored in density fluctuations of very 
small amplitude in the early stages of the expansion. There remain 
the questions of how the internal energy came to assume a negative 
value in the first place and how it came to have a spectral distribu¬ 
tion corresponding to the observed hierarchy of astronomical 
systems. The answers to these questions are still far from clear, 


2 An alternative explanation of the Penzias-Wilson observation was proposed 
by Dicke and Peebles [10], who attribute it to a primordial radiation field whose 
energy density initially dominated that of the matter field and which remained in 
equilibrium with the matter field until its temperature dropped to about 10 U ° K. 
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but I shall indicate briefly the lines along which some current studies 
are proceeding. 

From the preceding discussion of the virial theorem it is clear 
that changes in T m and U m that occur in time-intervals comparable 
to the velocity-autocorrelation time of a particle need not satisfy 
the relation 2 ST m + 8U m = 0. Rather, such changes will satisfy the 
energy-conservation law 

(8.1) 8T m + bU m = 0, 

provided that the velocity-autocorrelation time is much less than 
t, the elapsed time since the beginning of the expansion. Conse¬ 
quently the cosmic pressure will not be precisely zero, but will 
be given by 

(8.2) p = p (26 T m +8 UJ /3 = p8 TJ 3. 

From the energy-balance Equation (5.8) it follows that 

(8.3) dEjdt = - H8T m < 0. 

Thus the internal energy tends to decrease even when density 
fluctuations are present and the virial theorem is satisfied. 

For a distribution of gravitating particles, 8T m is given by 

(8.4) sT m ^ Gm/l 

where l denotes the mean interparticle distance and m denotes 
the mean mass of a particle. Since Z « S, it follows from (8.3) that 
the change in E m during a time-interval (t u t 2 ) is given by 

(8.5) AE m | g » - (Gm/l, - Gm/k ). 

Setting m = 10 -24 gm and Z=10“ 13 cm (the value appropriate 
for nuclear density), we obtain A E m ^ — 10“ 18 erg/gm—too low 
by more than thirty powers of 10! This result throws some light 
on a well-known result of Lifshitz: random fluctuations in a statis¬ 
tically uniform distribution of gravitating particles cannot lead 
to the development of significant density fluctuations of galactic 
scale during periods comparable to the age of the universe. 

In the actual universe, the dominant interparticle forces during 
the early stages of the expansion are electrostatic rather than 
gravitational, except during a very brief interval during which 
nuclear forces predominate. Since the electrostatic interaction 
between a proton and an electron is 10 “ times stronger than the 



A UNIFIED APPROACH TO COSMOLOGY 


255 


gravitational interaction, electrostatic interactions could conceivably 
produce an effect of the desired magnitude. Specifically, in order 
for A E n to assume a final value in the neighborhood of — 10 13 erg/gm, 
the transition from positive to negative values of E m should occur 
when the mean density p is close to atomic density (s lgm/cm 3 ). 

What determines the internal energy during the initial stages 
of the expansion? Certainly, different assumptions about the 
“initial” state of the universe will lead to very different answers. 
For example, in the type of universe originally postulated by 
Gamow, where radiation is dominant in the initial stages, everything 
depends on the value assigned to an adjustable parameter that 
determines the value of the energy density of the radiation field 
at the moment when it is just equal to the energy density of the 
matter field. The simplest assumption about initial conditions 
would seem to be that at the beginning of the expansion the universe 
was in its lowest energy state, and it is this assumption whose 
consequences my students and I are currently exploring. 

At densities comparable to nuclear density, the universe is in 
a quasi-equilibrium state at zero temperature. The internal energy 
is positive, however, owing to the effects of degeneracy. At later 
times exothermic nuclear reactions, especially those leading to the 
formation of helium, will make further positive contributions to 
the internal energy. At the same time, adiabatic cooling tends to 
reduce the internal energy. Preliminary calculations by Mr. P. 
Eltgroth [13] indicate that the transition from positive to negative 
values of the internal energy occurs at a density approximately 
equal to that suggested by the preceding considerations, i.e., at a 
density that would enable E m ultimately to assume a value in the 
neighborhood of — 10 13 erg/gm. 

The spectral distribution of gravitational energy is determined 
by the relative rates of growth of the Fourier components into 
which the fluctuating density field p can be analyzed. At any given 
instant the diameter of the observable universe (s 3 ct) represents 
an approximate upper limit for the wavelengths of coherent density 
fluctuations. (Essentially the same criterion results from the require¬ 
ment that the radius R of a coherent density fluctuation must exceed 
the corresponding Schwarzschild radius 2 GM/c 2 = (8tt/'3) GpR 3 /c 2 .) 
Thus the mass of the largest coherent fluctuation that can form at 
a given time is given by the approximate formula 
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(8.6) M = wpD s /e = (27/36) ( c 3 /G) tg 3 X 10 38 f, 

since the mean density of a matter-controlled universe satisfies 
the relation 

(8.7) 6irGpt 2 = 1. 

We have already estimated that the bulk of the gravitational energy 
is deposited in density fluctuations when p s lgm/cm 3 , i.e., when 
t s 10 3 sec. The corresponding value of M is 

(8.8) Mg3X 10 41 gm = 1.5 X 1O 8 M 0 . 

This is a typical value for the mass of a dwarf galaxy. On observa¬ 
tional grounds, it is by no means unlikely that such galaxies account 
for a large part of the mean gravitational binding energy. 

IX. Cosmology and the second law of thermodynamics. The picture 
of cosmic evolution that I have just sketched has a certain para¬ 
doxical aspect. The initial state of the universe was assumed to 
be very simple, and hence to require a very small quantity of in¬ 
formation for its specification. The present state of the universe 
is exceedingly complex, however, and hence requires a large quantity 
of information for its specification. But the second law of thermo¬ 
dynamics states that the information contained in a macroscopic 
description of an isolated physical system can never increase. 

A closely related paradox concerns the evolution of a universe 
whose mean spatial curvature is positive. The assumption that the 
“initial” state is one of thermodynamic equilibrium at zero tempera¬ 
ture makes sense only if the universe returns to this state at the 
end of each expansion-contraction cycle. But the identity of initial 
and final states seems to contradict the fact that in the course of 
the expansion an irreversible generation of entropy (loss of 
information) must occur. 

Finally, a problem closely related to these two paradoxes is that 
of accounting for the apparent anisotropy between the two directions 
of time. Most authors agree that this anisotropy is cosmological 
rather than local in origin, but there is little agreement about the 
precise nature of the connection between cosmology and the arrow 
of time. 

Before embarking on a discussion of these matters, let me recall 
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the definitions of information and entropy, and explain what signi¬ 
ficance I attach to these quantities in the present context. Let {s,} 
denote a complete set of mutually orthogonal (i.e., mutually ex¬ 
clusive) states of a given physical system. To each state we assign 
a probability p,. The entropy (or uncertainty) of this probability 
distribution is 

(9.1) H= - Zp.lnpi^O 

where the summation extends over the complete set of states. A 
diminution in the uncertainty of a stochastic description may be 
viewed as a gain in information about the system. Information is 
accordingly defined as negative entropy, apart from an additive 
constant that may conveniently be chosen so as to make the in¬ 
formation vanish when the entropy assumes its maximum value 
subject to stated auxiliary conditions. These definitions agree with 
the conventional qualitative usage of the terms “uncertainty” and 
“information.” 

In the present discussion probabilities are to be regarded as 
physical variables rather than as numbers associated in some way 
with degrees of subjective uncertainty. The ergodic property of 
the cosmic distributions that we have been considering ensures that 
all probabilities are in fact measurable with arbitrary precision. 
Thus information and entropy are on the same footing as thermo¬ 
dynamic variables like pressure and density. 

The entropy associated with a stochastic description of a given 
system depends on the level of the description. Suppose that the 
states Si have substates s,,, to which we assign probabilities Py. Let 
Pj\i denote the conditional probability that a system known to be 
in the ith state will be found to be in the jth substate of this state. 
From the definition (9.1) and the relation Py = P;|,P; it follows that 
(9-2) H{p ij } = H{p i }+Zp i H{pj ii }. 

Thus the transition from a “macroscopic” description, in which 
the probability distribution {p,} is specified, to a “microscopic” 
description, in which the probability distribution j p y } is specified, 
results in an entropy increase represented by the second term on 
the right side of (9.2). This term represents the entropy specifically 
associated with microscopic information about the system. 

The descriptions “microscopic” and “macroscopic” are relative 
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to one another. Thus the states of a classical iV-particle system 
may be described with decreasing degrees of completeness by an 
N -particle distribution function, an (N — 1)-particle distribution 
function, and so on, down to a one-particle distribution function. 
Each level of description is macroscopic relative to the preceding 
levels in this series and microscopic relative to the succeeding 
levels; and a description in terms of thermodynamic and hydro- 
dynamic variables is macroscopic relative to a description in terms 
of the one-particle distribution function. For every pair of levels 
of description an equation of the form of (9.2) can be written down. 

It is an immediate consequence of Liouville’s theorem that the 
entropy associated with a complete statistical description of an 
isolated fV-particle system (i.e., a description in terms of the N- 
particle distribution function) is constant in time. On the other 
hand, in certain circumstances that have not yet been defined with 
complete precision, the entropy associated with a stochastic descrip¬ 
tion in terms of a one-particle distribution function must increase 
monotonically with time until thermodynamic equilibrium prevails. 
According to (9.2), the diminution of macroscopic information is 
exactly compensated by an increase of microscopic information; 
information flows from the macroscopic to the microscopic degrees 
of freedom. 

Broadly speaking, a necessary condition for the law of increasing 
entropy to be valid is that the entropy associated with the micro¬ 
scopic degrees of freedom of a system should initially have its 
maximum possible value. That is, microscopic information about 
the system should initially be absent. Whenever a thermodynamic 
description is applicable, this condition is automatically fulfilled. 
In kinetic theory the situation is less clear, but it appears that 
in order to derive an equation for the one-particle distribution 
function whose solution satisfies the law of increasing entropy 
(Boltzmann’s H theorem), one must introduce some form of the 
assumption that microscopic information about the initial state 
is absent. 

The phenomenon of irreversibility in isolated physical systems 
has its origin in the absence of microscopic information about 
initial states. The assumption that initial states have this property 
singles out a direction in time. For if microscopic information about 
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a system is not required for the prediction of future macrostates, 
then it must in general be required for the prediction of past 
macrostates. 

At first sight it seems difficult to attach objective significance 
to the absence of microscopic information. To begin with, as we 
have already noted, the dividing line between the microscopic and 
macroscopic domains is largely conventional. Moreover, even if 
we do not happen to have microscopic information about a particu¬ 
lar physical system, we can in principle acquire it by expending a 
sufficient quantity of negative entropy; and a system about which 
we had complete microscopic information would not exhibit the 
arrow of time. 

If the anisotropy of time is to be attributed in some way to an 
initial deficiency of microscopic information in the universe, the 
notion of microscopic information must be made more definite; and 
the absence of microscopic information must be shown to be an 
objective property of the universe. 

Consider first the question of how the absence of microscopic 
information can be considered to be an objective property of the 
universe. We know that for an ordinary physical system microscopic 
information may be uninteresting or hard to get or both; but it 
can never be said to be objectively absent. On the other hand, 
consider a simple unbounded system, namely, a statistically 
uniform (Poisson) distribution of points on a line. This distribution 
is characterized by a single parameter, A, the mean spacing of 
adjacent points. This parameter can be measured with arbitrary 
accuracy, given a realization of the distribution. The question 
arises, whether there exist two or more distinguishable realizations 
of the same Poisson distribution. If distinguishable realizations do 
exist, a given realization contains microscopic information, namely, 
the information that distinguishes it from its fellows; if only a 
single realization exists, it is completely specified by the value of 
the macroscopic parameter A, and hence contains no microscopic 
information. In fact, one can easily show that any two realizations 
of the same distribution can be matched arbitrarily closely over any 
finite interval, no matter how large. Hence any two realizations 
are indistinguishable. 

Essentially the same considerations apply to a spatially infinite 
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universe that is statistically homogeneous and isotropic and in 
which the local irregularities have a finite scale. As long as we adhere 
strictly to the postulate that no statistical property of the distribu¬ 
tion serves to define a preferred position or direction in space, there 
is no way of distinguishing between “different” realizations of the 
same statistical description. The case of a finite universe raises 
special problems; I shall return to it presently. 

We are now in a position to answer the question: what constitutes 
microscopic information? According to the evolutionary scheme 
that I outlined earlier, a finite number of data about the initial 
state of the universe suffices for a statistical description of its entire 
future history. And it follows from the preceding discussion that 
such a description is complete; no statement about the microscopic 
state of the universe could be added that would not conflict with 
the assumptions already made. The assumptions concerning the 
initial state, together with the laws of physics and their logical 
consequences, constitute macroscopic information, and this is the 
only kind of information that exists in the present description. Of 
course, macroscopic information in this sense may in particular 
circumstances include information about the states of atomic and 
subatomic particles. 

We can now understand the anisotropy of time. The future is, 
by definition, the direction in which prediction is possible. According 
to the present theory, a complete mathematical description of the 
universe must unfold from a description of the initial state. It is 
not possible to reconstruct the past history of the universe by 
working backward from a complete macroscopic description of 
the present state. 

The arrow of time is transferred in an obvious way from the 
universe as a whole to the astronomical systems that separate 
out in the course of the expansion. Every newly formed system, 
no matter how complex its structure may be, is devoid of micro¬ 
scopic information in the sense defined earlier. It is true that 
microscopic information about any given finite system can always 
be ascertained in principle; but this requires the expenditure of an 
equivalent amount of negative entropy. That is, the information 
needs to be imported into the system. 

If the future is characterized by its predictability, the past is 
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characterized by the persistence of its traces. These objective 
properties of the universe—or rather of a certain kind of mathe¬ 
matical description of the universe—are closely analogous to 
properties of our subjective impression of time. 

We are now in a position to resolve a paradox that I mentioned 
at the beg innin g of this discussion: How can we reconcile the second 
law of thermodynamics with the notion of a universe that starts 
from (and perhaps ends in) its simplest possible state? The justifica¬ 
tion for applying the second law of thermodynamics to the universe 
as a whole is the belief that entropy is an additive quantity. Thus 
if the law applies locally, it must also apply globally. But is entropy 
in fact an additive quantity over arbitrarily large volumes of space? 
Up to a point, the quantity of information required to describe the 
contents of a given volume of space undoubtedly increases in direct 
proportion to the volume. However, the contents of a region whose 
dimensions greatly exceed the scale of local irregularities is largely 
predictable—at least in principle—, and the accuracy of the pre¬ 
diction increases with the size of the region. Since only a finite 
quantity of information is required to specify the universe com¬ 
pletely, the entropy per unit volume approaches zero as the volume 
increases indefinitely! 

The preceding considerations need to be modified before they 
can be applied to a spatially finite universe, since in this case there 
obviously exist distinct realizations of the same statistical descrip¬ 
tion. Because a finite universe returns to its initial state after a 
finite period of time, all of its possible realizations would in fact 
be realized in an infinite time interval. On the other hand, because 
each cycle begins and ends with the same state, a given realization 
cannot meaningfully be said to precede or follow another realization. 
We may therefore think of the set of realizations as a Gibbs ensemble 
rather than as a sequence in time. The fact that we can acquire 
information only about a particular member of the ensemble (the one 
we inhabit) is exactly analogous to the fact that in a spatially 
infinite universe we can in principle acquire information only about 
a certain finite region (the observable universe). Thus the preceding 
considerations of entropy and the arrow of time apply equally to 
finite and infinite universes satisfying the postulates of statistical 
homogeneity and isotropy. 
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Jeans' Formula 

for Gravitational Instability 


1. Introduction. Jeans’ criterion (1929) states that if p, p be the 
pressure and density of an ideal gas connected by a relation of 
the form p = p(p), then a cloud of gas with linear dimension 



where G is the gravitational constant, will be unstable to slight 
fluctuations in the density. It is widely used in astrophysics, and 
can be extended to quite general situations, for example those in 
which rotation or a magnetic field is present (Chandrasekhar [4]). 

When the formula is derived, it is commonly assumed that the 
cloud is (i) static and (ii) uniform in p and p. However, these 
assumptions are unsatisfactory if gravitation is taken into account: 
because if the cloud is taken as finite, no solution of the hydro¬ 
static equation F = (1/p) V p exists; and if it is taken as infinite 
F is not defined. 

In this lecture I shall derive Jeans’ formula by submitting 
Newtonian cosmological models to small perturbations. The motive 
for doing this is partly to put the formula on a more secure footing, 
but principally to study the important problem of the formation of 
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galaxies in an initially uniform universe. 

The pioneering work in this field was that of Lifshitz [ll], who 
considered the stability of general relativistic cosmological models 
to small perturbations of a very general kind. I gave a Newtonian 
treatment [3] for a more restricted class of perturbations. Since 
that time the problem has been studied by Van Albada [17], [18], 
Nariai and Ueno [13], and Irvine [7]. These papers apply, in the 
main, only to infinitesimal perturbations. I treated the problem of 
condensations without ignoring nonlinear effects for a particular 
relativistic model [2]. The conclusion of all these works is con¬ 
sistent with the following statement. Expanding world models do 
exhibit instability to certain types of perturbation, and something 
like Jeans’ formula is true. However, using reasonable assumptions 
about the magnitude of the initial perturbation, one cannot account 
for the formation of galaxies in those models which have zero cos¬ 
mological constant. 

2. Newtonian world models. I shall make the following assumptions: 

(i) the model consists of a very large, but finite distribution* of 
perfect fluid with equation of state p = p(p); 

(ii) one observer 0 sees every particle of the model move radially 
with velocity u; 

(iii) 0 sees a spherically symmetric distribution, that is, he finds 
p, p and u functions of r and t only. 

The hydrodynamic equations for a perfect compressible fluid, 
namely 

(2.1) du/d*+(u-V)u = F-(l/ P )Vp, 

(2.2) dp/dt+ V • (pu) =0, 

where F is the body force per unit mass, yield under assumptions 
(i), (ii) and (iii), 


(2.3) 

(2.4) 


I + “f+'(t+-) -»• 

dt dr \dr r / 


* This assumption is made to overcome difficulties with the integrals for the 
gravitational field strength. See Layzer [9] and McCrea [12]. 
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F being now the radial gravitational force per unit mass, given by 

(2.5) V • F s dF/dr + 2 F/r = - 4 vGp + A, 

A being the cosmological constant. (For justification of this equa¬ 
tion, and for a more detailed treatment of Newtonian models, see 
Bondi [l].) 

So far no assumption of homogeneity has been made. If we now 
make this by putting 

(2.6) P = p(f), 
we can integrate (2.5) to get 

(2.7) F= - ((4*/3) Gp - (1/3) A) r, 

ignoring a term which is singular at r = 0. We make also another 
common assumption of Newtonian cosmology, namely 


(2.8) 


P = o. 


Equations (2.3) and (2.4) now reduce to 


(2.9) 


du 

dt 


-fOpr + iAr, 


(2.10) 


dp du 2Up 
Tt Jrf Tr + ~ 


where use has been made of (2.7). We now assume (cf., Bondi 
[l]) a solution of the form 

(2.11) u = rf{t), 

where f is a function to be determined. Substituting (2.11) into 
(2.9) and (2.10) we find 

(2.12) /+ / 2 = - (4*73) Gp + (1/3) A, 

(2.13) p + 3/p = 0, 


where • means d/dt. 

We pause to show that the solution (2.11) satisfies what is called 
the cosmological principle. This states that every cosmic observer 
(i.e., one moving with the substratum) sees, at a given instant, the 
same picture of the universe. Let O, O' be two cosmic observers 
and P an element of the substratum. Let vectors OP, O'P, OO' 
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0 

Figure 1 

be denoted by r, r', a as in Figure 1. Then in accordance with 
(2.11) 0 finds 

Up = r fit) and u' 0 = a f(t). 

Subtracting we find 

(2.14) Up - u 0 = (r - a) f(t) or u,> = r7(0 

where Up means the velocity of P measured by O'. Equation (2.14) 
shows that every cosmic observer verifies (2.11) if 0 does. Since by 
assumption p and p are independent of the position of the observer, 
the cosmological principle is verified in the model. 

We return to (2.12) and (2.13) and introduce a function R(t) by 

(2.15) f=R/R. 

We find 

(2.16) p=aR~ i 
and 

(2.17) R 2 R + (4ir/3) Ga = (1/3) A R 6 . 

Equations (2.11), (2.16), and (2.17) are the equations determining 
homogeneous, isotropic Newtonian world models. 

By illustration, let us put A = 0; then (2.17) can be integrated 
in terms of elementary functions. A first integral is 
R 2 = 8irGat/3R — 0 l , 



(2.18) 
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where /3 is a constant of integration which can be (i) zero, (ii) 
imaginary, (iii) real. These three cases yield three well-known 
models whose counterparts in general relativity are the Einstein- 
deSitter, hyperbolic and cycloidal models, respectively. The graphs 
of the expansion functions R(t) are shown in Figure 2. 



p 2 = 0 0 2 < 0 p 2 > 0 


Figure 2 

3. Perturbation theory. I continue to make the assumptions 
(i) _ (jii) at the beginning of §2, though it is not difficult to do without 
the assumption of spherical symmetry (Savedoff and Vila [15]). 
The model of §2 is perturbed by putting 
u = rR/R + v{r,t), 

(3.1) P = aR- 3 + u{r,t), 
p = g(r,t), 

R being a given function of time, a a constant, and v, oo, g small 
functions whose squares and products may be neglected, and also 
squares and products of their derivatives. Since the pressure 
vanishes in the unperturbed model, we may write 

( 3 . 2 ) g = oo dp/dp. 

We now substitute (3.1) and (3.2) into (2.3), (2.4), and (2.5). We 
find (Bonnor [3]) that, after a very long calculation, there emerges 
a single equation for oo: 

oo + 2rfw + r 2 f 2 a>" + 8 foo + roo' (9/ 2 + f) 

+<o(18/ 2 + 6/- A) = (oo" + 2w'r 1 ) dp/dp, 
where ' means d/dr and / is given by (2.15). This equation governs 
the entire development of the perturbation. Equation (3.3) can 
be thrown into a more convenient form if we introduce a new in¬ 
dependent variable x by 
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(3.4) r = xR(t) 

(x is a comoving coordinate relative to the unperturbed model, as 
is verified from 


Dx — dx/dt + u ■ V x = 0), 


and a new dependent variable s by 


(3.5) 


s — w/p 0 , 


where p 0 (= aR 3 ) is the unperturbed density. The function s is 
the magnitude of condensation at any point. Equation (3.3) becomes 


(3.6) 


d 2 s 2 ds 
dx 2+ xdx 


R 2 f 2 R 

?L s+ x* 


( 


3 R 
~R~ 


*)]■ 


where we have introduced the velocity of sound c (in the absence 
of gravitation) by 

(3.7) c 2 = dp/dp. 

(3.6) is the equation of the propagation of infinitesimal, spherically 
symmetric sound waves in a Newtonian world model. We now 
consider standing waves of the form 

(3.8) s = (sinkx/kx) h(t), 

where k is a constant. Near x = 0, s ~ h{t), so we shall take h as 
a measure of the condensation. Inserting (3.8) into (3.6) we find, 
using (2.17), an ordinary differential equation for h: 

(3.9) h + 2 (R/R) h + h(k 2 c 2 /R 2 - 4 *Gp 0 ) = 0. 

It is easy to see from (3.9) that condensations can form. Suppose 
for example that at time t = ti 

(3.10) h > 0, h > 0; 

the perturbation is growing, and growth continues until h reaches 
a maximum, i.e., until 

(3.11) h = 0, A < 0. 

Let us now inspect (3.9) and remember that in an expanding world 
model R/R > O; then we see that (3.11) cannot happen if 

(3.12) c 2 k 2 /R 2 - 4 wGpo < 0. 
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If (3.12) is satisfied, perturbations initially satisfying (3.10) continue 
to grow indefinitely. 

We therefore have (3.12) as a sufficient condition for instability. 
Let us introduce the wavelength of the disturbance by 

(3.13) A = 2x R/k; 
then (3.12) becomes 

(3.14) X 2 >xc 2 /G Po . 

This is precisely equivalent to (1.1), so we conclude that Jeans 
formula is true in the expanding Newtonian world models, provided 
we interpret the quantities involved in an appropriate way. In this 
interpretation X, c, and po are to be taken as time-dependent in 
accordance with their definitions (3.13), (3.7), and (2.16). For a 
consideration whether Jeans’ formula applies to the steady-state 
model, see Bonnor [3]. 

4. Formation of condensations. Most cosmological models start 
from a singular state of infinite density. This is taken to represent 
a state of the universe in which the conditions were so severe that 
all matter was homogeneously distributed, except for very slight 
irregularities. The question then is: how has the manifest hetero¬ 
geneity of the universe occurred? Or, how have the galaxies formed? 

To answer this question, we have to consider carefully whether 
the process described in §3 could have produced condensations in 
the time available from the singular state to the present about 
10 10 years in most models. In studying this we neglect all nonlinear 
effects. Such information as we have (Bonnor [2]) indicates that 
these do not affect the situation much. 

I shall choose a definite Newtonian model, the cycloidal one, 
obtained by integrating (2.18) with 0 real. There is reason to sup¬ 
pose that this model is more favourable to condensation than the 
other two models with A = 0. The scale function R is given by 

(4.1) R = (8xGa/3/i 2 ) sin 2 (0/2), 

(4.2) t = (4xGa/3|8 3 ) (0 - sinG), 

ignoring one uninteresting constant of integration. 

Let us substitute (4.1) and (4.2) into the Equation (3.9) for 
the condensation growth function h. We find that (3.9) can be 
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d 2 h /o\ dh 

(4.3) - 7—5 + cot ( - ) -r-- - 

dQ 2 \2/ dQ 


■(!)(*- 


Gp u \ 2 / 


We now consider the most favourable case, in which p = 0 , so c = 0 , 
and the model is filled with dust. Then (4.3) can be integrated to give 


h = AOcosec 2 cot (|) +A ^2 + 3cot 2 ^) j 
+ B cosec 2 cot , 


where A and B are arbitrary constants. 

We turn now to the question how quickly a perturbation can 
grow. Suppose that it occurs at a time t l so early that we may 
approximate: 

cos 0 i = 1 — 0 ?/ 2 , sin 0 ! = 0 !. 

Then (4.4) gives for the leading terms in the initial perturbation hi 

(4.5) hi ~ 8 fl 0 f 3 + A 0 ?/lO. 

We now assume that hi is small: then B must be very small be¬ 
cause 0 i is small. However, A need not be as small as h u 
At the present epoch 0 ~ 1 , so inserting this value of 0 into 
(4.4) and neglecting B, we have 

^now~A, or, using (4.5), 

(4.6) 

fi now ~ 10M1 . 

This gives the strength of the condensation now in terms of the 
initial perturbation and the time at which it occurred (0 is con¬ 
nected with the time by (4.2)). 

To form a numerical estimate, suppose that the perturbation 
occurred 1000 years after the singular state. Then we find 0 i ~ 10 “ 2 , 
so from (4.6) 

(4.7) h m „ ~ 10V 

Thus the initial perturbation has grown considerably. The difficulty 
arises when we consider the likely magnitude of h^ If we consider 
hi to arise from fluctuations in an ideal gas we have 
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h x ~ bp/p = N 12 

for a collection of N molecules. For a galaxy N ~ 10 68 , so h x ~ 10 ;14 , 
and inserting this into (4.7) we find 
h m ~ lfT 29 , 

so that the degree of condensation is quite negligible in the case of an 
object of galactic size. 

This conclusion is not altered if instead of galaxies we consider 
stars {N ~ 10 58 ). Nor is it altered in a meaningful way if we con¬ 
sider times earlier than 1000 years after the singular state. For 
instance, if we take the fluctuation to occur after 1 second, then 
0 ! ~ 1 (T 6 and 

10 13 /h; 

the degree of condensation is still negligible. 

5. Possible ways out. One model in which condensation takes 
place quickly is the static Einstein universe. In this case R is 
constant, and if we take p = 0, the Equation (3.9) for the con¬ 
densation function R becomes 

(5.1) h = 4 wGp 0 h, 

where p 0 is now a constant because this model is static. It follows 
that perturbations can grow like 

(5.2) exp[( 47 rGp 0 ) 12 f]- 

If we take for illustration p 0 = 10“ 23 gm. cm :t , we find that in 10 9 
years the expression (5.2) increases by a factor of about lO 88 so that 
galaxy formation might be possible even starting from the very 
small perturbations mentioned in the previous section. 

This leads us to expect that galaxy formation may be possible 
in any model with a quasi-static period of about 10 9 — 10 10 years. 
Such a model is that of Lemaitre, which requires a positive A and 
which, in its general relativistic form, is spatially closed. The ex¬ 
pansion function R for this model is shown in Figure 3, the quasi¬ 
static period corresponding to AB. I now think it likely that 
galaxies can form in Lemaitre’s model, and I should like to take 
this opportunity to retract the contrary view which I have ex¬ 
pressed previously. Nevertheless, this conjecture needs to be con- 
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Figure 3 

firmed by detailed calculation, using not only the Newtonian but 
also the relativistic equations. We also have to bear in mind the 
possibility that the Lemaitre model is already ruled out by the 
red-shift-apparent magnitude observations. 

Another theory in which galaxy formation can probably be 
explained is the steady-state model. Here the problem is quite 
different because large inhomogeneities are always present (Sciama 
[16]; Harwit [6]; Roxburgh and Saffman [14]). However, it seems 
that the steady-state model conflicts with observation. 

A solution of a quite different kind is to keep the relativistic 
models with zero A, and to find a source of larger fluctuations. 
From (4.7) it follows that an initial fluctuation of order, say, 
10 _,i could lead to an incipient galaxy in the time available (as¬ 
suming nonlinear effects do not impede the condensation process). 
It was suggested by Gamow [5] that the primordial cosmic medium 
was turbulent and this turbulence was the source of large fluctua¬ 
tions needed for galaxy formation. Leaving aside the unanswered 
question of the origin of the turbulence, there remains the further 
question whether it could have persisted long enough to assist in 
condensation. Layzer [10] has examined this latter question and 
has given a negative answer. 

6. Conclusion. 1. We found in §3 that Jeans’ formula applies to 
Newtonian world models provided the quantities involved are 
appropriately interpreted. 

2. It seems that, given only the small fluctuations of statistical 
mechanics, the galaxies cannot form by gravitational instability 
in those models which have A = 0. Models more favourable to 
galaxy formation, such as Lemaitre’s model and the steady-state 
model, seem to conflict with astronomical observations. 
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3. If no plausible source of larger fluctuations can be found, it 
seems that one ought to conclude that gravitational instability 
has not played a major role in the formation of galaxies. 
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Microwave Radiation 
from the Big Bang" 


The search [l] for a primordial fireball is based on this idea, 
that the universe may have expanded from a state so dense that 
matter and radiation were able to strike a thermal equilibrium. 
This would have filled space with thermal black-body radiation, 
the primordial fireball. 

The expansion of the universe would have cooled the fireball, 
but it is important that the thermal character of the radiation 
would have been preserved. This effect is simply described using 
the expansion parameter a(t). As the universe expands the scale 
of distances in the universe varies as the expansion parameter 
a(t), so that the mean number density of particles varies as 

(1) n(t) oc a(t) “ 3 . 

Neglecting for the moment any interaction between matter and 
radiation, photons would be conserved and the number density 
of photons also would satisfy (1). At the same time the photons 
suffer the cosmological red-shift, where the wavelength of a photon 
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is defined by local observers, at rest relative to the universe about 
them. In a time dt a photon moves between two such local observers 
separated by the distance cdt. Since lengths are scaling like a(t) 
the two observers are moving apart with velocity cdta/a, so that 
the photon would have been red-shifted by the amount 

(2) d\/\ = dta/a. 

This yields the result [2] 

(3) X « “• 

For thermal radiation the number density of photons with 
wavelength in the range d\ about the wavelength X is 

(4) dN = n x d\ — 87rdx/X 4 (e Ac,m — 1). 

When the universe expands by a factor a the new wavelength of 
these photons is, from Equation (3), 

(5) X' = Xa, 

and from Equation (1) the new number density is 

(6) dN' = dN/a 3 . 

This means that the new photon distribution law is 

, x n' x d\ = \n Xia d{\/a) 

(7) a 3 

= 8ird\/\ 4 {e hcakn — 1). 

That is, the new distribution is thermal, with a new temperature 

(8) T = T/a. 

By similar arguments one can see that the temperature of a 
nonrelativistic gas would vary as 

(9) T 2 oc 1/a 2 . 

This is simply the adiabatic cooling law for a gas uniformly distri¬ 
buted throughout the universe so that the gas expands as the 
universe expands. On the other hand if the gas were gravitationally 
bound in a cloud the expansion of the universe would have no 
effect on it. 
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It is seen from these results that the expansion of the universe 
might be traced back to a highly contracted, high temperature 
state. It is in this assumed state of high temperature and density 
that thermal relaxation would have produced a primordial fireball. 

To sear ch for the cooled fireball one would observe at wave¬ 
lengths in the range of 1 to 10 cm. At wavelengths much longer 
than 10 cm any thermal radiation would be masked by the back¬ 
ground due to the Galaxy and the extra-Galactic radio sources. At 
wavelengths much shorter than 1cm atmospheric emission would 
be troublesomu and in any case the high-frequency Wien cut-off 
would severely restrict the intensity for any reasonable fireball 
temperature. 

A microwave radiometer designed to search for the primordial 
fireball radiation at 3 cm wavelength has been built at Princeton 
University by P. G. Roll and D. T. Wilkinson. Before the instru¬ 
ment was completed a useful measure of the background came from 
work at the Bell Telephone Laboratories [3]. This group was using 
a microwave radiometer equipped with a horn-type antenna and a 
low-noise amplifier. In attempting to account for all sources of 
noise in their receiver they ended with an unexplained residual of 
3.5 °K at 7.3cm wavelength. We have suggested [l] that this 
residual may be the cooled fireball radiation from the big bang. 

To entertain this idea we must establish first that this background 
could not be due to any reasonably possible source in the present 
state of the universe. The following is a list of possible sources of 
microwave background. 

(1) Atmospheric emission is about 3°K at 3 cm. It can be 
eliminated by observing that the emission varies as the path 
length through the atmosphere, that is as the secant of the angle 
from the vertical. The radiation intensity is measured as a function 
of angle from the vertical and the isotropic background extracted 
by curve fitting. 

(2) Stellar emission is unimportant because the stars in our 
Galaxy subtend a very small total solid angle in the sky, amounting 
to perhaps 1 part in 10 10 . At centimeter wavelengths the effective 
temperature of the sun can approach 10 DO K. If all stars radiated 
at this rate, the integrated background would amount to 10 ~ 10 
X 10 5o K = HT 5 o K. 
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(3) Interstellar dust is thought to have a temperature of about 
25 °K, and from starlight extinction we know that the geometrical 
solid angle subtended by the dust is appreciable. However, the 
dust is of micron size, and at centimeter wavelengths the effective 
cross section for radiating is down from the geometrical by a factor 
at least equal to the fourth power of the ratio of wavelength to 
particle size, that is, roughly 10 16 . For this reason interstellar dust 
is unimportant at centimeter wavelengths. Interstellar rocks could 
radiate effectively. However, assuming a cosmic abundance the 
interstellar mass density in rocks could not reasonably exceed 
.01 protons/cm 3 , which is a spatial density less than 10 -26 /cm 3 rocks 
one centimeter in radius. Since the rocks would be at a temperature 
of about 3 °K, looking toward the galactic pole through perhaps 
1 kiloparsec of rocks the effective temperature would be of the 
order of 10~ 26 X 3 X 10 21 X 3 X 3 °K = 3 X 10- 4 °K. 

(4) Some cosmologies require that the mean mass density in 
the universe be about 2 X 10 _29 gm/cm 3 . This is a factor of 30 
greater than what seems to be available in galaxies, [4] and it has 
been suggested that the rest is smoothly distributed intergalactic 
hydrogen, not yet condensed into galaxies. If this hydrogen were 
ionized it would radiate due to bremsstrahlung emission by the 
electrons accelerated in the field of the protons. The effective 
radiation temperature due to this process operating in the present 
state of the universe would amount to 

(10) 10~ 2J \ z ri 2 c/HTp 2 < 10~ 5o K 

at X = 7 cm. Here n is the number density of intergalactic hydrogen, 
and T P is the temperature, assumed not less than 10 4o K, the 
minimum required to ionize the hydrogen due to collisions. The 
effective path length through the plasma is taken to be c/H, the 
dimension of the visible universe. This is the appropriate length 
in the steady state cosmology, or in an evolutionary cosmology 
in which the plasma has been turned on at a red-shift of the order 
of unity. In an evolutionary cosmology another possibility is that 
the plasma turned on in the early, more highly compressed universe. 
If the plasma were turned on at a time corresponding to a red-shift 
z, and then allowed to cool according to Equation (9), the contribu¬ 
tion (10) would be increased by a factor z 3 -' 2 . This means that to 
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bring the background (10) up to 1 °K the plasma would have had 
to have been turned on at a red-shift z ~ 10 3 , when the mean density 
in the universe was 10 9 times what it is now. This is not an ap¬ 
pealing picture. 

(5) The total radio background, galactic and extragalactic, has 
been measured at wavelengths longer than 75 cm. The solid line 
in Figure 1 is the background seen by a low resolution antenna 
looking out the galactic pole [5], The straight-line power law 
spectrum is observed all the way back to 100 m wavelength. At 
wavelengths shorter than 75 cm the spectra of localized sources 
have been observed using higher resolution antennas, and these 
typically exhibit this same power law spectrum. The galactic 
emission observed along the galactic plane has a slope (temperature 
spectral index) equal to — 2.7. Thermal radiation from ionized 
hydrogen also would have a power law spectrum, with slope — 2.0. 
The extragalactic sources also typically exhibit an approximately 
straight spectrum. For most sources the observed intensity at 3 cm 
wavelength does not exceed the intensity extrapolated from 75 cm 
using a straight power law spectrum with slope — 2.4 [6].Therefore, 
it is reasonable to extrapolate the radio background to centimeter 
wavelengths according to the dotted straight line in Figure 1. 

There are two sources discovered by Dent and Haddock [7], 
which do exhibit a sharp increase in intensity above the power law 
extrapolation near 3 cm wavelength. It is not likely that these 
sources could have caused the background of 3.5 °K at 7 cm. 
These peculiar spectra are a small minority among those observed 
so far, and furthermore in these peculiar sources the deviation 
from a power law spectrum is a factor of 10, while we need a factor 
of 100 to bring the radio source background up from the dotted 
extrapolation to 3.5 °K. 

(6) Starlight from very distant galaxies reaches us highly red- 
shifted, so that the light would be displaced toward radio wave¬ 
lengths. Figure 1 shows the expected integrated background for 
a zero pressure cosmological model with acceleration parameter 
q = ^ . It is assumed that the light from each galaxy is like that of a 
black body at 6000 °K, and that each galaxy has had constant 
luminosity since it turned on, when the mean density in the universe 
was 10 6 times what it is now. This causes a slight kink in the curve 
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INTENSITY z/i(z7), ergs/cm 2 sec ster 

Figure 1. The estimated background radiation is shown 
for the integrated starlight from galaxies, the possible 
primordial fireball radiation at a temperature of 3.5 °K, 
and the integrated background due to the radio sources, 
Galactic and extra-Galactic. 


WAVELENGTH, cm. 
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at 50 n. The calculation is uncertain on all counts, but the dis¬ 
crepancy is many orders of magnitude, so that no reasonable 
change in the model could make this an important source of 
background. 

Apparently, no known process operating in the present state 
of the universe could have caused a background as high as 3.5 °K 
at 7 cm. This is in direct disagreement with the steady state 
cosmology in its original form, for here one cannot fall back on 
processes operating in a more highly contracted phase of the 
universe. 

If this radiation is the primordial fireball, it should have the 
black-body spectrum shown in the figure. There are two possible 
tests for this. At wavelengths longer than 3 cm the intensity should 
vary as frequency squared. At shorter wavelengths the Wien 
cutoff should lead to an appreciable deviation from the power law 
spectrum, the deviation amounting to 20% at 1 cm wavelength. 
If these two criteria can be established it will be strong evidence 
that this is a black-body background, for it would be very unlikely 
that any other effect could fortuitously satisfy both tests. 

These tests are not yet established. Nevertheless it is interesting 
to consider how thermal radiation of this amount could have 
originated—what must have been the state of the universe when 
the thermal radiation we observe was emitted? The answer depends 
on the cosmology, and we adopt as most reasonable the picture 
given in Table 1. 


Table 1. Assumed Evolution of the Universe 


Nucleon density 

Time 

Temperature Red-shift 


(protons/ cm 3 ) 


(°K) 



10“ 5 

7 X 10 9 y 

3.5 

0 

Now 

10 4 

2 X 10 s y 

4000 

10 3 

Hydrogen Recombines 

3 X 10 23 

1 sec 

10 10 

3 X 10 9 

Thermal electron 


pairs created 


Assuming the uniform, isotropic expansion of the universe can 
be traced back to a red-shift of 10 3 , we would reach a temperature 
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so high that hydrogen would have been ionized. At this epoch 
the mean nucleon density is 10 3 times the mean density within 
galaxies now. We shall suppose therefore that at this time matter 
was uniformly distributed. 

Another interesting landmark appears if we can trace the ex¬ 
pansion back to a red-shift z = 3 X 10 9 , which leads to a temperature 
of 10 l0o K according to Equation (8). At this temperature the 
electrons are relativistic, and pair production processes raise the 
equilibrium electron density to the order of 

(11) n e ~ aT 3 /k ~ 10 32 /cm 3 , 

where a is the radiation energy density constant and T — 10 10o K. 
With this electron density the mean free path of a photon between 
Thompson scatterings is 

1 /a/i e ~ 10 -7 cm, 
or 

(12) l/an e c ~ 10 _1 'sec. 

Since thermal energies are comparable with the electron rest 
mass each collision can transfer appreciable energy between electron 
and photon, so that this is a characteristic thermal relaxation time, 
10 17 times shorter than the characteristic expansion time of the 
universe (Table 1). Thus, it is seen that if the universe started 
expanding uniformly from this highly contracted state, then matter 
and radiation should have been in thermal equilibrium. 

Given this initial thermal equilibrium state, it is important to 
ask whether the radiation would have remained thermal as the 
universe expanded. This is not immediately obvious because the 
matter tends to cool faster than the radiation, but it is easily seen 
that there is sufficient coupling between radiation and matter to 
preserve thermal equilibrium. 

Apparently the most important process is free electron scattering. 
The magnitude of this elfect may be estimated in the following 
way. Suppose that the free electrons have a thermal velocity 
distribution, at temperature T. Then a photon with energy well 
less than kT will gain energy, on the average, in each collision, 
(8v)/v = 4(c 2 /c 2 )/3 = 3kT/mc z . This means that if matter and 
radiation are very roughly in thermal equilibrium the maximum 
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rate of energy transfer between matter and radiation is of the 
order of 

E/Ey ^ AanckT/mc 1 , 


where n is the electron density and Ey is the radiation energy 
density. In evaluating this it is convenient to multiply by the 
age of the universe, 


(13) 


tE/Ey ^ AonctkT/me 1 
s 1.2 X 10" 10 z 5 ' 2 . 


The correction for stimulated emission has been neglected. In the 
second line z is the red-shift which a photon would suffer in propa¬ 
gating from the given epoch to the present, and the present mass 
density is assumed to be 2 X 10 " 29 gm/cm 3 . 

The radiation energy density greatly exceeds the heat content 
of the plasma, 

(14) Ey/E m = aT 4 /3nkT = 6 X 10 7 , 

nearly independent of time. To preserve thermal equilibrium in 
the expanding universe the rate of heat transfer to the plasma 
must be 

(15) tE/Ey = ^ E m /Ey = 1 X 10 8 . 


When the hydrogen is thermally ionized, z ig 10 3 , the maximum 
value (13) is more than 10 6 times larger than (15). Evidently, 
matter and radiation should remain at very nearly the same 
temperature, so that the radiation should preserve a thermal 
spectrum. 

When the hydrogen has recombined it is adiabatically cooled 
faster than the radiation, but this is unimportant because the two 
are no longer coupled. It is apparent from (14) that the final 
recombination radiation from the plasma is a very small perturba¬ 
tion to the radiation energy density. When the galaxies form, any 
remaining intergalactic hydrogen may become ionized again, but 
emission from this hydrogen could not be appreciable at wave¬ 
lengths near the peak of the fireball radiation. 

If the universe is homogeneous and isotropic the primordial 
fireball should have a thermal spectrum near the intensity peak. 
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It is interesting to turn this around, and ask what limits we can 
place on the uniformity of the universe if the observations establish 
that the radiation is isotropic, with a thermal spectrum. 

An isotropy measurement carries information from the region 
where the radiation last was scattered. If there is ionized inter- 
galactic hydrogen amounting to a mean density of 2 X 10 29 gm/cm 3 , 
the optical depth for scattering by the free electrons is unity at 
a red-shift 2 = 7, when the age of the universe is t = 3 X 10 8 years. 
The electron scattering would smooth the radiation over a charac¬ 
teristic distance comparable with the size ct of the visible universe 
at this time. Taking account of expansion this amounts to smoothing 
over one third of the size of the present visible universe. An isotropy 
observation thus provides information on the gross structure of 
the visible universe, but if the early universe were irregular over 
a smaller scale than this, the irregularities in the background 
radiation might be smoothed over by scattering off intergalactic 
electrons. 

The spectrum of the radiation depends on the structure of the 
universe down to a smaller scale. If the temperature in the early 
universe were irregular over a scale of distances somewhat smaller 
than the smoothing provided by electron scattering, the radiation 
seen now would consist of a superposition of black-body spectra, 
rather than a true thermal spectrum. This is because the photon 
energy is changed only slightly in each collision with a free electron. 
Going back to a red-shift in excess of 2 = 1 X 10 4 it is seen from 
Equation (13) that at these early times collisions are so frequent 
that there is appreciable energy transfer due to free electron 
scattering. This means that the radiation would have been able 
to redistribute its energy over a thermal, spectrum. This minimum 
red-shift for thermal relaxation corresponds to an age of the universe 
t = 6 X 10 3 years, and the mass within the visible universe at this 
time is 10 16 M^. 

Apparently, if it exists the primordial fireball provides a re¬ 
markably powerful test of the uniformity of the early universe. 
The isotropy and spectrum of the radiation depends on the structure 
of the universe, on a scale extending from the universe visible at 
present, and going down to distances encompassing 10 16 M, when 
the age of the universe was 6 X 10 3 years. 
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